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Abstract

Real-time (heuristic) search methods alow for fine-grained
control over how much planning to do between plan exe-
cutions. Many real-time search methods can use heuristic
knowledgeto guide planning, be interrupted at any state and
resume execution at a different state, and improve their plan-
executiontimeasthey solve similar planning tasks, until their
plan-execution time is optimal. Unfortunately, the behavior
of real-time search methods is not yet well understood. In
this paper, we show that the behavior of real-time search
methods often differs from the behavior of more traditional
and well-studied search methods and argue that it is impor-
tant to investigate how properties of the heuristic functions,
the domains, and the real-time search methods themselves
influencetheir performance.

Introduction

Situated agents are agents that have to act in the world to
achieve their goals. A centrd problem for them is how to
achieve given god states. Traditional search methods from
artificial intelligence, such as A* (Nilsson 1971), first plan
and then execute the resulting plan. The sum of planning
and plan execution time, however, can often be reduced by
interleaving planning and plan execution. In this paper, we
discuss rea-time (heuristic) search methods (Korf 1990),
because these domain-independent search methods provide
an efficient way for interleaving planning and plan execu-
tion. Real-time search methods are based on agent-centered
search, like many heuristic SAT-solution methods. Agent-
centered search methodsrestrict the search to asmall part of
the domain that can be reached from the current state with
asmall number of action executions. Thisisthe part of the
domain that isimmediately relevant in the current situation.
Many real -time search methods have thefollowing advanta-
geous properties: First, they allow for fine-grained control
over how much planning to do between plan executions and
thus are any-time contract methods (Russell and Zilberstein
1991). Second, they can use heuristic knowledge to guide
planning, which reduces planning time without sacrificing
plan-execution time. Third, they can be interrupted at any
state and resume execution at a different state. Fourth, they
can amortize learning over several search episodes, which
allowsthem to find a plan with a suboptimal plan-execution

time fast and then improve the plan-execution time as they
solve similar planning tasks, until the plan-execution time
is optima. Thus, they can aways have a small sum of
planning and plan-execution time and still minimize the
plan-execution timein thelong runin case similar planning
tasks unexpectedly repeat. This is important because no
search method that interleaves planning and plan execution
can guarantee to minimize the plan-execution time right
away. Real-time search methods have been shown to be ef-
ficient alternatives to more traditional search methods. For
example, they are among the few search methods that are
able to find plans for the twenty-four puzzle, a diding-tile
puzzle with more than 7 x 10%* states (Korf 1993). They
have aso been used to solve large STRIPS-type planning
tasks (Bonet et al. 1997) and large POM DP-type planning
tasks (Geffner and Bonet 1998). Finally, studying rea-time
search methods can contribute to a better understanding
of goal -directed reinforcement-learning methods since both
classes of methods are similar (Koenig and Simmons 1993;
Barto et al. 1995) and most reinforcement-learning re-
searchers have not yet analyzed the plan-execution time
of their methods (Koenig and Simmons 1996b). Unfortu-
nately, different from more traditional search methods, that
have been studied extensively, not much is known about
real-time search methods. In this paper, we describe some
promising areas for futureresearch, and illustratethem with
examples that we discovered as byproducts of our own re-
search on redl-time search methods (Koenig 1997).

Learning Real-Time A*

In this section, we describe one particular rea-time search
method, namely Korf’s Learning Real-Time A* (LRTA*)
method (Korf 1990), which is probably the most popular
real-time search method. We use the following notation: .S
denotes thefinite set of states of thedomain, s;:q-: € S the
dtart state, and G C S the set of god states. The number
of statesisn = |S|. A(s) # 0 isthefinite, nonempty set
of actions that can be executed in state s € S. succe(s, a)
denotes the successor state that results from the execution
of actiona € A(s) instates € S. gd(s) denotes the goal
distance of state s € S (here: measured in action execu-
tions), and d is the largest goa distance of any state. We
also use two operators with the following semantics. The



Initially, the u-values u(s) areinitialized with f(s) foral s € S,
where f isaheuristic function for the goal distance of the states.

S = Sstart.

If s € G, then stop successfully.

a = one-of argminge 4y u(succ(s,a)).
u(s) = max(u(s), 1+ u(succ(s,a))).
Execute action a.

s = succ(s, a).

Goto 2.
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Figurel: LRTA*

expression “argmin, ¢ x f(z)” returnstheelements z € X
that minimize f(z). Given such aset Y, the expression
“one-of Y returns an element of Y according to an arbi-
trary rule. Using thisnotation, we describe asimpleversion
of LRTA* (with lookahead one), see Figure 1. It associates
a small amount of information with the states that allows it
to remember where it has searched dready. In particular,
it associates a u-value u(s) with each state s € S. The u-
val ues approximate the goal distances of the states. LRTA*
updates them as the search progresses and uses them to
determine which actions to execute. In particular, LRTA*
consists of a termination-checking step (line 2), an action-
selection step (line 3), a value-update step (line 4), and an
action-execution step (line5). First, LRTA* checks whether
it has reached a goa state and thus can terminate success-
fully. If not, it decideson theaction to execute next. Itlooks
only one action execution ahead and greedily picksthe ac-
tion that leads to a successor state with a smallest u-vaue.
It then replaces the u-vaue u(s) of the current state with
the one-step lookahead value max(u(s), 1+ u(suce(s, a))),
which is a more accurate estimate. Finaly, it executes the
selected action and iterates.

Performance of LRTA*

Inthissection, wegivean upper bound ontheplan-execution
time of LRTA* (here: measured in action executions) un-
til it reaches a goa dtate (its “performance’). Bounding
the plan-execution time also bounds the sum of planning
and plan-execution time: For sufficiently sowly moving
agents, the sum of planning and plan-execution time is al-
most completely determined by the plan-execution time.
For sufficiently fast moving agents, on the other hand, the
sum of planning and plan execution time is almost com-
pletely determined by the planning time, which is roughly
proportional to the number of action executions (and thus
the plan-execution time) since LRTA* performsonly acon-
stant amount of computation between action executions if
all states have roughly the same (constant) number of suc-
Cessor states.
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Figure2: One-Dimensiona Gridworld
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Figure 3: Eight Puzzle with Two Possible Goa States

Theorem 1 LRTA* withan admissible heuristic function f
has a plan-execution time of at most

ZZ[Qd(S)—f(s)] + f(sstart) < Zng(s)

SES SES
action executions.

The proof of Theorem 1 can be found in (Koenig and
Simmons 1995). The theorem impliesthat LRTA* with an
admissible heuristic function has a plan-execution time of
O(nd) action executions. If one can reach agoal state from
every state, thend < n — 1, and LRTA* with an admissible
heuristic function has aplan-executiontime of O(n?) action
executions. Thus, its plan-execution time is finite, which
provesitscorrectnesssince LRTA* stopsonlyingod states.
It can be shown that the bound provided by Theorem 1 is
tight for both LRTA* with a completely informed heuristic
function (that is, f(s) = gd(s) for al s € S) and LRTA*
with a completely uninformed heuristic function (that is,
f(s) = Ofordl s € S) (Koenig and Simmons 1995).
However, thebound s, in general, not representative for the
average plan-execution time of LRTA* for agiven planning
task. Inthefollowing, we show that the behavior of LRTA*
often differsfrom the behavior of more traditional and well-
studied search methods, such asA*. Thisraisesthequestion
of how properties of the heuristic functions, the domains,
and thereal-time search methods themselves influencetheir
plan-execution times.

Properties of Heuristic Functions

In this section, we show that properties of heuristic func-
tions influence the behavior of LRTA* and A* differently
athough both search methods utilize similar properties of
heurigtic functions, such as their admissibility or consis-
tency. We say that a heuristic function dominates another
one if, for every state, the heuristic value that it assigns to
that state is at least as large as the heuristic value that the
other heuristic functions assigns to the state. We know that
one can never degrade the performance of A* by switch-
ing from a consistent heuristic function to another consis-
tent heuristic function that dominates the other one (Pearl
1985). However, thisisnot the case for LRTA* even though
the upper bound on its plan-execution time is guaranteed to
decrease. As an example, consider the one-dimensiona



grid-world from Figure 2. LRTA* with a completely un-
informed heuristic function always moves to the right and
reaches the goal state on a shortest path from the start state.
Now assume that LRTA* usesthe consistent heuristic func-
tion shown above the states, that dominates the completely
uninformed heuristicfunction. Inthiscase, LRTA* doesnot
reach the goa state any longer on a shortest path from the
start steteif tiesare broken in favor of successor stateswith
smaller indices. Inthiscasg, it traverses the state sequence
S1, 82, 83, S2, S1, S2, $3, S4, and Ss5. The same effect can
also be observed in more complex domains (Koenig 1995).
As an example, consider the following two heuristic func-
tions for the eight puzzle with the “American” god dtate,
see Figure 3 (Pearl 1985). Gaschnig's heurigtic: the small-
est number of moves needed to achieve the god dtate if it
counts as one move when atileis removed from its current
square and placed on the empty square; and the Tiles-Out-
Of-Order heuristic: the smallest number of moves needed
to achieve the goal state if two or more tiles can occupy
the same square and it counts as one move when atileis
removed from its current square and placed on any other
square. Gaschnig's heuristic dominates the Tiles-Out-Of -
Order heurigtic, and both heuristic functions are consistent.
Thus, the performance of A* with Gaschnig’sheuristicisat
least as good as the performance of A* with the Tiles-Out-
Of-Order heuristic. The opposite is true for LRTA*. We
average its plan-execution time over 25,000 examples and
break ties among actions randomly. LRTA* with the Tiles-
Out-Of-Order heuristic has, on average, a plan-execution
time of 1,410 action executions, compared to 2,236 action
executionsfor LRTA* with Gaschnig'sheuristic. Out of the
25,000 runs, LRTA* with the Tiles-Out-Of-Order heuris-
tic outperforms LRTA* with Gaschnig's heuristic 15287
times, isbeaten 9682 times, and ties 31 times. These exam-
ples show that the performance of LRTA* isnot completely
correlated with the informedness of the heuristic functions
even if they are consistent. Thisis dueto loca minimain
the “value surface” of the heuristic function (Ishida 1997).
Since LRTA* always chooses the action for execution that
leads to a successor state with asmallest u-value, we expect
LRTA* to do well if there is a good chance that it comes
across agoa state when it mostly performs steegpest decent
ontheinitia u-values. This meansthat the differencesin u-
values of the successor states are more important than how
close the u-values are to the goal distances. Consequently,
thefewer local minimathereareintheinitial u-valuesurface
and the “shallower” they are, the better we expect the plan-
execution time of LRTA* to be. In general, however, not
much is known about how heuristic knowledge affects the
plan-execution time of real-time search methods, and there
are no good techniques yet for predicting how well they
perform with given heuristic functions. Thisisapromising
area for future research.

Properties of Domains

In this section, we show that domain properties influence
the behavior of LRTA* and A* differently. A* with a con-
sistent heuristic function, for example, never expands states
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Figure4: Goal Distances of the Eight Puzzle

that are further awvay from the start state than the closest
goa state. LRTA* with the same heuristic function, on the
other hand, can visit these states. According to Theorem 1,
the plan-execution time of LRTA* depends on the god dis-
tances of all states (and thusthe average goal distance over
all states), not only the goal distance of the start state. As
an example, consider diding-tile puzzles, which are some-
times considered to be hard planning domains because they
have a small goa density. The eight puzzle, for example,
has 181,440 states, but only one goa state. Although in-
creasing the goal density tends to decrease the average goa
distance, there exist planning domains with small average
goal distance and small goal density (Koenig and Simmons
1995). The eight puzzleisan example: Figure 4 showsfor
every goal distance how many of the 181,440 states havethis
particular goal distance. The average goal distance of the
eight puzzlewiththe“American” goa stateisonly 21.5 and
itsmaximal goa distanceis 30. Similarly, the average goa
distance of the eight puzzle with the “ European” goa state
is 22.0 and its maximal goal distance is 31. More exten-
sive statisticson the eight puzzle can befoundin (Reinefeld
1993). Althoughtheaverage goa distance could beaslarge
as (n — 1)/2 = 90,719.5, it is much smaller for the eight
puzzle with either goa state. This means that LRTA* can
never move far away fromthe goal states even if it executes
suboptimal actions. Thus, the eight puzzle is not particu-
larly hard to search with LRTA* among al domains with
the same number of states.

Another property that makes domains easy to search with
some resal-time search methods, but not A*, isbeing Eule-
rian (Koenig and Simmons 1996a). Eulerian domains are
directed domainswhere every state has as many actionsthat
enter it as actions that leave it and, thus, Eulerian domains
are asuperset of undirected (more precisely: “bi-directed”)
domains. In generd, however, not much is known about
how domain properties affect the plan-execution time of
real-time search methods, and there are no good techniques
yet for predicting how well they will perform in a given
domain. Thisisa promising areafor future research.

Properties of Search Methods

In this section, we show that the plan-execution times
of two similar real-time search methods can be very differ-
ent, although experimental results in standard test domains
indicate that both methods perform equally well. As an ex-
ample, consider Node Counting, a real -time search method
that differs from LRTA* only in line4, see Figure 5. Vari-
ants of Node Counting have been used in (Pirzadeh and
Snyder 1990; Thrun 1992; Balch and Arkin 1993), among
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If s € G, then stop successfully.

a = one-of argMinge a(s) u(suce(s,a)).
u(s) = 1+ u(s).

Execute action a.

s = succ(s, a).

Goto 2.
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Figure 5: Node Counting
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Figure 6: Reset State Space

others. The difference between Node Counting and LRTA*
isthe following: The u-values of (uninformed) LRTA* ap-
proximate the god distances. LRTA* aways moves to a
successor state with a smallest u-value because it wantsto
get to stateswith smaller goa distances to eventualy reach
a state with goa distance zero, that is, a goa state. The
u-values of uninformed Node Counting, on the other hand,
correspond to the number of times Node Counting has vis-
ited the states. Node Counting aways moves to a successor
state withasmallest u-value because it wantsto get to states
whichit hasvisited lessfrequently to eventually reach astate
that it has not yet visited at all, that is, a possible god state.
Node Counting and LRTA* perform equally well in many
domains. Consider, for example, the following two experi-
mentsin which thedifference in plan-execution times of the
two methods is statistically insignificant for any reasonable
level of significance, for both sign tests and t tests (Koenig
and Simmons 19964). In the first experiment, we compare
uninformed Node Counting and uninformed LRTA* on the
eight puzzle with the “American” goal state. We average
their plan-execution times over 25,000 examples and break
ties among actions randomly. Node Counting has, on av-
erage, a plan-execution time of 85,579 action executions,
compared to 85,746 action executions for LRTA*. Out of
the 25,000 runs, Node CountingoutperformsLRTA* 12,512
timesand isbeaten 12,488times. In the second experiment,
we use an obstacle-free grid-world of size 50 x 50 whose
start and goal states are in opposite corners. Node Counting
has, on average, a plan-execution time of 2,874 action ex-
ecutions, compared to 2,830 action executions for LRTA*.
Out of the 25,000 runs, Node Counting outperformsLRTA*
12,345 times, is beaten 12,621 times, and ties 34 times.
These two experiments seems to suggest that Node Count-
ing and LRTA* perform equally well. A forma analysis,
however, comes to a different conclusion. If one can reach
agoa state from every state, then Theorem 1 implies that

the plan-execution time of uninformed LRTA* is a worst
quadratic in the number of states. The plan-execution time
of uninformed Node Counting, however, can be exponential
in the number of states. Asan example, consider a variant
of the “reset state spaces’ used in (Koenig and Simmons
19964d). A reset state space isadomain in which all states
(but the start state) have an action that | eads back to the start
state (here: via an intermediate state), see Figure 6. We
say that the action “resets” Node Countingto the start state.
Uninformed Node Counting has a plan-execution time of
2(n+1)/2 _ 3 action executions (for odd n > 3) if ties are
brokenin favor of successor states with smaller indices. For
example, for n = 7, ittraversesthe state sequence sy, s3, s2,
S$1, 83, S5, S4, S1, $3, S2, S1, S3, S5, and s7. A more Complex
example can be used to show that the plan-execution time
of uninformed Node Counting can be exponential in the
number of states even in undirected domains (Koenig and
Szymanski 1998). Thisresult showsthat diding-tilepuzzles
and grid-worldsarenot ableto distinguishbetween real-time
search methods that are always efficient, such as LRTA*,
and resal-time search methods that can be intractable, such
as Node Counting. In general, however, not much isknown
about how different real-time search methods compare, and
there are no good techniques yet for predicting which one
will outperform the others on agiven planning task. Thisis
apromising area for future research.

Conclusions

Our resultsimply that real -time search methods have differ-
ent properties than more traditiona and well-studied search
methods, such as A*. This motivates our argument that it
is important to investigate how properties of the heuristic
functions, the domains, and the real-time search methods
themselves influence their plan-execution times. These re-
sults can help experimental researchers to distinguish easy
planning tasksfor real-time search methodsfrom hard ones,
which can help them to decide whether to use rea-time
search methods to solve a given planning task. If the an-
swer is positive, the results can aso help them to select an
appropriatereal-time search method. Finaly, theresultscan
help them to choose appropriate test-beds for experiment-
ing with rea-time search methods, reporting their results,
and interpreting the results reported by others (Koenig and
Simmons 1996a).

Another promising research direction, not mentioned ear-
lier in this paper, is the application of rea-time search
methods to nondeterministic planning tasks (Koenig and
Simmons 1995; Barto et al. 1995). In nondeterministic do-
mains, real-time search methods have an additiona advan-
tageover search methodsthat first plan and only then execute
the resulting plan, namely that they allow agents to gather
information early. Thisinformation can be used to resolve
some of the uncertainty and reduce the amount of planning
done for unencountered situations, which makes planning
more efficient. Real-time search methodshave aready been
applied to some nondeterministic planning tasks, including
robot navigation tasks (Koenig and Simmons 1998), but not
much isknown yet about their behavior in nondeterministic



domains. Thisisanother promising areafor futureresearch.
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