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Abstract

Incremental search reuses information from previous

searche$o nd solutionsto a seriesof similar searchprob-

lems potentially faster than is possible by solving each
searchproblemfrom scratch.This is importantsincemary

arti cial intelligencesystemshave to adapttheir planscon-

tinuouslyto changesn (their knowledgeof) the world. In

this article, we thereforegive an overview of incremental
searchfocusingon Lifelong PlanningA*, andoutlinesome
of its possibleapplicationgn arti cial intelligence.

Overview

It is oftenimportantthatsearchedefast. Arti®cial intelli-
gencehasdevelopedsereralwaysof speedingup searches
by trading off the searchtime and the cost of the result-
ing path. This includesusinginadmissibleheuristics(Pohl
1970;Pohl1973)andsearchwith limited look-aheadKorf
1990; Ishidaand Korf 1991; Koenig 2001), which is also
called real-time or agent-centeredearch. In this article,
we discussa differentway of speedingip searchesjamely
incrementalsearch. Incrementalsearchis a searchtech-
nigue for continual planning (or, synorymously replan-
ning, plan reuse,andlifelong planning)that reusesinfor-
mationfrom previous searches$o ®nd solutionsto a series
of similar searchproblemspotentiallyfasterthanis possi-
ble by solvingeachsearchproblemfrom scratch Different
from otherwaysof speedingup searchesit canguarantee
to ®nd shortespaths.Noticethatthe terminologyis unfor-
tunatelysomeavhat problematicsincethe term “incremen-
tal search”in computersciencealsorefersto both on-line
searchandsearchwith limited look-aheadPembertorand
Korf 1994).

Most of the researchon searchhasstudiedhow to solve
one-timesearchproblems. However, mary arti®cial in-
telligencesystemshave to adapttheir planscontinuously
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to changesn the world or changesf their modelsof the

world, for example,becausdhe actualsituationturns out

to be slightly differentfrom the one initially assumedbr

becausethe situation changesover time. In thesecases,
the original planmight no longerapply or might no longer
be goodandonethusneedso replanfor the new situation
(desJardingt al. 1999). Similarly, one needsto solve a

seriesof similar searchproblemsif onewantsto performa

seriesof what-if analysesor if the costsof planningoper

ators,their preconditionspr their effectschangeover time

becausehey arelearnedor re®ned.

In thesesituations, most searchalgorithms replan from
scratchthatis, solvethenew searctproblemindependently
of the old ones. However, this canbe inef®cientin large
domainswith frequentchangesandthuslimit the respon-
sivenessf arti®cial intelligencesystemsor the numberof
what-if analyseghat they can perform. Fortunately the
changego the searchproblemsareusuallysmall. A robot,
for example, might have to replanwhenit detectsa pre-
viously unknavn obstacle,a traf®c routing systemmight
have to replanwhenit learnsabouta new traf®c jam, and
a decision-supporsystemfor marineoil-spill containment
mighthaveto replanwhenthewind directionchangesThis
suggestshata completerecomputatiorof the bestplanfor
the new searchproblemis unnecessargincesomeof the
previous searchresultscan be reused. This is whatincre-
mentalsearchdoes.

Incrementakearchsolvesdynamicshortespathproblems,
where shortestpathshave to be found repeatedlyas the
topologyof a graphor its edgecostschangg(Ramalingm

and Reps1996b). The idea of incrementalsearchis old.

For example,anoverview article aboutshortest-pattalgo-
rithms from 1984 alreadycites several incrementalsearch
algorithms, including several ones publishedin the late
1960s(Deo andPang 1984). Sincethen,additionalincre-
mentalsearchalgorithmshave beensuggestedh the algo-
rithms literature(Ausiello etal. 1991;Evenand Shiloach
1981; Even and Gazit 1985; Feuersteinand Marchetti-
Spaccamelal993; Franciosaet al. 2001; Frigioni et
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Figurel: SimpleGridworld

al. 1996;Goto and Sangiwanni-Vincentelli1978; Italiano
1988;Klein and Subramaniari993;Lin andChangl1990;
Rohnert1985; Spiraand Pan 1975)and,to a muchlesser
degree thearti®cial intelligencditerature(Edelkampl998;
Al-Ansari 2001). They differ in their assumptionsfor ex-

ample,whetherthey solve single-sourcer all-pairsshort-
est path problems,which performancemeasurethey use,
whenthey updatethe shortestpaths,which kinds of graph
topologiesandedgecoststhey applyto, andhow thegraph
topology and edgecostsare allowed to changeover time

(Frigioni et al. 1998). If arbitrary sequencesf edgein-

sertionsdeletionsor weightchangesreallowed, thenthe
dynamic shortestpath problemsare called fully dynamic
shortespathproblemg(Frigioni etal. 2000).

The idea of incrementalsearchhasalso beenpursuedin
arti®cial intelligencefor problemsother than path ®nd-
ing. For example,a variety of algorithmshave beendevel-
opedfor solving constraintsatishction problems(Dechter

and Dechter 1988; Verfaillie and Schiex 1994) or con-
straint logic programmingproblems (Miguel and Shen
1999)wherethe constraintshangeover time. In this arti-
cle, however, we studyincrementakearchonly in the con-
text of dynamicshortestpath problems,whereit hasnot
beenstudiedextensively in arti®cial intelligence.

We believe that four achievementsare necessaryo make
incrementalsearchmore popularin arti®cial intelligence.
First,oneneedgo devisemorepowerfulincrementatearch
algorithmsthan thosethat currently exist. Second,one
needsto studytheir propertiesmore extensiely, both an-
alytically andexperimentally to understandheir strengths
andlimitationsbetter Third, oneneedgo demonstrat¢hat
they apply to arti®cial intelligenceapplicationsand com-
parethemto othersearchalgorithmsfor theseapplications
to demonstratéhatthey indeedhave advantagesverthem.
Finally, the arti®cial intelligencecommunity needsto be
mademore aware of incrementalsearch. This article ad-



dresseghe lastissuesothat moreresearchersanaddress
the ®rst threeones. It describesone particularincremen-
tal searchalgorithmandits potentialapplicationsandthen
discusseits potentialadvantagesandlimitations.

Uninformed Incremental Search

We now discussone particularway of solving fully dy-
namic shortestpath problems. As an example, we use
route-planningn known eight-connectedridworlds with
cellswhosetraversabilitychangesover time. They areei-
thertraversablgwith costone)or untraversable Theroute-
planningproblemis to repeatedly®nd a shortestpath be-
tweentwo given cells of the gridworld, knowing both the
topology of the gridworld and which cells are currently
traversablelt canbesolvedwith cornventionalsearchsuch
asbreadth-®rssearchpy ®ndingashortespatheverytime
some edge costschange. Corventional searchtypically
doesnot reuseinformation from previous searches.The
following example however, illustratesthepotentialadwan-
tageof reusinginformationfrom previoussearches.

Considerthe gridworlds shown in Figurel. The original

gridworld is showvn on top and the changedgridworld is

shavn at the bottom. Only two blockageshave maoved,

resultingin four cells with changedblockagestatus. The

®gure shawvs the shortestpathsin both casesunderthe as-
sumptionthat every move hascostone. The shortestpath
changedsincetwo cells on the original shortestpath be-

cameuntraversable.

The lengthof a shortesipathfrom the startcell to a cell is
calledits startdistance Oncethe startdistance®f all cells
areknown, onecaneasilytracebacka shortestpathfrom
the startcell to the goal cell by always greedily decreas-
ing the start distance,starting at the goal cell. The start
distancesare shawn in eachtraversablecell of the origi-
nal and changedgridworlds. Thosecells whosestartdis-
tancesn the changedyridworld aredifferentfrom the cor
respondingonesin the original gridworld are shadedyray
in this example. Even thoughlarge partsof the shortest
pathhave changedlessthana quarterof the startdistances
have changed.Thus,in suchcasesthereis a potentialad-
vantageto recalculatingonly thosestartdistanceshathave
changedwhich is an agumentfor cachingthe start dis-
tancegatherthanthe shortespathitself.

This is basically what the incrementalsearchalgorithm
DynamicSWSF-FRRamalingm and Reps1996a)does®

1DynamicSWSF-FPas originally stated,searchedrom the
goal vertex to all otherverticesand thus maintainsestimatesof
the goal distancegatherthan the startdistances.We, however,
useit to searchfrom the startvertex to all othervertices.Also, to
calculateashortespathfrom thestartvertex to thegoalvertex not
all distancesieedto beknown. To make DynamicSWSF-FPnore

Figure2: An Example

DynamicSWSF-FRvasoriginally developedin the context
of parsingtheoryandtheoreticalcomputerscience.lt uses
aclever way of identifying the startdistanceghathave not
changedandrecalculate®nly the onesthathave changed.
Consequentlyit performsbestin situationswhereonly a
smallnumberof startdistanceshange.

Considerthe gridworld from Figure 2 to understandhow it
operates.The startcell is A3. Assumethatoneis given
thevaluesin the left gridworld, andit is claimedthatthey
are equalto the correctstartdistances.Thereare at least
two differentapproacheso verify this. Oneapproachs to
performa completesearchto ®nd the start distancesand
comparethemto the given values. Anotherapproachs to
checkthe de®nition of the startdistancespamelythatthe
value of the startcell is zeroandthe value of every other
cell is equalto the minimum over all neighboringcells of
the value of the neighboringcell plus the cost of getting
from the neighboringcell to the cell in questionwhich is
indeedthe case.For example,the value of cell B1 should
be the minimum of thevaluesof cellsA0, A1, A2, andC1
plus one. Thus,the valuesareindeedequalto the correct
startdistances Both approacheseedaboutthe samerun-
time to con®rmthis. Now assumehatcell D1 becomesin-
traversableasshavn in theright gridworld of Figure2 and
thusthe costsof all edgednto the cell becomen®nity, and
it is claimedthatthevaluesin the cellsremainequalto the
correctstartdistancesAgain, thereareatleasttwo different
approacheto verify this. Oneapproachs againto perform
a completesearchto ®nd the startdistancesand compare
themto the givenvalues. The secondapproachs again to
checkthatthevalueof the startcell is zeroandthevalueof
every othercell is equalto the minimumover all neighbor
ing cells of the value of the neighboringcell plusthe cost
of gettingfrom the neighboringcell to the cell in question,
Sincethe valuesremainunchangedgachcell continuesto
have this propertyunlessts neighborshave changedThus,
oneneeddo checkonly whetherthe cells closeto changes
in thegridworld continueto have this property thatis, cells
ClandE1. It turnsoutthatcell C1 continuegto have this

ef cient, we changedts terminationconditionsothatit stopsim-
mediatelyafterit hasfounda shortespathfrom thestartvertex to
thegoalvertex.



property but cell E1 doesnot. Thus, not all valuesare
equalto the correctstartdistances.(This doesnot mean,
of coursethatall cellsbut E1 have correctstartdistances.)
The secondapproachmow needdessruntimethanthe ®rst
one. Furthermore the secondapproachprovides a start-
ing point for replanning,namelycell E1, sinceone needs
to work on the cells that do not have this property mov-
ing outwardsfrom the startingpoint. This is the mainidea
behindDynamicSWSF-FRt shareghisideawith otherin-
crementakearchapproachedncluding somethatapplyto
constraintsatishction(DechterandDechter1988).

Informed Incr emental Search

Oneway of speedingup searchess incrementakearch.A
differentway of speedingup searchess heuristicsearch.
The question arises whether incrementaland heuristic
searchcanbe combined. Many of the startdistanceghat
have changedn the examplefrom Figure 1 areirrelevant
for ®ndingashortespathfrom thestartcell to thegoalcell
andthusdo not needto getrecalculated Examplesarethe
cellsin thelower left cornerof the gridworld. Thus,there
is a potentialadvantageto usingheuristicsto avoid having
to recalculatérrelevantstartdistances.

To summarizetherearetwo differentways of decreasing
the searcheffort of breadth-®rssearchor ®ndingthe start
distancedor thechangedyridworld from Figurel:

Incrementakearchalgorithms,suchas DynamicSWSF-
FP(RamalingmandReps1996a)®nd shortespathsfor
seriesof similar searchproblemspotentially fasterthan
is possibleby solving eachsearchproblemfrom scratch
(completesearch)ecausehey do not recomputethose
startdistanceghathave not changed.

Heuristicsearchalgorithms,suchasA* (Nilsson1971),
useheuristicknowledgein the form of approximations
of thegoaldistanceso focusthe searcrand®nd shortest
pathsfor searchproblemsfasterthanuninformedsearch
becaus¢hey donotcomputethosestartdistanceshatare
irrelevantfor ®nding a shortespathfrom the startcell to
thegoalcell.

Consequentlywe developeda searchalgorithmthat com-
binesincrementaland heuristic search,namely Lifelong
PlanningA* (LPA*) (KoenigandLikhacher 2002b). We
call it “lifelong planning”in analogyto “lifelong learning”
(Thrun 1998) becauseét reusednformationfrom previous
searchesLPA* repeatedly®ndsshortespathsfrom agiven
startvertex to a givengoalvertex on arbitraryknowvn ®nite
graphs(not just gridworlds) whoseedgecostsincreaseor
decreasevertime (which canalsobe usedto modeledges
or verticesthatareaddedor deleted). The pseudocodeof

S denoteghe ®nite setof verticesof the graph. succ (s) S denoteshe setof successors
of vertexs 2 S. Similarly, pr ed(s) S denoteghe setof predecessorsf vertex s 2 S.
0< c(s; sD) 1 denoteghecostof moving from vertex s to vertex s92 succ (s). LPA*
alwaysdeterminesa shortesipathfrom a givenstartvertex sstar t+ 2 S to agivengoalvertex
Sgoal 2 S, knowing boththe topologyof the graphandits currentedgecosts. The heuristics
needto be nonngative andconsistent.

LPA* maintainsestimategy(s) andr hs (s) of the startdistanceof eachvertex s. LPA* also
maintainsa priority queuethat containsexactly the verticess with g(s) 6 rhs(s). Theirpri-
oritiesarepairs,the ®rst componendf which is similar to anf-valueof A* andthe secondoneof
which is similar to a g-valueof A*. The priorities are comparedo accordingto a lexicographic
ordering. For example,a priority [k 1; k2] is lessthanor equalto a priority [k?; kg] iff either
ki< k¥or(ky = k% andk,  k3). U.TopKey() returnsthesmallestpriority of all vertices
in priority queueU . (If U is empty thenU.TopKey() returns[1 ;1 ].) U.Pof) deletesthe
vertex with the smallestpriority in priority queueU andreturnsthevertex. U.Inser(s; k) inserts
vertex s into priority queueU with priority k. Finally, U.Reme(s) remavesvertex s from pri-
ority queueJ .

procedure CalculateKey(s)

f 01g return[min (g(s);rhs(s)) + h(s); min (g(s);rhs(s));
procedure Initialize ()

foygu = ;;

fo3gforalls2 Srhs(s) = g(s) = 1 ;

f04g rhs(sstar t) = 0;

f05g U.Inser(sstar t; [N(Sstar t); 0]);

procedure UpdateVertex(u )

fO6gif (U6 Sstar 1) ThS(U) = Min (07 oy o (u)(9(s9) + (% u));
fO7gif (u 2 U) U.Remae(u);

f08g if (g(u) 6 rhs(u)) U.nser{u; Calculatekey(u)) ;

procedure ComputeShortestrath()

f 099 while (U.TopKey() < Calculately(sgoal ) ORI hs (Sgoal ) & 9(Sgoal ))
f 10g u = U.Pog);

f 11g if (g(u) > rhs(u))

fixg g(u) = rhs(u);

f 13g foralls 2 succ (u) Update\értex(s);

f 14g else

f 159 g(u) =1

f 169 foralls 2 succ (u) [ fug Update\értex(s);

procedure Main()

f 17g Initialize() ;

f 18g forever

f19g  ComputeShortest®h) ;

f20g  Waitfor changesn edgecosts;

f21g forall directededgeq u; v) with changecedgecosts
f22g Updatetheedgecostc(u; v);

f23g Update\értex(v);

Figure3: Lifelong PlanningA* (simpleversion)

thesimplestversionof LPA* reducedo aversionof A* that
breakgiesamongverticeswith thesamef-valuein favor of
smallerg-valueswhenusedto searchfrom scratchandto
DynamicSWSF-FRvhenusedwith uninformedheuristics.
In fact,it differsfrom DynamicSWSF-F®nly in thecalcu-
lation of the priorities for the verticesin the priority queue
(Line f01g in the pseudocodeof Figure 3). It is unop-
timized and needsconsistentheuristics(Pear| 1985). We
have alsodevelopedmore sophisticated/ersionsof LPA*
thatareoptimized(for example recalculateéhevariousval-
ues much more ef®ciently than the simple version), can
work with inadmissibleheuristics,and breakties among
verticeswith the samef-valuein favor of larger g-values.
Thesechangesnake LPA* morecomplex.

Replanningwith LPA* can bestbe understoodas trans-
formingthe A* searchtreeof theold searctproblemto the
A* searchtreeof the naw one. This resultsin somecom-
putationaloverheadsince partsof the old A* searchtree
needto beundone.lt alsoresultsin computationakavings
sinceotherpartsof the old A* searchtree canbe reused.
Thelargerthe overlapbetweerthe old andnew A* search
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treesthemoreef®cientreplanningwith LPA* is compared
to usingA* to createthe new searchtreefrom scratch.For
example,LPA* is likely moreef®cientin Situationlathan
Situation1b of Figure4.? Thisis experimentallythe case,
for example,the lessthe graphhaschanged(seeExperi-
mentl1 belov) andthecloseredgeswith changeaostareto
the goalof the search(seeExperiment3 below). Thecom-
putationalsavings can dominatethe computationalover
headand LPA* thenreplansfasterthan A*. In the worst
case,however, ary searchalgorithmis no more ef®cient
than a completesearchfrom scratch(Nebel and Koehler
1995) and LPA* can be lessef®cient than A*. This can
happenf the overlapof theold andnewv A* searchtreesis
small.

The simplicity of LPA* allows us to prove a humberof
propertiesaboutit, including its termination,correctness,
ef®cieng/ in termsof vertex expansionsand similarity to
A*, which malkesit easyto understandanalyze,and ex-
tend,for example,to nondeterministidlomaingLikhachey
and Koenig2002b). We can prove, for example,that the
®rst searchof LPA* expandsthe verticesin the sameorder
asaversionof A* thatbreakstiesamongverticeswith the
samef-valuein favor of smallerg-values. LPA* expands
everyvertex atmosttwice andexpandamary verticesnotat
all becausét doesnot expandverticeswhosevalueswere
alreadyequalto their startdistancegef®cieng/ dueto in-
crementalsearch)or whoseprevious and currentf-values
arelargerthanthef-valueof thegoalvertex (ef®cieng/ due
to heuristicsearch).Detailscanbe foundin (Koenigetal.
2003a).

More informationon incrementakearchin generalcanbe
foundin (Frigioni et al. 2000),and moreinformationon
LPA* canbe foundin (Koenigetal. 2003a),which this
articleis anintroductoryoverview versionof.

2To be moreprecise:lt is notonly importantthatthetreesare
similar but moststartdistanceof its nodeshave to be the same
aswell. Thus,it isinsufcient, for example,thatthetreeremains
unchangedf mostof thestartdistance®f its nodeschange.

Experimental Evaluation

We now perform experimentsin small gridworlds to un-
derstandthe adwantagesand limitations of LPA* better
(Koenigetal. 2003a). We comparean optimizedversion
of LPA* againstaversionof A* thatbreakgiesamongver
ticeswith the samef-valuein favor of verticeswith larger
g-valuessincethis tendsto resultin a smallernumberof
vertex expansionghanbreakingtiesin the oppositedirec-
tion (althoughtie breakingturnsout not to make a big dif-
ferencen our gridworlds). All priority queuesvereimple-
mentedasbinary heaps.The codeof ourimplementations
is availableat

http://www.cc.catech.edu#ic/Sen.Koenig/astreplanning.html

We usefour-connectedyridworlds with directededgesbe-
tweenadjacentells. We generateonehundredgridworlds.
The startandgoal cell aredravn with uniform probability
for eachgridworld. All edgecostsare either one or two
with uniform probability We thenchangeeachgridworld
®ve hundredtimesin arow by selectinga givennumberof
edgesandre-assigninghemrandomcosts. We reportthe
probability thatthe costof the shortespathchangego en-
surethatthe edgecostchangesndeedchangethe shortest
path suf®ciently often. A probability of 33.9 percent,for
example, meansthat the costof the shortestpathchanges
on averageafter 2.96 planningepisodes We usethe Man-
hattandistancessheuristicsfor the costof a shortespath
betweertwo cells,thatis, the sumof thedifferenceof their
x- andy-coordinates.For eachexperiment,we reportthe
runtime (in milliseconds)averagedover all ®rst planning
episodeg#1) andover all planningepisodeg#2),runona
Pentium1.7 MHz PC.We alsoreportthe speedupmf LPA*
over A* in the long run (#3), thatis, the ratio of the run-
timesof A* andLPA* averagedover all planningepisodes.
The®rst searchof LPA* tendsto be slower thanthatof A*
sinceit expandsmore statesandneedsmoretime for each
stateexpansion.During the subsequendearcheshowever,
LPA* oftenexpandsfewer stateghanA* andis thusfaster
thanA*. We thereforealsoreportthe replanningepisode
after which the averagetotal runtime of LPA* is smaller
thanthe oneof A* (#4),in otherwords,the numberof re-
planningepisodeshatarenecessarjor oneto preferLPA*
over A*. For example,if this numberis two, then LPA*
solvesoneplanningproblemandtwo replanningproblems
togetherfasterthan A*. Additional experimentsare re-
portedin (Koenigetal. 2003a).

Experiment 1: In the®rst experimentthe sizeof the grid-
worldsis 101 101 We changethe numberof edgeghat
get assignedrandomcostsbefore eachplanning episode.
Figure 1 shaws our experimentalresults. The smallerthe
numberof edgeghatgetassignedandomcoststhelessthe
searclspacechange@ndthelargertheadvantageof LPA*



edgecostchanges | pathcostchanges A* LPA*

#1and#2 #1 #2 #3 #4
0.2% 3.0% 0.299 0.386 0.029 10.370 1
0.4% 7.9% 0.336 0.419  0.067 5.033 1
0.6% 13.0% 0.362 0.453  0.108 3.344 1
0.8% 17.6% 0.406 0.499  0.156 2.603 1
1.0% 20.5% 0.370 0.434 0.174 2126 1
1.2% 24.6% 0.413 0.476  0.222 1.858 1
1.4% 28.7% 0.468 0.539 0.282 1.657 1
1.6% 32.6% 0.500 0.563  0.332 1.507 1
1.8% 32.1% 0.455 0.497 0.328 1.384 1
2.0% 33.8% 0.394 0.433 0.315 1.249 1

Tablel: Experimentl

mazesize pathcostchanges A* LPA*
#1and#2 #1 #2 #3 #4
51 51 7.3% 0.077 0.098 0.015 5.032 1
76 76 10.7% 0.201 0.258 0.050 3.987 1
101 101 13.0% 0.345 0.437 0.104 3315 1
126 126 16.2% 0.690 0.789 0.220 3.128 1
151 151 17.7% 0.933 1.013  0.322  2.900 1
176 176 21.5% 1.553 1.608 0564 2.753 1
201 201 22.9% 1.840 1.898 0.682 2.696 1

Table2: Experiment2

80 % of edgecostchangesire 25 cellsaway from thegoal

mazesize pathcostchanges A* LPA*
#1and#2 #1 #2 #3 #4
51 51 13.5% 0.084 0.115 0.014 6.165 1
76 76 23.9% 0.189 0.245 0.028 6.661 1
101 101 33.4% 0.295 0.375 0.048 6.184 1
126 126 42.5% 0.696 0.812 0.084 8.297 1
151 151 48.5% 0.886 0.964 0.114 7.808 1
176 176 55.7% 1.353 1.450 0.156 8.683 1
201 201 59.6% 1.676 1733  0.202  8.305 1

80 % of edgecostchangesre 50 cellsaway from thegoal

mazesize pathcostchanges A* LPA*
#1and#2 #1 #2 #3 #4
51 51 8.6% 0.086 0.115 0.017 5.138 1
76 76 15.7% 0.190 0.247 0.039  4.822 1
101 101 23.2% 0.304 0.378 0.072 4.235 1
126 126 31.3% 0.702 0.812 0.130 5.398 1
151 151 36.2% 0.896 0.959 0.173 5.166 1
176 176 44.0% 1.372 1.458 0.242 5.664 1
201 201 48.3% 1.689 1.742 0.313 5.398 1

80% of edgecostchangesre 75 cellsaway from thegoal

mazesize pathcostchanges A* LPA*
#1and#2 #1 #2 #3 #4
7% 76 12.1% 0.196 0.250 0.047 4.206 1
101 101 17.5% 0.306 0.391 0.088  3.499 1
126 126 26.0% 0.703 0.818 0.175 4.012 1
151 151 28.8% 0.893 0972 0.225 3.978 1
176 176 36.8% 1.370 1438 0319 4.301 1
201 201 40.1% 1.728 1.790 0.408  4.236 1

Table3: Experiment3

in our experiments.The averageruntime of the ®rst plan-
ning episodeof LPA* tendsto be largerthanthe oneof A*
but the averageruntimeof the following planningepisodes
tendsto besomuchsmaller(if thenumberof edgeghatget
assignedandomcostsis suf®ciently small)thatthenumber
of replanningepisodeghatarenecessaryor oneto prefer
LPA* over A* isone.

Experiment 2: In the secondexperiment,the numberof
edgeghatgetassignedandomcostsbeforeeachplanning
episodeis 0.6 percent. We changethe size of the square
gridworlds. Figure2 shows our experimentalresults. The
smallerthe gridworlds, the larger the advantageof LPA*
in our experiments,althoughwe were not ableto predict

this effect. Thisis animportantinsightsinceit impliesthat
LPA* doesnot scalewell in our gridworlds (althoughpart
of thiseffectcouldbedueto thefactthatmoreedgegetas-
signedrandomcostsasthe sizeof the gridworldsincreases
andthis time is includedin the runtime averagedover all
planningepisodes) We thereforedevisedthe third experi-
ment.

Experiment 3: In the third experiment,the number of
edgeghatgetassignedandomcostsbeforeeachplanning
episodds acain 0.6 percentWe changeboththesizeof the
squaragridworldsandhow closetheedgedhatgetassigned
randomcostsareto thegoalcell. 80 percentbof theseedges
leave cellsthatare closeto the goal cell. Figure3 shows
our experimentalresults. Now, the advantageof LPA* no
longerdecreasewith thesizeof thegridworlds. Thecloser
theedgecostchangeareto thegoalcell, thelargerthe ad-
vantageof LPA* in our experiments,as predictedearlier
This is animportantinsight sinceit suggestso useLPA*
whenmostof the edgecostchangesare closeto the goal
cell. We utilize this propertywhenwe apply LPA* to mo-
bile roboticsandcontrol (seebelow).

Although theseexperimentsgive us someinsightinto the
behaior of LPA*, we needto improve our understanding
of whento preferincrementakearclover alternatve search
algorithmsandwhich incrementakearchalgorithmto use.
The main criteria for choosinga searchalgorithm are its
memoryconsumptiorandits runtime.

With respectto memory incrementalsearchneedsmem-

ory for informationfrom pastsearchesLPA*, for example,

needgo remembethe previoussearchree. This tendsnot

to bea problemfor gridworldsbut the searchreesof other

searchproblemsare often so large that they do not com-

pletely ®t into memory In this case,it might be possible
to combineincrementakearchwith memory-limitedsearch
algorithmssuchas RBFS (Korf 1993) or SMA* (Russell

1992),but thisis futurework.

With respectto runtime, our experimentshave demon-
stratedthat LPA* expandsfewer verticesthan A*, for ex-
ample,whenonly few edgecostschangeand theseedge
costsare closeto the goal vertex. Thesesituationsneed
to be characterizedbetter LPA* alsoneedsmoretime per
vertex expansionthanA*. Thistime disadwantagedepends
on low-level implementatiorand machinedetails,suchas
the instructionsetof the processqrthe optimizationsper
formed by the compiler and the datastructuresusedfor
the priority queuesandis thushardto characterize.For
example,whenthe numberof edgeghatgetassignedan-
dom costswas0.2 percentin Experimentl, the numberof
heappercolatesof A* was 8213.04while the numberof
heappercolatef LPA* wasonly 297.30. This malkesit
dif®cult to determinewhetherthereis a bene®tto incre-



mentalsearchand, if so,to quantifyit. For example,one
candecreas¢he speedumf LPA* over A* by usingbuck-
etsto implementthepriority queuesatherthanheapsgven
thoughthisis morecomplicated For example,LPA* needs
morethanonereplanningepisodeto outperformA* if the
numberof edgesthat get reassignedandomcostsbefore
eachplanningepisodds lessthan1.0 percentanddoesnot
outperformA* at all if the numberof edgesthat getreas-
signedrandomcostsbefore eachplanningepisodeis 1.0
percenbor morein theexperimentof Figurel whenweim-
plementedA* with bucketsandasimpleFIFOtie-breaking
stratgyy within bucketsbut left theimplementatiorof LPA*
unchanged. Therefore,we are only willing to conclude
from our experimentsthat incrementalheuristicsearchis
a promisingtechnologythat needsto getinvestigatedfur-
ther In generalthetrade-of betweerthe numberof vertex
expansionandthetime needegervertex expansionmight
bene®tincrementakearchalgorithmsthat are lesssophis-
ticatedthanLPA* andthusexpandmoreverticesbut with
lesstime per vertex expansion,for example,by restoring
the priority queueof A* to the verticesit hadimmediately
beforethe changeddgecostsmake A* behae differently
Onemightalsobeableto developincrementakearchalgo-
rithms that apply only to specialcasesof graphs(suchas
gridworlds)andthusarefasterbut notasversatileasLPA*.

Applications

Our gridworld experimentssuggesthatincrementakearch
canbe bene®cialfor route planningin traf®c or computer
networks,wherethe congestiorandthusthe optimalroutes
changeover time. Theseapplicationsare similar to our
gridworld experiments However, therearealsoavariety of
areasn arti®cial intelligencethat could potentiallybene®t
fromincrementakearchin thefollowing, we discussome
of the possibleapplications,mary (but not all) of which
involve gridworlds. We also discussthe current state of
the art, including opportunitiesfor future researcton in-
crementakearch.

Symbolic Planning (HSP)

Symbolic planningis the most obvious applicationof in-

crementakearch.Interestingly incrementakearchcanbe
usednotonlyto solve aseriesof similarsymbolic(STRIPS-
style) planningproblemsbut alsosinglesymbolicplanning
problems.

One-Time Planning: Heuristic search-baseglanners
solve symbolicplanningproblems. They wereintroduced
by (McDermott1996)and(Bonetetal. 1997)andhave be-
comevery popular In its default con®guration, HSP 2.0
(Bonetand Geffner 2000),for example,usesweightedA*

searchewith inadmissibleheuristicsto perform forward

searchesn the spaceof world statesto ®nd a path from
the startstateto a goal state. This is possibledespitethe
large statespacesiueto the speci®cheuristicsused.How-
ever, the calculationof the heuristicsis time-consuming
sinceHSP 2.0 calculateshe heuristicof eachstatethat it
encountersiuring the searchby solving a relaxed search
problem. Consequentlythe calculationof the heuristics
comprisesabouteighty percentof its runtime (Bonetand
Geffner2001).

HSP2.0thusrepeatedlysolvesrelaxed searchproblemsas
it calculatesthe heuristics. The relaxed searchproblems
thatit solvesto ®nd the heuristicsof two statesaresimilar
if the two statesare similar, andtwo stateswhoseheuris-
tics it calculatesconsecutiely are often similar sincethey

areboth childrenof the sameparentin the A* searchree.
Thus,incrementakearchcansolve a relaxed searchprob-
lem by reusinginformationfrom the calculationof the pre-
vious relaxed searchproblem. Our PINCH (Prioritized,
INCrementalHeuristicscalculation)algorithm (Liu et al.

2002), for example, is basedon DynamicSWSF-FRand
speedsip the runtimeof HSP 2.0 by up to eighty percent
in severaldomainsand,in general the amountof saszings
grows with the size of the domains,allowing HSP 2.0 to

solwve largersearchproblemswith thesamdimit onits run-

time and without changingits heuristicsor overall opera-
tion.

Continual Planning: So far, we have describedhow in-
crementakearchcansolwe singlesymbolicplanningprob-
lems. However, planningresearchersealizeda long time
agothatoneoftendoesnot needto solve just onesymbolic
planning problembut rathera seriesof similar symbolic
planningproblems. Examplesof practicalsigni®cancen-
cludethe aeromedicakvacuationof injured peoplein cri-
sis situations(Kott et al. 1999) and air campaignplan-
ning (Myers1999).Replannings necessarjn thesecases,
for example,whena landing strip of an air®eld becomes
unusable.Planningresearcherbave thereforestudiedre-
planningand plan reuse. Replanningattemptsto retainas
mary planstepsof thepreviousplanaspossible Planreuse
doesnot have this requirement.(We do not malke this dis-
tinction andthususethe term “replanning”throughouthe
text.) Examplesinclude case-baseglanning,planningby
analogy plan adaptationtransformationaplanning,plan-
ning by solutionreplay repairbasedlanning,andlearning
search-controknowledge. Thesesearchalgorithmshave
beenusedas part of systemssuchas CHEF (Hammond
1990), GORDIUS (Simmons1988), LS-ADJUSTFPLAN
(Gerevini andSerina2000),MRL (Koehler1994),NoLimit
(Velos01994),PLEXUS (Alterman1988),PRIAR (Kamb-
hampatiand Hendler 1992), and SRA (Hanks and Weld
1995).

HSP 2.0 with weight one and consistentheuristics®nds



planswith minimal plan-eecutioncost. If HSP2.0 solves
a seriesof similar symbolicplanningproblemsthenit can
useLPA* insteadof A* to replanfaster resultingin the
SHERR replanner(SpeedyHEuristic search-basedRe-
PlIAnner) (Koenig et al. 2002) for consistentheuristics.
A differencebetweenSHERR and the other replanners
describedabove is that SHERRA doesnot only remember
the previous plansbut alsothe previous plan-construction
processesThus,it hasmoreinformationavailablefor re-
planningthaneven PRIAR, that storesplanstogethemwith
explanationsof their correctnesspr NoLimit, that stores
planstogethemwith substantiatiescription®of thedecisions
that resultedin the solution. Another differencebetween
SHERR andtheotherreplannerss thatits plan-execution
cost is as good as the plan-execution cost achieved by
searchfrom scratch.Thus,incrementakearchcanbe used
for planreuséf theplan-executioncostof theresultingplan
is importantbut its similarity to the previousplansis not.

Inadmissibleneuristicsallow HSP2.0to solve searchprob-
lemsin large statespacedyy trading off runtime and the
plan-executioncost of the resultingplan. SHERRA uses
LPA* with consistenteuristics. While we have extended
LPA* to useinadmissibleheuristicsandstill guarante¢hat
it expandsevery vertex at mosttwice, it turns out to be
dif®cult to make incrementalsearchmore ef®cient than
searchfrom scratchwith the sameinadmissibleheuristics,
althoughwe have had successn specialcases. This can
be explainedasfollows: The larger the heuristicsare, the
narraverthe A* searchtreeandthusthe moreef®cient A*
is. Ontheotherhand,the narraver the A* searchree,the
morelikely it is thatthe overlapbetweenthe old and new
A* searchreesis smallandthusthelessef®cient LPA* is.
For example,Situations2aand2b correspondo Situations
laandlb, respectiely, exceptthatthe old andnew search
treesarenarraver andthusoverlapless.

Mobile Roboticsand Games(Path Planning)

Mobile robotsoften have to replanquickly asthe world or
theirknowledgeof it changesExamplesncludebothphys-
ical robotsand computercontrolledrobots(or, more gen-
erally, computercontrolledcharactersin computergames.
Ef®cient replanningis especiallyimportantfor computer
gamessincethey often simulatea large numberof char
actersand their other software componentssuch as the
graphicsgenerationalreadyplacea high demandon the
processorin thefollowing, we discusgwo casesvherethe
knowledgeof a robot changedecausets sensorsacquire
moreinformationaboutthe initially unknavn terrainasit
movesaround.

Goal-Directed Navigation in Unknown Terrain: Plan-
ning with the freespaceassumptionis a popularsolution

to the goal-directednavigation problem where a mobile
robothasto movein initially unknown terrainto givengoal
coordinates.For example,the charactersn popularcom-
batgamessuchas“Total Annihilation; “Age of Empires.

and“Warcraft” have to move autonomouslyn initially un-
known terrainto userspeci®edcoordinates Planningwith
thefreespacassumptioralwaysplansa shortespathfrom
its currentcoordinateso thegoalcoordinatesinderthe as-
sumptionthat the unknawn terrainis traversable.Whenit

obsenesobstaclesasit followsthis path,it entergheminto
its mapandthenrepeatshe procedurepuntil it eventually
reacheghe goal coordinatesor all pathsto them are un-
traversable.

Toimplementhis navigationstrateyy, therobotneeddo re-
planshortespathswheneer it detectghatits currentpath
is untraversable.Severalwaysof speedingup the searches
have beenproposedin the literature (Trovato 1990; Bar
behennand Hutchinson1995; Tao et al. 1997; Podsed-
kowski et al. 2001; ErssonandHu 2001; Huiming et al.
2001). FocussedynamicA* (D*) (Stentz1995)is prob-
ably the most popular solution and has beenextensiely
usedon real robots, such as outdoorHMMWVs (Stentz
andHebert1995;Hebertetal. 1999;Matthiesetal. 2000;
Thayeretal. 2000),aswell asstudiedctheoretically(Koenig
etal. 2003b).We believe thatD* is the®rsttruly incremen-
tal heuristicsearchalgorithm. It resultedin a new applica-
tion for incrementakearchandamajoradwancein robotics.
LPA* andD* sharesimilarities. For example we cancom-
bineLPA* with ideasfrom D* to applyit to moving robots,
resultingin D* Lite (Koenigand Likhaches 2002a). D*
Lite and D* implementthe samenavigation stratgy and
are aboutequallyfastbut D* Lite is algorithmically sim-
plerandthuseasyto understandanalyze andextend.Both
searchalgorithmssearchfrom the goal coordinatesoward
the currentcoordinatef the robot. Sincethe robot usu-
ally obseresobstaclesloseto its currentcoordinatesthe
changesare closeto the goal of the searchwhich makes
incrementakearchef®cient,aspredictedearlier

Mapping: Greedymappingis a popular solution to the
problemof mappingunknawn terrain(Thrunetal. 1998;
Koenigetal. 2001;Romeroetal. 2001). Therobotalways
plansa shortesipathfrom its currentcoordinatego a clos-
est patchof terrainwith unknavn traversability until the
terrainis mapped.

To implementthis navigation stratey, the robot needsto

replanshortestpathswheneer it obsenesnev obstacles.
Both D* andD* Lite canbe usedunchangedo implement
greedymapping althoughtheir advantageover A* is much

smallerfor mappingthanfor goal-directedhavigationin un-

known terrain(Likhacher andKoenig2002a).



Machine Learning (ReinforcementLearning)

Reinforcementearningis learningfrom rewardsandpenal-
ties that can be delayed(Kaelbling et al. 1996; Sutton
andBarto 1998). Reinforcement-learninglgorithms,such
as Q-learning(Watkins and Dayan 1992) or on-line ver-

sions of value iteration (Barto et al. 1995), often use
dynamicprogrammingto updatestateor state-actiorval-

uesand are then similar to real-time search(Korf 1990;
IshidaandKorf 1991;Koenig2001). Theorderof thevalue
updatesdetermineshow fastthey can propagte informa-
tion throughthe statespacewhich hasa substantiakffect

on their ef®cieng. The Dyna-Qervironment(Suttonand
Barto 1998) hasbeenusedby variousresearcherto study
ways of making reinforcementearningmore ef®cient by
orderingtheir valueupdates Prioritized Sweeping(Moore
and Atkeson1993) and Queue-DyngPengand Williams

1993)are,for example,reinforcement-learninglgorithms
thatresultedrom thisresearchThey concentrat¢éhevalue
updatesonthosestatesvhosevaluesthey changemost.

Incrementakearchcanorderthe valueupdatesn aneven
more systematicway and usesconceptsrelatedto those
from reinforcementlearning. For example, LPA* per
forms dynamicprogrammingandimplicitly usesthe Bell-
manequationgBellman1957).1t is currentlyunclearhow
incrementalsearchcan be appliedto minimizing the ex-
pected(discounted)plan-executioncostin nondeterminis-
tic domain,thetypical objective of reinforcementearning.
However, we have extendedLPA* from minimizing the
plan-eecutioncostin deterministiadomaingo minimizing
the worst-caseplan-executioncostin nondeterministialo-
mains,resultingin Minimax LPA* (Likhacher andKoenig
2002b)whichwe believe to bethe®rstincrementaheuris-
tic minimax searchalgorithm. It appliesto goal-directed
reinforcementearningfor minimizing theworst-caselan-
executioncost. While this is the only applicationof incre-
mentalsearcho reinforcementearningthathasbeeniden-
ti®ed sofar, it suggestshatideasfrom incrementakearch
canpotentiallybe usedto reducethe numberof valuesthat
reinforcement-learninglgorithmsneedto update.

Control (Parti-Game Algorithm)

Statespace®f control problemsare often continuousand
sometimeshigh-dimensional. The parti-game algorithm
(MooreandAtkeson1995)®ndscontrol policiesthatmaove
an agentin suchdomainsfrom given start coordinatego
given goal coordinates.It is popularbecauset is simple,
ef®cient, andappliesto a broadrangeof control problems
suchaspathplanningfor mobilerobotsandrobotarms(Al-
Ansari and Williams 1999; Araujo and de Almeida 1997;
Araujo andde Almeida 1998; Kollmannet al. 1997). To
solve theseproblems,one can®rst discretizethe domains

and then use corventionalsearchto ®nd plansthat move
the agentfrom its currentcoordinatego the goal coordi-
nates. However, uniform discretizationscan prevent one
from®ndingaplanif they aretoo coarse-grainefor exam-
ple,becaus¢heresolutionpreventsonefrom noticingsmall
gapsbetweerobstaclesandresultin large statespaceshat
cannotbe searche@f®ciently if they aretoo ®ne-grained.
The parti-gamealgorithm solvesthis dilemmaby starting
with a coarsediscretizatiorandre®nesit during execution
only whenandwhereit is neededfor example,aroundob-
stacles)resultingin a nonuniformdiscretization. To im-
plementthe parti-gamealgorithm, the agentneedsto ®nd
a planwith minimal worst-caseplan-executioncostwhen-
ever it hasre®nedits modelof the domain. Several ways
of speedingup the searchesvith incrementalsearchhave
beenproposedn the literature. (Al-Ansari 2001), for ex-
ample, proposedan uninformedincrementalsearchalgo-
rithm thatrestoreghe priority queueof a Dijkstra-like min-
imax searchalgorithmto the verticesit had immediately
beforethe changededgecostsmadeit behae differently
(Al-Ansari 2001),andwe proposeda combinationof Min-
imax LPA* andD* Lite (Likhacher andKoenig2002b).

Conclusions

Incremental search reuses information from previous
searche$o ®nd solutionsto a seriesof similar searchprob-
lems potentially fasterthan is possibleby solving each
searchproblemfrom scratch.Althoughincrementakearch
is currentlynot usedmuchin arti®cial intelligence this ar
ticle demonstratedhat thereare arti®cial intelligenceap-
plicationsthat might bene®tfrom incrementalsearch. It
alsodemonstratethatwe needto improve our understand-
ing of incrementakearchjncludingwhento preferincre-
mentalsearctover alternatve searchalgorithmsandwhich
incrementalsearchalgorithm to use. For example, the
searchspace®f incrementakearchmethodgfor example,
for computergames)are often small and thus their scal-
ing propertiesare lessimportantthanimplementatiorand
machinedetails. At the sametime, it is dif®cult to com-
parethemusingproxies,suchasthe numberof vertex ex-
pansions,f they performvery different basicoperations.
We thereforesuggesthatarti®cial intelligenceresearchers
studyincrementakearchn moredepthin thecomingyears
to understandt better developnew algorithms evaluateits
potentialfor real-world applicationsand,in general deter
minewhetherincrementakearchis animportanttechnique
in thetool box of arti®cial intelligence.
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