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Abstract

Incremental search reuses information from previous
searchesto �nd solutionsto a seriesof similar searchprob-
lems potentially faster than is possibleby solving each
searchproblemfrom scratch.This is importantsincemany
arti�cial intelligencesystemshave to adapttheir planscon-
tinuouslyto changesin (their knowledgeof) the world. In
this article, we thereforegive an overview of incremental
search,focusingonLifelong PlanningA*, andoutlinesome
of its possibleapplicationsin arti�cial intelligence.

Overview

It is oftenimportantthatsearchesbefast.Arti®cial intelli-
gencehasdevelopedseveralwaysof speedingup searches
by trading off the searchtime and the cost of the result-
ing path.This includesusinginadmissibleheuristics(Pohl
1970;Pohl1973)andsearchwith limited look-ahead(Korf
1990; IshidaandKorf 1991;Koenig2001),which is also
called real-timeor agent-centeredsearch. In this article,
wediscussadifferentwayof speedingupsearches,namely
incrementalsearch. Incrementalsearchis a searchtech-
nique for continual planning (or, synonymously, replan-
ning, plan reuse,and lifelong planning)that reusesinfor-
mationfrom previoussearchesto ®nd solutionsto a series
of similar searchproblemspotentiallyfasterthanis possi-
bleby solvingeachsearchproblemfrom scratch.Different
from otherwaysof speedingup searches,it canguarantee
to ®nd shortestpaths.Noticethattheterminologyis unfor-
tunatelysomewhat problematicsincethe term “incremen-
tal search”in computersciencealsorefersto both on-line
searchandsearchwith limited look-ahead(Pembertonand
Korf 1994).

Most of the researchon searchhasstudiedhow to solve
one-timesearchproblems. However, many arti®cial in-
telligencesystemshave to adapttheir planscontinuously
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to changesin the world or changesof their modelsof the
world, for example,becausethe actualsituationturnsout
to be slightly different from the one initially assumedor
becausethe situationchangesover time. In thesecases,
theoriginal planmight no longerapplyor might no longer
begoodandonethusneedsto replanfor thenew situation
(desJardinset al. 1999). Similarly, oneneedsto solve a
seriesof similar searchproblemsif onewantsto performa
seriesof what-if analysesor if the costsof planningoper-
ators,their preconditions,or their effectschangeover time
becausethey arelearnedor re®ned.

In thesesituations,most searchalgorithms replan from
scratch,thatis,solvethenew searchproblemindependently
of the old ones. However, this canbe inef®cient in large
domainswith frequentchangesandthuslimit the respon-
sivenessof arti®cial intelligencesystemsor thenumberof
what-if analysesthat they can perform. Fortunately, the
changesto thesearchproblemsareusuallysmall. A robot,
for example,might have to replanwhen it detectsa pre-
viously unknown obstacle,a traf®c routing systemmight
have to replanwhenit learnsabouta new traf®c jam, and
a decision-supportsystemfor marineoil-spill containment
mighthaveto replanwhenthewind directionchanges.This
suggeststhata completerecomputationof thebestplanfor
the new searchproblemis unnecessarysincesomeof the
previous searchresultscanbe reused.This is what incre-
mentalsearchdoes.

Incrementalsearchsolvesdynamicshortestpathproblems,
where shortestpathshave to be found repeatedlyas the
topologyof a graphor its edgecostschange(Ramalingam
andReps1996b). The ideaof incrementalsearchis old.
For example,anoverview articleaboutshortest-pathalgo-
rithms from 1984alreadycitesseveral incrementalsearch
algorithms, including several onespublishedin the late
1960s(Deo andPang1984). Sincethen,additionalincre-
mentalsearchalgorithmshave beensuggestedin thealgo-
rithms literature(Ausiello et al. 1991;Even andShiloach
1981; Even and Gazit 1985; Feuersteinand Marchetti-
Spaccamela1993; Franciosaet al. 2001; Frigioni et
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Figure1: SimpleGridworld

al. 1996;GotoandSangiovanni-Vincentelli1978;Italiano
1988;Klein andSubramanian1993;Lin andChang1990;
Rohnert1985;SpiraandPan 1975)and,to a muchlesser
degree,thearti®cial intelligenceliterature(Edelkamp1998;
Al-Ansari 2001). They differ in their assumptions,for ex-
ample,whetherthey solve single-sourceor all-pairsshort-
est path problems,which performancemeasurethey use,
whenthey updatetheshortestpaths,which kindsof graph
topologiesandedgecoststhey applyto, andhow thegraph
topologyandedgecostsareallowed to changeover time
(Frigioni et al. 1998). If arbitrarysequencesof edgein-
sertions,deletions,or weightchangesareallowed,thenthe
dynamicshortestpath problemsare called fully dynamic
shortestpathproblems(Frigioni etal. 2000).

The idea of incrementalsearchhasalso beenpursuedin
arti®cial intelligence for problemsother than path ®nd-
ing. For example,a varietyof algorithmshave beendevel-
opedfor solvingconstraintsatisfactionproblems(Dechter

and Dechter 1988; Verfaillie and Schiex 1994) or con-
straint logic programmingproblems (Miguel and Shen
1999)wheretheconstraintschangeover time. In this arti-
cle,however, we studyincrementalsearchonly in thecon-
text of dynamicshortestpath problems,whereit hasnot
beenstudiedextensively in arti®cial intelligence.

We believe that four achievementsarenecessaryto make
incrementalsearchmore popularin arti®cial intelligence.
First,oneneedsto devisemorepowerful incrementalsearch
algorithmsthan thosethat currently exist. Second,one
needsto studytheir propertiesmoreextensively, both an-
alytically andexperimentally, to understandtheir strengths
andlimitationsbetter. Third, oneneedsto demonstratethat
they apply to arti®cial intelligenceapplicationsand com-
parethemto othersearchalgorithmsfor theseapplications
to demonstratethatthey indeedhaveadvantagesover them.
Finally, the arti®cial intelligencecommunityneedsto be
mademoreawareof incrementalsearch. This article ad-



dressesthe last issueso that moreresearcherscanaddress
the ®rst threeones. It describesoneparticularincremen-
tal searchalgorithmandits potentialapplications,andthen
discussesits potentialadvantagesandlimitations.

Uninformed Incr ementalSearch

We now discussone particularway of solving fully dy-
namic shortestpath problems. As an example, we use
route-planningin known eight-connectedgridworlds with
cells whosetraversabilitychangesover time. They areei-
thertraversable(with costone)or untraversable.Theroute-
planningproblemis to repeatedly®nd a shortestpathbe-
tweentwo given cells of the gridworld, knowing both the
topology of the gridworld and which cells are currently
traversable.It canbesolvedwith conventionalsearch,such
asbreadth-®rstsearch,by ®ndingashortestpathevery time
someedgecostschange. Conventional searchtypically
doesnot reuseinformation from previous searches.The
following example,however, illustratesthepotentialadvan-
tageof reusinginformationfrom previoussearches.

Considerthe gridworlds shown in Figure1. The original
gridworld is shown on top and the changedgridworld is
shown at the bottom. Only two blockageshave moved,
resultingin four cells with changedblockagestatus. The
®gureshows theshortestpathsin bothcasesundertheas-
sumptionthat every move hascostone. The shortestpath
changedsincetwo cells on the original shortestpath be-
cameuntraversable.

The lengthof a shortestpathfrom thestartcell to a cell is
calledits startdistance.Oncethestartdistancesof all cells
areknown, onecaneasilytracebacka shortestpathfrom
the start cell to the goal cell by always greedily decreas-
ing the start distance,startingat the goal cell. The start
distancesare shown in eachtraversablecell of the origi-
nal andchangedgridworlds. Thosecells whosestartdis-
tancesin thechangedgridworld aredifferentfrom thecor-
respondingonesin the original gridworld areshadedgray
in this example. Even thoughlarge partsof the shortest
pathhave changed,lessthana quarterof thestartdistances
have changed.Thus,in suchcases,thereis a potentialad-
vantageto recalculatingonly thosestartdistancesthathave
changed,which is an argumentfor cachingthe start dis-
tancesratherthantheshortestpathitself.

This is basically what the incrementalsearchalgorithm
DynamicSWSF-FP(Ramalingam andReps1996a)does.1

1DynamicSWSF-FP, as originally stated,searchesfrom the
goal vertex to all otherverticesand thusmaintainsestimatesof
the goal distancesratherthan the start distances.We, however,
useit to searchfrom thestartvertex to all othervertices.Also, to
calculateashortestpathfrom thestartvertex to thegoalvertex not
all distancesneedto beknown. To makeDynamicSWSF-FPmore
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Figure2: An Example

DynamicSWSF-FPwasoriginally developedin thecontext
of parsingtheoryandtheoreticalcomputerscience.It uses
a clever way of identifying thestartdistancesthathave not
changedandrecalculatesonly theonesthathave changed.
Consequently, it performsbestin situationswhereonly a
smallnumberof startdistanceschange.

Considerthegridworld from Figure2 to understandhow it
operates.The start cell is A3. Assumethat one is given
thevaluesin the left gridworld, andit is claimedthat they
areequalto the correctstartdistances.Thereareat least
two differentapproachesto verify this. Oneapproachis to
perform a completesearchto ®nd the start distancesand
comparethemto thegivenvalues.Anotherapproachis to
checkthe de®nitionof the startdistances,namelythat the
valueof the startcell is zeroandthe valueof every other
cell is equalto the minimum over all neighboringcells of
the value of the neighboringcell plus the cost of getting
from the neighboringcell to the cell in question,which is
indeedthe case.For example,the valueof cell B1 should
betheminimumof thevaluesof cellsA0, A1, A2, andC1
plus one. Thus,the valuesareindeedequalto the correct
startdistances.Both approachesneedaboutthesamerun-
timeto con®rmthis. Now assumethatcell D1 becomesun-
traversableasshown in theright gridworld of Figure2 and
thusthecostsof all edgesinto thecell becomein®nity, and
it is claimedthatthevaluesin thecellsremainequalto the
correctstartdistances.Again,thereareatleasttwodifferent
approachesto verify this. Oneapproachis again to perform
a completesearchto ®nd the startdistancesandcompare
themto thegivenvalues.Thesecondapproachis again to
checkthatthevalueof thestartcell is zeroandthevalueof
every othercell is equalto theminimumover all neighbor-
ing cells of the valueof the neighboringcell plus the cost
of gettingfrom theneighboringcell to thecell in question,
Sincethevaluesremainunchanged,eachcell continuesto
havethispropertyunlessits neighborshavechanged.Thus,
oneneedsto checkonly whetherthecellscloseto changes
in thegridworld continueto havethisproperty, thatis, cells
C1 andE1. It turnsout thatcell C1 continuesto have this

ef�cient, wechangedits terminationconditionsothatit stopsim-
mediatelyafterit hasfoundashortestpathfrom thestartvertex to
thegoalvertex.



property but cell E1 doesnot. Thus, not all valuesare
equalto the correctstartdistances.(This doesnot mean,
of course,thatall cellsbut E1 have correctstartdistances.)
Thesecondapproachnow needslessruntimethanthe®rst
one. Furthermore,the secondapproachprovides a start-
ing point for replanning,namelycell E1, sinceoneneeds
to work on the cells that do not have this property, mov-
ing outwardsfrom thestartingpoint. This is themain idea
behindDynamicSWSF-FP. It sharesthis ideawith otherin-
crementalsearchapproaches,includingsomethatapply to
constraintsatisfaction(DechterandDechter1988).

Inf ormed Incr ementalSearch

Oneway of speedingup searchesis incrementalsearch.A
differentway of speedingup searchesis heuristicsearch.
The question arises whether incremental and heuristic
searchcanbe combined. Many of the startdistancesthat
have changedin the examplefrom Figure1 are irrelevant
for ®ndingashortestpathfrom thestartcell to thegoalcell
andthusdo not needto getrecalculated.Examplesarethe
cells in the lower left cornerof thegridworld. Thus,there
is a potentialadvantageto usingheuristicsto avoid having
to recalculateirrelevantstartdistances.

To summarize,therearetwo differentwaysof decreasing
thesearcheffort of breadth-®rstsearchfor ®nding thestart
distancesfor thechangedgridworld from Figure1:

� Incrementalsearchalgorithms,suchasDynamicSWSF-
FP(RamalingamandReps1996a),®ndshortestpathsfor
seriesof similar searchproblemspotentiallyfasterthan
is possibleby solvingeachsearchproblemfrom scratch
(completesearch)becausethey do not recomputethose
startdistancesthathave notchanged.

� Heuristicsearchalgorithms,suchasA* (Nilsson1971),
useheuristicknowledgein the form of approximations
of thegoaldistancesto focusthesearchand®nd shortest
pathsfor searchproblemsfasterthanuninformedsearch
becausethey donotcomputethosestartdistancesthatare
irrelevantfor ®ndingashortestpathfrom thestartcell to
thegoalcell.

Consequently, we developeda searchalgorithmthat com-
bines incrementaland heuristic search,namely Lifelong
PlanningA* (LPA*) (KoenigandLikhachev 2002b). We
call it “lifelong planning”in analogyto “lifelong learning”
(Thrun 1998)becauseit reusesinformationfrom previous
searches.LPA* repeatedly®ndsshortestpathsfrom agiven
startvertex to a givengoalvertex on arbitraryknown ®nite
graphs(not just gridworlds) whoseedgecostsincreaseor
decreaseover time (which canalsobeusedto modeledges
or verticesthatareaddedor deleted).Thepseudocodeof

S denotesthe ®nite setof verticesof the graph. succ ( s) � S denotesthe setof successors
of vertex s 2 S . Similarly, pr ed( s) � S denotesthesetof predecessorsof vertex s 2 S .
0 < c( s; s0) � 1 denotesthecostof moving from vertex s to vertex s0 2 succ ( s) . LPA*
alwaysdeterminesa shortestpathfrom a givenstartvertex sstar t 2 S to a givengoal vertex
sg oal 2 S , knowing both the topologyof thegraphandits currentedgecosts.Theheuristics
needto benonnegativeandconsistent.

LPA* maintainsestimatesg( s) andr hs ( s) of the startdistanceof eachvertex s. LPA* also
maintainsa priority queuethatcontainsexactly theverticess with g( s) 6= r hs ( s) . Their pri-
oritiesarepairs,the®rst componentof which is similar to anf-valueof A* andthesecondoneof
which is similar to a g-valueof A*. The priorities arecomparedto accordingto a lexicographic
ordering. For example,a priority [k 1 ; k 2 ] is lessthanor equalto a priority [k 0

1 ; k 0
2 ] if f either

k 1 < k 0
1 or (k 1 = k 0

1 andk 2 � k 0
2 ). U.TopKey() returnsthesmallestpriority of all vertices

in priority queueU . (If U is empty, thenU.TopKey() returns[1 ; 1 ].) U.Pop() deletesthe
vertex with thesmallestpriority in priority queueU andreturnsthevertex. U.Insert( s; k ) inserts
vertex s into priority queueU with priority k . Finally, U.Remove( s) removesvertex s from pri-
ority queueU .

procedure CalculateKey( s)
f 01g return[min ( g( s) ; r hs ( s)) + h ( s); min ( g( s) ; r hs ( s))] ;

procedure Initialize ()
f 02g U = ; ;
f 03g for all s 2 S r hs ( s) = g( s) = 1 ;
f 04g r hs ( sstar t ) = 0;
f 05g U.Insert( sstar t ; [h ( sstar t ); 0]) ;

procedure UpdateVertex( u )
f 06g if ( u 6= sstar t ) r hs ( u ) = min s 02 pr ed ( u ) ( g( s0) + c( s0; u )) ;

f 07g if ( u 2 U ) U.Remove( u ) ;
f 08g if ( g( u ) 6= r hs ( u )) U.Insert( u; CalculateKey( u )) ;

procedure ComputeShortestPath()
f 09g while ( U.TopKey() _< CalculateKey( sg oal ) ORr hs ( sg oal ) 6= g( sg oal ))
f 10g u = U.Pop() ;
f 11g if ( g( u ) > r hs ( u ))
f 12g g( u ) = r hs ( u ) ;
f 13g for all s 2 succ ( u ) UpdateVertex( s) ;
f 14g else
f 15g g( u ) = 1 ;
f 16g for all s 2 succ ( u ) [ f u g UpdateVertex( s) ;

procedure Main()
f 17g Initialize() ;
f 18g forever
f 19g ComputeShortestPath() ;
f 20g Wait for changesin edgecosts;
f 21g for all directededges( u; v ) with changededgecosts
f 22g Updatetheedgecostc( u; v ) ;
f 23g UpdateVertex( v ) ;

Figure3: Lifelong PlanningA* (simpleversion)

thesimplestversionof LPA* reducesto aversionof A* that
breakstiesamongverticeswith thesamef-valuein favor of
smallerg-valueswhenusedto searchfrom scratchandto
DynamicSWSF-FPwhenusedwith uninformedheuristics.
In fact,it differsfrom DynamicSWSF-FPonly in thecalcu-
lation of theprioritiesfor theverticesin thepriority queue
(Line f 01g in the pseudocodeof Figure 3). It is unop-
timized andneedsconsistentheuristics(Pearl1985). We
have alsodevelopedmoresophisticatedversionsof LPA*
thatareoptimized(for example,recalculatethevariousval-
ues much more ef®ciently than the simple version), can
work with inadmissibleheuristics,and break ties among
verticeswith the samef-value in favor of larger g-values.
Thesechangesmake LPA* morecomplex.

Replanningwith LPA* can best be understoodas trans-
forming theA* searchtreeof theold searchproblemto the
A* searchtreeof the new one. This resultsin somecom-
putationaloverheadsincepartsof the old A* searchtree
needto beundone.It alsoresultsin computationalsavings
sinceotherpartsof the old A* searchtreecanbe reused.
The larger theoverlapbetweentheold andnew A* search
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Figure4: Old andNew SearchTrees

trees,themoreef®cientreplanningwith LPA* is compared
to usingA* to createthenew searchtreefrom scratch.For
example,LPA* is likely moreef®cient in Situation1athan
Situation1b of Figure4.2 This is experimentallythecase,
for example,the lessthe graphhaschanged(seeExperi-
ment1 below) andthecloseredgeswith changedcostareto
thegoalof thesearch(seeExperiment3 below). Thecom-
putationalsavings can dominatethe computationalover-
headandLPA* thenreplansfasterthanA*. In the worst
case,however, any searchalgorithm is no more ef®cient
than a completesearchfrom scratch(Nebel and Koehler
1995) and LPA* can be lessef®cient than A*. This can
happenif theoverlapof theold andnew A* searchtreesis
small.

The simplicity of LPA* allows us to prove a numberof
propertiesaboutit, including its termination,correctness,
ef®ciency in termsof vertex expansions,andsimilarity to
A*, which makes it easyto understand,analyze,and ex-
tend,for example,to nondeterministicdomains(Likhachev
andKoenig2002b). We canprove, for example,that the
®rst searchof LPA* expandstheverticesin thesameorder
asa versionof A* thatbreakstiesamongverticeswith the
samef-value in favor of smallerg-values. LPA* expands
everyvertex atmosttwiceandexpandsmany verticesnotat
all becauseit doesnot expandverticeswhosevalueswere
alreadyequalto their startdistances(ef®ciency dueto in-
crementalsearch)or whoseprevious andcurrentf-values
arelargerthanthef-valueof thegoalvertex (ef®ciency due
to heuristicsearch).Detailscanbefoundin (Koeniget al.
2003a).

More informationon incrementalsearchin generalcanbe
found in (Frigioni et al. 2000),andmore informationon
LPA* can be found in (Koeniget al. 2003a),which this
articleis anintroductoryoverview versionof.

2To bemoreprecise:It is not only importantthatthetreesare
similar but moststartdistancesof its nodeshave to be the same
aswell. Thus,it is insuf�cient, for example,thatthetreeremains
unchangedif mostof thestartdistancesof its nodeschange.

Experimental Evaluation

We now perform experimentsin small gridworlds to un-
derstandthe advantagesand limitations of LPA* better
(Koeniget al. 2003a). We comparean optimizedversion
of LPA* againstaversionof A* thatbreakstiesamongver-
ticeswith thesamef-valuein favor of verticeswith larger
g-valuessincethis tendsto result in a smallernumberof
vertex expansionsthanbreakingties in theoppositedirec-
tion (althoughtie breakingturnsout not to make a big dif-
ferencein ourgridworlds).All priority queueswereimple-
mentedasbinaryheaps.Thecodeof our implementations
is availableat

http://www.cc.gatech.edu/fac/Sven.Koenig/fastreplanning.html

We usefour-connectedgridworldswith directededgesbe-
tweenadjacentcells.We generateonehundredgridworlds.
Thestartandgoalcell aredrawn with uniform probability
for eachgridworld. All edgecostsare either one or two
with uniform probability. We thenchangeeachgridworld
®ve hundredtimesin a row by selectinga givennumberof
edgesandre-assigningthemrandomcosts. We report the
probability that thecostof theshortestpathchangesto en-
surethat theedgecostchangesindeedchangetheshortest
pathsuf®ciently often. A probability of 33.9 percent,for
example,meansthat the costof the shortestpathchanges
on averageafter2.96planningepisodes.We usetheMan-
hattandistancesasheuristicsfor thecostof a shortestpath
betweentwo cells,thatis, thesumof thedifferenceof their
x- andy-coordinates.For eachexperiment,we report the
runtime (in milliseconds)averagedover all ®rst planning
episodes(#1) andover all planningepisodes(#2), run on a
Pentium1.7MHz PC.We alsoreportthespeedupof LPA*
over A* in the long run (#3), that is, the ratio of the run-
timesof A* andLPA* averagedoverall planningepisodes.
The®rst searchof LPA* tendsto beslower thanthatof A*
sinceit expandsmorestatesandneedsmoretime for each
stateexpansion.During thesubsequentsearches,however,
LPA* oftenexpandsfewer statesthanA* andis thusfaster
thanA*. We thereforealsoreport the replanningepisode
after which the averagetotal runtime of LPA* is smaller
thantheoneof A* (#4), in otherwords,thenumberof re-
planningepisodesthatarenecessaryfor oneto preferLPA*
over A*. For example,if this numberis two, thenLPA*
solvesoneplanningproblemandtwo replanningproblems
togetherfasterthan A*. Additional experimentsare re-
portedin (Koenigetal. 2003a).

Experiment 1: In the®rst experiment,thesizeof thegrid-
worlds is 101� 101. We changethenumberof edgesthat
get assignedrandomcostsbeforeeachplanningepisode.
Figure1 shows our experimentalresults. The smallerthe
numberof edgesthatgetassignedrandomcosts,thelessthe
searchspacechangesandthelargertheadvantageof LPA*



edgecostchanges pathcostchanges A* LPA*
#1and#2 #1 #2 #3 #4

0.2% 3.0% 0.299 0.386 0.029 10.370� 1
0.4% 7.9% 0.336 0.419 0.067 5.033� 1
0.6% 13.0% 0.362 0.453 0.108 3.344� 1
0.8% 17.6% 0.406 0.499 0.156 2.603� 1
1.0% 20.5% 0.370 0.434 0.174 2.126� 1
1.2% 24.6% 0.413 0.476 0.222 1.858� 1
1.4% 28.7% 0.468 0.539 0.282 1.657� 1
1.6% 32.6% 0.500 0.563 0.332 1.507� 1
1.8% 32.1% 0.455 0.497 0.328 1.384� 1
2.0% 33.8% 0.394 0.433 0.315 1.249� 1

Table1: Experiment1

mazesize pathcostchanges A* LPA*
#1and#2 #1 #2 #3 #4

51 � 51 7.3% 0.077 0.098 0.015 5.032� 1
76 � 76 10.7% 0.201 0.258 0.050 3.987� 1

101 � 101 13.0% 0.345 0.437 0.104 3.315� 1
126 � 126 16.2% 0.690 0.789 0.220 3.128� 1
151 � 151 17.7% 0.933 1.013 0.322 2.900� 1
176 � 176 21.5% 1.553 1.608 0.564 2.753� 1
201 � 201 22.9% 1.840 1.898 0.682 2.696� 1

Table2: Experiment2

80% of edgecostchangesare� 25 cellsaway from thegoal
mazesize pathcostchanges A* LPA*

#1and#2 #1 #2 #3 #4
51 � 51 13.5% 0.084 0.115 0.014 6.165� 1
76 � 76 23.9% 0.189 0.245 0.028 6.661� 1

101 � 101 33.4% 0.295 0.375 0.048 6.184� 1
126 � 126 42.5% 0.696 0.812 0.084 8.297� 1
151 � 151 48.5% 0.886 0.964 0.114 7.808� 1
176 � 176 55.7% 1.353 1.450 0.156 8.683� 1
201 � 201 59.6% 1.676 1.733 0.202 8.305� 1

80% of edgecostchangesare� 50 cellsaway from thegoal
mazesize pathcostchanges A* LPA*

#1and#2 #1 #2 #3 #4
51 � 51 8.6% 0.086 0.115 0.017 5.138� 1
76 � 76 15.7% 0.190 0.247 0.039 4.822� 1

101 � 101 23.2% 0.304 0.378 0.072 4.235� 1
126 � 126 31.3% 0.702 0.812 0.130 5.398� 1
151 � 151 36.2% 0.896 0.959 0.173 5.166� 1
176 � 176 44.0% 1.372 1.458 0.242 5.664� 1
201 � 201 48.3% 1.689 1.742 0.313 5.398� 1

80% of edgecostchangesare� 75 cellsaway from thegoal
mazesize pathcostchanges A* LPA*

#1and#2 #1 #2 #3 #4
76 � 76 12.1% 0.196 0.250 0.047 4.206� 1

101 � 101 17.5% 0.306 0.391 0.088 3.499� 1
126 � 126 26.0% 0.703 0.818 0.175 4.012� 1
151 � 151 28.8% 0.893 0.972 0.225 3.978� 1
176 � 176 36.8% 1.370 1.438 0.319 4.301� 1
201 � 201 40.1% 1.728 1.790 0.408 4.236� 1

Table3: Experiment3

in our experiments.The averageruntimeof the ®rst plan-
ning episodeof LPA* tendsto belargerthantheoneof A*
but theaverageruntimeof thefollowing planningepisodes
tendsto besomuchsmaller(if thenumberof edgesthatget
assignedrandomcostsis suf®cientlysmall)thatthenumber
of replanningepisodesthatarenecessaryfor oneto prefer
LPA* over A* is one.

Experiment 2: In the secondexperiment,the numberof
edgesthatgetassignedrandomcostsbeforeeachplanning
episodeis 0.6 percent. We changethe sizeof the square
gridworlds. Figure2 shows our experimentalresults.The
smallerthe gridworlds, the larger the advantageof LPA*
in our experiments,althoughwe werenot able to predict

this effect. This is animportantinsightsinceit impliesthat
LPA* doesnot scalewell in our gridworlds (althoughpart
of thiseffectcouldbedueto thefactthatmoreedgesgetas-
signedrandomcostsasthesizeof thegridworldsincreases
andthis time is includedin the runtimeaveragedover all
planningepisodes).We thereforedevisedthe third experi-
ment.

Experiment 3: In the third experiment, the numberof
edgesthatgetassignedrandomcostsbeforeeachplanning
episodeis again0.6percent.Wechangeboththesizeof the
squaregridworldsandhow closetheedgesthatgetassigned
randomcostsareto thegoalcell. 80percentof theseedges
leave cells that arecloseto the goal cell. Figure3 shows
our experimentalresults. Now, the advantageof LPA* no
longerdecreaseswith thesizeof thegridworlds.Thecloser
theedgecostchangesareto thegoalcell, thelargerthead-
vantageof LPA* in our experiments,aspredictedearlier.
This is an importantinsight sinceit suggeststo useLPA*
whenmostof the edgecostchangesarecloseto the goal
cell. We utilize this propertywhenwe applyLPA* to mo-
bile roboticsandcontrol(seebelow).

Although theseexperimentsgive us someinsight into the
behavior of LPA*, we needto improve our understanding
of whento preferincrementalsearchoveralternativesearch
algorithmsandwhich incrementalsearchalgorithmto use.
The main criteria for choosinga searchalgorithm are its
memoryconsumptionandits runtime.

With respectto memory, incrementalsearchneedsmem-
ory for informationfrom pastsearches.LPA*, for example,
needsto remembertheprevioussearchtree.This tendsnot
to bea problemfor gridworldsbut thesearchtreesof other
searchproblemsare often so large that they do not com-
pletely ®t into memory. In this case,it might be possible
to combineincrementalsearchwith memory-limitedsearch
algorithmssuchas RBFS (Korf 1993) or SMA* (Russell
1992),but this is futurework.

With respectto runtime, our experimentshave demon-
stratedthat LPA* expandsfewer verticesthanA*, for ex-
ample,when only few edgecostschangeand theseedge
costsare closeto the goal vertex. Thesesituationsneed
to becharacterizedbetter. LPA* alsoneedsmoretime per
vertex expansionthanA*. This time disadvantagedepends
on low-level implementationandmachinedetails,suchas
the instructionsetof the processor, the optimizationsper-
formed by the compiler, and the datastructuresusedfor
the priority queues,and is thushard to characterize.For
example,whenthenumberof edgesthatgetassignedran-
domcostswas0.2percentin Experiment1, thenumberof
heappercolatesof A* was 8213.04while the numberof
heappercolatesof LPA* wasonly 297.30. This makes it
dif®cult to determinewhetherthere is a bene®tto incre-



mentalsearchand,if so, to quantify it. For example,one
candecreasethespeedupof LPA* over A* by usingbuck-
etsto implementthepriority queuesratherthanheaps,even
thoughthis is morecomplicated.For example,LPA* needs
morethanonereplanningepisodeto outperformA* if the
numberof edgesthat get reassignedrandomcostsbefore
eachplanningepisodeis lessthan1.0percentanddoesnot
outperformA* at all if the numberof edgesthat get reas-
signedrandomcostsbeforeeachplanningepisodeis 1.0
percentor morein theexperimentof Figure1 whenwe im-
plementedA* with bucketsandasimpleFIFOtie-breaking
strategy within bucketsbut left theimplementationof LPA*
unchanged. Therefore,we are only willing to conclude
from our experimentsthat incrementalheuristicsearchis
a promisingtechnologythat needsto get investigatedfur-
ther. In general,thetrade-off betweenthenumberof vertex
expansionsandthetimeneededpervertex expansionmight
bene®tincrementalsearchalgorithmsthat arelesssophis-
ticatedthanLPA* andthusexpandmoreverticesbut with
lesstime per vertex expansion,for example,by restoring
thepriority queueof A* to theverticesit hadimmediately
beforethechangededgecostsmake A* behave differently.
Onemightalsobeableto developincrementalsearchalgo-
rithms that apply only to specialcasesof graphs(suchas
gridworlds)andthusarefasterbut notasversatileasLPA*.

Applications

Ourgridworld experimentssuggestthatincrementalsearch
canbe bene®cialfor routeplanningin traf®c or computer
networks,wherethecongestionandthustheoptimalroutes
changeover time. Theseapplicationsare similar to our
gridworld experiments.However, therearealsoavarietyof
areasin arti®cial intelligencethatcouldpotentiallybene®t
from incrementalsearch.In thefollowing,wediscusssome
of the possibleapplications,many (but not all) of which
involve gridworlds. We also discussthe currentstateof
the art, including opportunitiesfor future researchon in-
crementalsearch.

SymbolicPlanning (HSP)

Symbolicplanningis the most obvious applicationof in-
crementalsearch.Interestingly, incrementalsearchcanbe
usednotonly tosolveaseriesof similarsymbolic(STRIPS-
style)planningproblemsbut alsosinglesymbolicplanning
problems.

One-Time Planning: Heuristic search-basedplanners
solve symbolicplanningproblems.They wereintroduced
by (McDermott1996)and(Bonetetal. 1997)andhavebe-
comevery popular. In its default con®guration,HSP 2.0
(BonetandGeffner 2000),for example,usesweightedA*
searcheswith inadmissibleheuristicsto perform forward

searchesin the spaceof world statesto ®nd a path from
the startstateto a goal state. This is possibledespitethe
largestatespacesdueto thespeci®cheuristicsused.How-
ever, the calculationof the heuristicsis time-consuming
sinceHSP2.0 calculatesthe heuristicof eachstatethat it
encountersduring the searchby solving a relaxed search
problem. Consequently, the calculationof the heuristics
comprisesabouteighty percentof its runtime(Bonetand
Geffner2001).

HSP2.0 thusrepeatedlysolvesrelaxedsearchproblemsas
it calculatesthe heuristics. The relaxed searchproblems
that it solvesto ®nd theheuristicsof two statesaresimilar
if the two statesaresimilar, andtwo stateswhoseheuris-
tics it calculatesconsecutively areoftensimilar sincethey
arebothchildrenof thesameparentin theA* searchtree.
Thus,incrementalsearchcansolve a relaxed searchprob-
lemby reusinginformationfrom thecalculationof thepre-
vious relaxed searchproblem. Our PINCH (Prioritized,
INCrementalHeuristicscalculation)algorithm (Liu et al.
2002), for example, is basedon DynamicSWSF-FPand
speedsup the runtimeof HSP2.0 by up to eighty percent
in several domainsand,in general,the amountof savings
grows with the sizeof the domains,allowing HSP2.0 to
solve largersearchproblemswith thesamelimit on its run-
time andwithout changingits heuristicsor overall opera-
tion.

Continual Planning: So far, we have describedhow in-
crementalsearchcansolve singlesymbolicplanningprob-
lems. However, planningresearchersrealizeda long time
agothatoneoftendoesnotneedto solve justonesymbolic
planningproblembut rathera seriesof similar symbolic
planningproblems.Examplesof practicalsigni®cancein-
cludethe aeromedicalevacuationof injured peoplein cri-
sis situations(Kott et al. 1999) and air campaignplan-
ning (Myers1999).Replanningis necessaryin thesecases,
for example,when a landingstrip of an air®eld becomes
unusable.Planningresearchershave thereforestudiedre-
planningandplan reuse.Replanningattemptsto retainas
many planstepsof thepreviousplanaspossible.Planreuse
doesnot have this requirement.(We do not make this dis-
tinction andthususetheterm“replanning” throughoutthe
text.) Examplesincludecase-basedplanning,planningby
analogy, plan adaptation,transformationalplanning,plan-
ningby solutionreplay, repair-basedplanning,andlearning
search-controlknowledge. Thesesearchalgorithmshave
beenusedas part of systemssuchas CHEF (Hammond
1990), GORDIUS (Simmons1988), LS-ADJUST-PLAN
(Gerevini andSerina2000),MRL (Koehler1994),NoLimit
(Veloso1994),PLEXUS(Alterman1988),PRIAR(Kamb-
hampatiand Hendler 1992), and SPA (Hanks and Weld
1995).

HSP 2.0 with weight one and consistentheuristics®nds



planswith minimal plan-executioncost. If HSP2.0 solves
a seriesof similar symbolicplanningproblems,thenit can
useLPA* insteadof A* to replanfaster, resultingin the
SHERPA replanner(SpeedyHEuristic search-basedRe-
PlAnner) (Koenig et al. 2002) for consistentheuristics.
A differencebetweenSHERPA and the other replanners
describedabove is that SHERPA doesnot only remember
the previous plansbut alsothe previous plan-construction
processes.Thus,it hasmoreinformationavailablefor re-
planningthanevenPRIAR, thatstoresplanstogetherwith
explanationsof their correctness,or NoLimit, that stores
planstogetherwith substantialdescriptionsof thedecisions
that resultedin the solution. Anotherdifferencebetween
SHERPA andtheotherreplannersis thatits plan-execution
cost is as good as the plan-execution cost achieved by
searchfrom scratch.Thus,incrementalsearchcanbeused
for planreuseif theplan-executioncostof theresultingplan
is importantbut its similarity to thepreviousplansis not.

Inadmissibleheuristicsallow HSP2.0to solvesearchprob-
lems in large statespacesby trading off runtime and the
plan-executioncost of the resultingplan. SHERPA uses
LPA* with consistentheuristics.While we have extended
LPA* to useinadmissibleheuristicsandstill guaranteethat
it expandsevery vertex at most twice, it turns out to be
dif®cult to make incrementalsearchmore ef®cient than
searchfrom scratchwith thesameinadmissibleheuristics,
althoughwe have hadsuccessin specialcases.This can
be explainedasfollows: The larger the heuristicsare,the
narrower theA* searchtreeandthusthemoreef®cientA*
is. On theotherhand,thenarrower theA* searchtree,the
morelikely it is that the overlapbetweenthe old andnew
A* searchtreesis smallandthusthelessef®cientLPA* is.
For example,Situations2aand2bcorrespondto Situations
1aand1b, respectively, exceptthat theold andnew search
treesarenarrowerandthusoverlapless.

Mobile Roboticsand Games(Path Planning)

Mobile robotsoftenhave to replanquickly astheworld or
theirknowledgeof it changes.Examplesincludebothphys-
ical robotsandcomputer-controlledrobots(or, moregen-
erally, computer-controlledcharacters)in computergames.
Ef®cient replanningis especiallyimportant for computer
gamessincethey often simulatea large numberof char-
actersand their other software components,such as the
graphicsgeneration,alreadyplacea high demandon the
processor. In thefollowing, wediscusstwo caseswherethe
knowledgeof a robot changesbecauseits sensorsacquire
moreinformationaboutthe initially unknown terrainasit
movesaround.

Goal-Directed Navigation in Unknown Terrain: Plan-
ning with the freespaceassumptionis a popularsolution

to the goal-directednavigation problem where a mobile
robothasto move in initially unknown terrainto givengoal
coordinates.For example,the charactersin popularcom-
batgamessuchas“Total Annihilation,” “Age of Empires.”
and“Warcraft” have to move autonomouslyin initially un-
known terrainto user-speci®edcoordinates.Planningwith
thefreespaceassumptionalwaysplansashortestpathfrom
its currentcoordinatesto thegoalcoordinatesundertheas-
sumptionthat theunknown terrainis traversable.Whenit
observesobstaclesasit followsthispath,it enterstheminto
its mapandthenrepeatsthe procedure,until it eventually
reachesthe goal coordinatesor all pathsto them are un-
traversable.

To implementthisnavigationstrategy, therobotneedsto re-
planshortestpathswhenever it detectsthat its currentpath
is untraversable.Severalwaysof speedingup thesearches
have beenproposedin the literature(Trovato 1990; Bar-
behennand Hutchinson1995; Tao et al. 1997; Podsed-
kowski et al. 2001;ErssonandHu 2001;Huiming et al.
2001). FocussedDynamicA* (D*) (Stentz1995)is prob-
ably the most popularsolution and hasbeenextensively
usedon real robots, suchas outdoorHMMWVs (Stentz
andHebert1995;Hebertet al. 1999;Matthieset al. 2000;
Thayeretal. 2000),aswell asstudiedtheoretically(Koenig
etal. 2003b).WebelievethatD* is the®rst truly incremen-
tal heuristicsearchalgorithm. It resultedin a new applica-
tion for incrementalsearchandamajoradvancein robotics.
LPA* andD* sharesimilarities.For example,wecancom-
bineLPA* with ideasfrom D* to applyit to moving robots,
resultingin D* Lite (Koenig and Likhachev 2002a). D*
Lite and D* implementthe samenavigation strategy and
areaboutequally fastbut D* Lite is algorithmicallysim-
plerandthuseasyto understand,analyze,andextend.Both
searchalgorithmssearchfrom thegoalcoordinatestoward
the currentcoordinatesof the robot. Sincethe robot usu-
ally observesobstaclescloseto its currentcoordinates,the
changesarecloseto the goal of the search,which makes
incrementalsearchef®cient,aspredictedearlier.

Mapping: Greedymappingis a popularsolution to the
problemof mappingunknown terrain(Thrun et al. 1998;
Koenigetal. 2001;Romeroetal. 2001).Therobotalways
plansa shortestpathfrom its currentcoordinatesto a clos-
est patchof terrainwith unknown traversability, until the
terrainis mapped.

To implementthis navigation strategy, the robot needsto
replanshortestpathswhenever it observesnew obstacles.
Both D* andD* Lite canbeusedunchangedto implement
greedymapping,althoughtheiradvantageoverA* is much
smallerfor mappingthanfor goal-directednavigationin un-
known terrain(Likhachev andKoenig2002a).



Machine Learning (ReinforcementLearning)

Reinforcementlearningis learningfrom rewardsandpenal-
ties that can be delayed(Kaelbling et al. 1996; Sutton
andBarto1998).Reinforcement-learningalgorithms,such
as Q-learning(Watkins and Dayan1992) or on-line ver-
sions of value iteration (Barto et al. 1995), often use
dynamicprogrammingto updatestateor state-actionval-
uesand are then similar to real-timesearch(Korf 1990;
IshidaandKorf 1991;Koenig2001).Theorderof thevalue
updatesdetermineshow fast they canpropagate informa-
tion throughthestatespace,which hasa substantialeffect
on their ef®ciency. The Dyna-Qenvironment(Suttonand
Barto1998)hasbeenusedby variousresearchersto study
ways of making reinforcementlearningmoreef®cient by
orderingtheir valueupdates.PrioritizedSweeping(Moore
and Atkeson1993)andQueue-Dyna(Pengand Williams
1993)are,for example,reinforcement-learningalgorithms
thatresultedfrom this research.They concentratethevalue
updateson thosestateswhosevaluesthey changemost.

Incrementalsearchcanorderthe valueupdatesin an even
more systematicway and usesconceptsrelatedto those
from reinforcementlearning. For example, LPA* per-
formsdynamicprogrammingandimplicitly usestheBell-
manequations(Bellman1957). It is currentlyunclearhow
incrementalsearchcan be appliedto minimizing the ex-
pected(discounted)plan-executioncost in nondeterminis-
tic domain,thetypical objective of reinforcementlearning.
However, we have extendedLPA* from minimizing the
plan-executioncostin deterministicdomainsto minimizing
theworst-caseplan-executioncostin nondeterministicdo-
mains,resultingin Minimax LPA* (Likhachev andKoenig
2002b),whichwebelieve to bethe®rst incrementalheuris-
tic minimax searchalgorithm. It appliesto goal-directed
reinforcementlearningfor minimizing theworst-caseplan-
executioncost. While this is theonly applicationof incre-
mentalsearchto reinforcementlearningthathasbeeniden-
ti®ed so far, it suggeststhat ideasfrom incrementalsearch
canpotentiallybeusedto reducethenumberof valuesthat
reinforcement-learningalgorithmsneedto update.

Control (Parti-Game Algorithm)

Statespacesof control problemsareoften continuousand
sometimeshigh-dimensional. The parti-game algorithm
(MooreandAtkeson1995)®ndscontrolpoliciesthatmove
an agentin suchdomainsfrom given start coordinatesto
given goal coordinates.It is popularbecauseit is simple,
ef®cient, andappliesto a broadrangeof controlproblems
suchaspathplanningfor mobilerobotsandrobotarms(Al-
Ansari andWilliams 1999;Araujo andde Almeida 1997;
Araujo andde Almeida 1998;Kollmannet al. 1997). To
solve theseproblems,onecan®rst discretizethe domains

and then useconventionalsearchto ®nd plansthat move
the agentfrom its currentcoordinatesto the goal coordi-
nates. However, uniform discretizationscan prevent one
from ®ndingaplanif they aretoocoarse-grained(for exam-
ple,becausetheresolutionpreventsonefromnoticingsmall
gapsbetweenobstacles)andresultin largestatespacesthat
cannotbe searchedef®ciently if they aretoo ®ne-grained.
The parti-gamealgorithmsolves this dilemmaby starting
with a coarsediscretizationandre®nesit duringexecution
only whenandwhereit is needed(for example,aroundob-
stacles),resultingin a nonuniformdiscretization. To im-
plementthe parti-gamealgorithm,the agentneedsto ®nd
a planwith minimal worst-caseplan-executioncostwhen-
ever it hasre®nedits modelof the domain. Several ways
of speedingup the searcheswith incrementalsearchhave
beenproposedin the literature. (Al-Ansari 2001),for ex-
ample,proposedan uninformedincrementalsearchalgo-
rithm thatrestoresthepriority queueof aDijkstra-likemin-
imax searchalgorithm to the verticesit had immediately
beforethe changededgecostsmadeit behave differently
(Al-Ansari 2001),andwe proposeda combinationof Min-
imaxLPA* andD* Lite (Likhachev andKoenig2002b).

Conclusions

Incremental search reuses information from previous
searchesto ®nd solutionsto aseriesof similar searchprob-
lems potentially faster than is possibleby solving each
searchproblemfrom scratch.Althoughincrementalsearch
is currentlynot usedmuchin arti®cial intelligence,this ar-
ticle demonstratedthat therearearti®cial intelligenceap-
plicationsthat might bene®tfrom incrementalsearch. It
alsodemonstratedthatweneedto improveourunderstand-
ing of incrementalsearch,including whento preferincre-
mentalsearchoveralternativesearchalgorithmsandwhich
incrementalsearchalgorithm to use. For example, the
searchspacesof incrementalsearchmethods(for example,
for computergames)are often small and thus their scal-
ing propertiesarelessimportantthanimplementationand
machinedetails. At the sametime, it is dif®cult to com-
parethemusingproxies,suchasthenumberof vertex ex-
pansions,if they perform very different basicoperations.
We thereforesuggestthatarti®cial intelligenceresearchers
studyincrementalsearchin moredepthin thecomingyears
to understandit better, developnew algorithms,evaluateits
potentialfor real-world applicationsand,in general,deter-
minewhetherincrementalsearchis animportanttechnique
in thetool boxof arti®cial intelligence.
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