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Abstract

Beamsearchreduceghe memoryconsumptiorof best-
rst searchat the cost of nding longer pathsbut its

memory consumptioncan still exceedthe given mem-
ory capacityquickly. WethereforedevelopBULB (Beam
searchJsingLimited discrepang Backtracking)acom-

plete memory-boundedsearchmethodthat is able to

solve more probleminstancesf large searchproblems
thanbeamsearchanddoessowith areasonableuntime.
At thesametime, BULB tendsto nd shorterpathsthan
beamsearctbecausét is ableto uselargerbeamwidths

without running out of memory We demonstratéhese
propertiesof BULB experimentallyfor three standard
benchmarldomains.

1 Intr oduction

Best- rst searchmethods,suchas A*, do not scaleup to

large searctproblemsdueto theirmemoryconsumptionand
linearspacebest rst searchmethodgKorf, 1993 have unac-
ceptableuntimesfor large searctproblems Beamsearctre-

duceghememoryconsumptiorof best- rstsearchatthecost
of nding longerpaths.It usesbreadth- rstsearcho build its

searchireebut keepsat mostthe B statesat eachlevel of the
searchreewith thesmallestheuristicvalueswherethevalue
of thebeamwidth B is setatthebeginningof thesearchThe
smallerthe beamwidth, the more statesheamsearchprunes
at eachstepof the searchand the lessmemoryit needsto

storeeachlevel of the searchree. Unfortunately moreprun-
ing typically increaseghe probability of pruning stateson

shortpathsfrom the startstateto a goal stateandthusoften
increaseghe lengthsof the pathsfound. Excessie pruning
canevenpreventonefrom nding ary path. Thus,thebeam
width hasto be large. Our experimentsshow, for example,
that beamsearchwith a beamwidth of 10,000solvesabout
eightypercenbf randomprobleminstance®f the48-Puzzle.
The averagepathlengthfoundis on averageaboutoneorder
of magnitudesmallerthanthe onefound by variantsof WA*

[Pearl,1985, which arealternatiesto beamsearcithatalso
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Figurel: Visualizationof SearchMethods

reducethe memory consumptionof best- rst searchat the
costof nding longerpaths.We developBULB (Beamsearch
UsingLimited discrepang Backtracking}thatis ableto solve

moreprobleminstancef large searchproblemsthanbeam
searchanddoesso with a reasonableuntime. At the same
time, BULB tendsto nd shorterpathsthanbeamsearchbe-
causét is ableto uselargerbeamwidthswithout runningout
of memory It behaeslike beamsearchuntil it exhaustshe
memory capacitywithout nding a path. It thenuseslim-

ited discrepang backtrackingo retractits previous pruning
decisions.The choiceof a goodbacktrackingstratayy is im-

portantsince,for example,beamsearchwith chronological
backtrackinghasunacceptableuntimes.

2 BeamSearch

Beamsearchis ary searchtechniqué‘in which a numberof
[...] alternatves(the beam)areexaminedin parallel.[lt] is a
heuristictechniquebecausdeuristicrulesareusedto discard
[prune] non-promisingalternatvesin orderto keepthe size



Tablel: BeamSearchonthe48-Puzzle

B Path Generated Stored Runtime Problems
Length States States (Seconds) Solved
1 N/A N/A N/A N/A 0%
5 [ 11,737.12 147,239 58,680 0.090 100%

10 [ 36,281.64 904,632 362,799 0.601 100%

50 25,341.44 3,211,244 | 1,266,902 2.495 86 %
100 | 12,129.88 3,079,594 | 1,212,579 2.296 86 %
500 2,302.86 2,899,765 | 1,148,559 2.205 74%

1,000 1,337.95 3,346,004 [ 1,331,451 2.822 84%
5,000 481.30 5,814,061 [ 2,365,603 5.500 86 %
10,000 440.07 | 10,569,816 | 4,312,007 11.307 80 %
50,000 N/A N/A N/A N/A 0%

of thebeamassmallaspossible’[Bisiani,1987. We assume
thatall actionshave a costof oneandstudybeam-searchari-
antsof breadth- rstsearchn this paper Their objectiveis to
reducethe memoryconsumptiorof breadth- rstsearchfrom
exponentialto linearin the depthof the searchree,asillus-
tratedby the shadedareasof Figurel (a) and(b) for breadth-
rst searchandbeamsearchrespectiely. Beamsearchuses
breadth- rstsearcho build its searctreebut splitseachlevel
of the searchtreeinto slicesof at mostB stateswhereB is
calledthe beamwidth. The numberof slicesstoredin mem-
oryislimited to oneateachevel. Whenbeamsearchexpands
alevel, it generatesll successorsf the statesatthe current
level, sortsthemin orderof increasincheuristicvalues(from
left to right in the gure), splitstheminto slicesof at most
B statesach,andthenextendsthe beamby storingthe rst
sliceonly. Beamsearchterminatesvhenit generates goal
stateor runsout of memory

Tablel shavs experimentakesultsfor beamsearclhonthe
48-Puzzlewith a memorylimitation of 6,000,000states.We
created50 probleminstanceswith randomstart con gura-
tions in which the goal con guration had the blank in the
upperleft corner We usedthe Manhattandistanceasheuris-
tic function. (We could have usedpatterndatabasemstead
[Korf andTaylor, 1994 but did notsincewe usethemlaterin
this papetin thecontet of 2 additionalbenchmarldomains.)
Theruntimeof beamsearchwasalwayssmallsinceit ranout
of memoryin secondsBeamsearchwith a beamwidth of 1
solved noneof the probleminstances.This is not surprising
sinceit is similarto greedysearchgradientdescentandthus
likely to nd ratherlong pathsunlessit getsstuckin dead
endsbecaus¢he currentstatehasonly successorthatareal-
readyin memory in which caseit doesnot nd ary pathat
all. Beamsearchwith a beamwidth of 10 solved all of the
probleminstancesAs the beamwidth increasedits memory
consumptiorincreasedthe averagepathlengthof the solved
probleminstanceslecreasedandthe numberof solvedprob-
lem instancesventuallydecreasedBeamsearchwith beam
width 50,000solved noneof the probleminstances.This is
not surprisingsincebeamsearchwith a beamwidth of in n-
ity is breadth- rstsearchandthusguaranteetio nd shortest
pathsunlessit runsout of memoryandthendoesnot nd
ary pathatall, whichis likely giventhe exponentialmemory
consumptiorof breadth- rstsearch. Considerbeamsearch
with alargebeamwidth thatstill solveda substantiahumber
of probleminstancessaybeamsearchwith a beamwidth of
10,000that solved eighty percentof the probleminstances.
The averagepathlengthof the solved probleminstancesvas
anorderof magnitudesmallerthantheonereportedn [Furgy,

2004 for severalvariantsof WA*.

3 Improving BeamSearch

We study how to increasethe numberof solved problem
instancesto one hundredpercentwhile reducingthe path
lengthsof the solved problem instances. This cannotbe
doneby varying the beamwidth sinceincreasingit reduces
the numberof solved probleminstanceswvhile decreasingt
increaseghe averagepath length of the solved problemin-
stancesRatherwe noticethatmary of theunsohedproblem
instancesaredueto misleadingheuristicvaluesthat prevent
statesfrom beingincludedin the beam. For example,the
goalstateG is putinto the third slice of the seventhlayerin
Figurel (b). Beamsearchthusdoesnot nd the goal state
sinceit visits only the rst slice of eachlayer Our solution
to this problemis to backtrackand choosea differentslice.
Figure 1 (c) shavs DB (Depth- rst Beamsearch),our sim-
plestvariantof beamsearchwith backtracking.DB behaes
like beamsearchuntil it exhaustshe memorycapacitywith-
out nding apath.It thenuseschronologicabacktrackingo
purge existing slicesandreplacethemwith others. DB, un-
fortunately hasunacceptableuntimes,which we explain as
follows: Chronologicabacktrackingevisits the mostrecent
decisionsrst, thatis, the decisionsloseto thebottomof the
searchtree. Thisis problematicsincethe heuristicvaluesare
usuallythe moreinaccuratethe farthera stateis away from
the goalstateandthusthe closerit is to thetop of the search
tree. Thus, it is importantto revisit decisionscloseto the
top of the searchtreemorequickly. We thereforeuselimited
discrepang searctratherthanchronologicabacktrackingo
build amoresophisticatedariantof beamsearchwith back-
tracking.

3.1 Original Limited DiscrepancySearch

LDS (Limited Discrepany Search)[Harvey and Ginsbeg,
1995 wasdesignedo work on nite binarytrees. The suc-
cessorof a stateare sortedin orderof increasingheuristic
values.Thus,the heuristicvaluesalwaysrecommendheleft
successopver the right one. Choosingthe right successor
againstthe recommendatiomf the heuristicvaluesis called
adiscrepang. First, LDS searcheshe treegreedily thatis,
with nodiscrepang. If LDS doesnot nd agoalstate thenit
madeat leastonewrongdecisiondueto misleadingheuristic
values.LDS thensearcheshe treewith increasingnumbers
of alloweddiscrepanciesFigure2 containsthe pseudacode
of LDS. The top-level function LDS() repeatedlyperforms
a limited discrepang searchfrom the startstate(Line 4) by
callingLDSpiobe()with anincreasingiumberof alloweddis-
crepancieqLine 6), startingwith no discrepang (Line 2).
Unlessthe currentstateis a leaf of the tree (Line 9), LDS-
probe()generategs successorandrecursvely callsitself on
them. If the maximumnumberof allowed discrepanciess
zero,thenonly the sub-treebelow the bestsuccessois vis-
ited with no discrepang allowed (Line 12). Otherwise the
sub-treeunderthe worst successois visited with one less
discrepanyg allowed (sinceonewasjust consumedLl.ine 14),
thenthe sub-treeunderthe bestsuccessois visited with the
samenumberof allowed discrepanciegsincenonewascon-



1. procedure LDS(sstart , h(:)): pathlength

2 discr epancies =0

3 while (true ) do

4. cost := LDSprobeéstart , 0, discr epancies , h(:))
5 if (cost < 1 )thenreturn cost

6 discr epancies

7 endwhile

8

:= discr epancies + 1

. procedure LDSprobeétate , depth , discr epancies , h(:)): pathlength
9. if (state isaleaf) thenreturn 1

10. elsehbest; second i := generateSuccessostte )

11. if ((best = sgoq ) OF (s€CONd = Sgoq) ) thenreturndepth + 1

12. if (discr epancies = 0)thenreturn LDSprobebest, depth + 1,0, h(:))
13. else

14. cost := LDSprobeéecond , depth + 1, discr epancies 1,h(3))
15. if (cost < 1 )thenreturn cost
16. return LDSprobebest, depth + 1, discr epancies , h(:))

Figure2: Original Limited Discrepanyg Search

1. procedure GLDS(Sstart . h(:)): pathlength

2 discr epancies := 0; hashtable :=f Sstart 9

3 while (true ) do

4. pathlength := GLDSprobe$start , 0, discr epancies , h(:))
5 if (pathlength < 1 )thenreturn pathlength

6 discr epancies := discr epancies + 1

7 endwhile

8

. procedure GLDSprobestate , depth , discr epancies , h(:)): pathlength
9 SET =,

10. for eachsuccessos of state do

11. if (S = Sgoq ) thenreturndepth + 1

12. if (s 2 hashtable )thenSET := SET [ fsg
13. endfor

14. if (SET = ; )thenreturnl

15. if (hashtable hasonly oneemptyslot) thenreturn 1

16. best := agmingy seT f h(s) g
17. if (discr epancies = 0)then

18. hashtable := hashtable [ f bestg

19. pathlength := GLDSprobebest, depth + 1,0, h(:))

20. else

21. SET := SET nf bestg

22. while (SET 6 ; )do

23. state := amgmings seT f h(s) g

24. SET := SET nf state g

25. hashtable := hashtable [ f state g

26. pathlength := GLDSprobe¢tate , depth + 1, discr epancies 1,
h(:))

27. hashtable := hashtable nf state g

28. if (pathlength < 1 )thenreturn pathlength

29. endwhile

30. hashtable := hashtable [ f bestg

31. pathlength := LDSprobebest, depth + 1, discr epancies ,h(:))

32. hashtable := hashtable nf bestg
33. return pathlength

Figure3: Generalized.imited Discrepang Search

sumedat the currentlevel by following the heuristicrecom-
mendationLine 16). LDS terminatesvhenit generateshe
goalstate(Line 11).

3.2 GeneralizedLimited DiscrepancySearch

To apply LDS to beamsearchwe needto generalizat from
binary treesto arbitrary graphs. First, LDS mustbe ableto
handlebranchingfactorsthatarenonuniformandlargerthan
two. Second|.DS mustbeableto avoid cycles.GLDS (Gen-
eralizedLimited Discrepang Search)addressethe rst is-
sueby picking a successos of a givenstatewith a smallest
heuristicvalueh(s). Choosingary othersuccessois counted
asonediscrepang, andthe successoraretried from left to
right. GLDS addressethe secondissueby performingcy-
cle detectionwith a hashtableandnot generatingsuccessors
thatarealreadyin the hashtable. Figure3 shawvs the pseudo
codefor GLDS. The top-level function GLDS() repeatedly
performsgeneralizedimited discrepang searche$rom the
startstate(Line 4) by calling GLDSprobe(with anincreasing
numberof allowed discrepanciegLine 6), startingwith no
discrepang (Line 2). GLDSprobe()performsa generalized

1. procedure BULB(Sstart , h(:),B): pathlength

2 discr epancies := 0; g(Sstart ) := 0; hashtable :=f Sstart 9
3 while (true ) do

4. pathlength := BULBprobe(0, discr epancies , h(:),B)
5. if (pathlength < 1 )thenreturn pathlength

6. discr epancies := discr epancies + 1

7 endwhile

8

. procedure BULBprobe@epth , discr epancies , h(:), B ): pathlength
9. hSLICE ; value ;index i := nextSlicedepth,0,h(:),B)
10. if (value 0) thenreturn value
11. if (discr epancies = 0)then

12. if (SLICE = ; )thenreturnl

13. pathlength := BULBprobe@epth + 1,0,h(:),B)

14. for eachs in SLICE do hashtable := hashtable nf sg endfor

15. return pathlength

16. else

17. if (SLICE 6 ; )then

18. for eachs in SLICE do hashtable := hashtable nf sg endfor
19. while (true ) do

20. hSLICE ; value ; index i := nextSlice@depth ,index ,h(:),B)
21. if (value 0)then

22. if (value < 1 )thenreturnvalue

23. elsebreak

24, if (SLICE = ; )thencontinue

25. pathlength := BULBprobe@epth + 1,discr epancies 1,h(:),B)
26. for eachs in SLICE do hashtable := hashtable nf sg endfor

27. if (pathlength < 1 ) thenreturn pathlength

28. endwhile

29. hSLICE ; value ; index i := nextSlice@depth,0,h(:),B)

30. if (value 0) thenreturn value

31. if (SLICE = ; )thenreturnl

32. pathlength := BULBprobe@epth + 1, discr epancies ,h(:),B)

33. for eachs in SLICE do hashtable := hashtable nf sg endfor

34. return pathlength

35. procedure nextSlicedepth ,index ,h(:),B): harray of statesinteger, integeri
36. curr entlayer :=fs 2 hashtable j g(s) = depth g

37. SUCCS := generateNeSuccessors(rr entlayer ,h(:))

38. if ((SUCCS = ;)or(index = jSUCCS j))thenreturnh;;1 ; 1i
39. if (Sgoal 2 SUCCS )returnh;;depth + 1; 1i

40. SLICgE = ;i = index

41.  while ((i < jSUCCS j)and(jSLICE j < B))do

42. if (SUCCS [i] 2 hashtable )then

43. g(SUCCS [i]) := depth; SLICE :=SLICE [ fSUCCS [ilg
44, hashtable := hashtable [ f SUCCS [ilg

45. if (hashtable isfull ) then

46. for eachs in SLICE do hashtable := hashtable nf sg endfor
47. returnh; ;1 ; 1i

48. =i+ 1

49. endwhile
50. return hSLICE ; 1;ii

51. procedure generateNeSuccessorsfateset , h(:)): array of states
52. index =0
53. for eachstate in stateset do

54. for eachsuccessos of state do

55. if (s 2 hashtable )then

56. SUCCS [index ] := s;index :=index + 1
57. endfor

58. endfor

59. Sortstatesn SUCCS in orderof increasingh (:) -values
60. return SUCCS

Figure4: BULB

limited discrepang searctfrom agivenstatefor agivennum-
berof alloweddiscrepanciedrirst,it generatesall successors
of thestatethatarenotalreadyin thehashtable(Lines9-13).
It backtracksf the goalstateis found (Line 11), thereareno
successorflLine 14), or the hashtableis full (Line 15). Oth-
erwise, it identi es the bestsuccessoasonewith a smallest
heuristicvalue (Line 16). If the numberof allowed discrep-
anciess zero,thenGLDSprobe()callsitself on the bestsuc-
cessomwith no allowed discrepanciegLine 19). Otherwise,
GLDSprobe()xallsitself repeatedlyntheremainingsucces-
sorswith onelessallowed discrepang (Line 26) and then
callsitself on the bestsuccessowith the samenumberof al-
loweddiscrepancieéline 31).

3.3 BULB

BULB (BeamsearchUsing Limited discrepang Backtrack-
ing) combinesbeamsearchwith GLDS. Figure4 shaws the



Table2: Taxonomyof SearchMethods
type of backtracking
chronological
guided

beamwidth
none
greedysearch
(gradientdescent]
beam
search
breadth- rst
search

limited discrepang
limited discrepang search
(LDS/GLDS)
beamsearctusinglimited
discrepang backtracking BULB)
breadth- rst
search

1 depth- rstsearch

depth- rstbeamsearch|
(DB)
breadth- rst
search

intermediateg
values

1

pseudocode for BULB. The top-level function BULB() is
basicallyidenticalto GLDS(). The function BULBprobe()
performsbeamsearchwith generalizedimited discrepang
searchfor a given numberof allowed discrepancieslt rst
generateghe rst slice of the next level (Line 9). If the
slice containsa goal state the slice is empty the subtreehas
beensearchedxhaustvely, or the hashtable (which stores
thebeam)is full, thenit aborts(Lines10and12). If thenum-
berof alloweddiscrepancies zero(Line 11) andthesliceis
not empty(Line 12), thenBULBProbe()callsitself with no
alloweddiscrepancieéLine 13), andclearsthe hashtable of
theslice (Line 14). Otherwise BULBProbe()clearsthe hash
table of the slice (Line 18), callsitself repeatedlyon the re-
maining sliceswith one lessallowed discrepang (Line 25)
andthencalls itself on the bestslice with the samenumber
of alloweddiscrepancieéline 32). The function nextSlice()
generates successoslice for a slice that is alreadyin the
hashtable at a given depth. It rst locatesthe given slice
(Line 36), generatesll successorsf its stategLine 37),and
thenlocategheslice of thegivenindex within thesuccessors.
It doesthis by insertingsuccessorsito both an emptyslice
(Line 43) andthe hashtable (Line 44), startingwith the suc-
cessomtthegivenindex (Line 40), until eitherB successors
have beeninsertedinto the slice or the end of the layer has
beenreachedLine 41). If the hashtableis full (Line 45),
thenit clearsthe hashtableof theincompleteslice (Line 46)
andaborts(Line 47). ThefunctiongenerateN@Successors()
generateghe successors of a given set of statesthat are
not alreadyin the hashtable and sortsthemin order of in-
creasingheuristicvaluesh(s). (The successorsancontain
duplicates.)

3.4 Propertiesof BULB

Heuristic searchmethodsthat repeatedly Il up and purge
memorycanbe rathercomplicated Chakrabartetal., 1989;
Russell, 1992; Kaindl and Khorsand, 1994; Zhou and
Hansen,2004. In contrast,BULB is relatively simple be-
causdt purgescontiguougregionsof memoryandis only an
approximatioralgorithmthatdoesnot necessarilynd short-
est paths. Table 2 shavs a taxonomyof searchmethods.
BULB generalizedbeamsearchto beamsearchwith back-
tracking, limited discrepang searchto beamwidths larger
thanone,andbreadth- rstsearctio beamwidthssmallerthan
in nity .
The memoryconsumptionof BULB is O(Bd), where
d is the maximumsearchtree depth. This is achieved
by only storingoneslicefor eachlevel, which requires
BULB to re-generatall successorsf the statesof a
sliceeverytimeit backtracksTheresultingsmallmem-
ory consumptiorallows for deepersearchesvith wider

beams. (Otherlinearspacesearchmethodsoften store
the siblings of statesas well, which makes it unnec-
essaryto re-generatehe successor®f statesbut in-
creaseshe memoryconsumptiorsubstantially) BULB
is a memory-boundedearchmethodand thus contin-
uesits searchafter memoryrunsout by purging states
from memory resultingin a completesearchmethod.
This meansthat BULB nds a pathaslong asthereis
onewith alengthof the maximumsearchreedepthor
smaller which approximatelyequalsM =B, where M
is the memorycapacitymeasuredy the maximalnum-
ber of statesone can store. BULB thusimproveson
beamsearchwhich is incomplete,and on breadth- rst
searchwhich is completebut whosemaximumsearch
treedepthapproximatelyequaldog,(M ), wherebis the
averagebranchingfactorof thesearchree,andcanthus
solve only smallersearchproblemshanBULB.

The runtime of BULB is often small. In fact, BULB
frequently nds apathwithoutany backtrackingor with
only averylimited amountof backtrackinglt alsoelim-
inatesall cycles(loops)andsometranspositiongdiffer-
ent pathsfrom the start stateto a given state),which
are often responsiblefor the large runtimesof depth-
rst search.BULB, asa generalizatiorof breadth- rst
search,eliminatesall cycles sinceit never generates
stateghatarealreadyin the hashtable.BULB doesnot
make ary effort ateliminatingtranspositionsNeverthe-
less,BULB, asa generalizatiorof beamsearch,elim-
inatessometranspositionssinceit doesnot re-expand
stateghatarealreadyin its beam.

4 Experimental Evaluation

We now presenainexperimentaktudyof BULB in threestan-
dard benchmarkdomains: the N-Puzzle,the 4-Pay Towers
of Hanoiandthe Rubik's Cube. Note thatour gures shov

graphsonly for searchmethodsthat were able to solve all

randomprobleminstancesincewe areinterestedn increas-
ing the numberof solved probleminstancego one hundred
percent Additional resultsarereportedn [Furgy, 2004.

4.1 N-Puzzle

Our rst benchmarldomainwastheN-Puzzle asalreadyde-
scribedin the context of Table 1. Beamsearchsolved all
probleminstancef small N-Puzzleswith a small average
pathlengthanddid soin fractionsof a second.lt is there-
fore not surprisingthat neitherDB nor BULB signi cantly
improved on beamsearchfor N smallerthan48. The sit-
uationwas differentfor the 48-Puzzle. DB did not signi -
cantly improve on beamsearchfor the 48-Puzzleeither On
theotherhand,BULB wasableto solve all probleminstances
with a beamwidth of 10,000while beamsearchwas only
ableto solve all probleminstanceswith beamwidths of 10
or smaller BULB wasableto nd pathsof averagelength
440 with this beamwidth while beamsearchwasonly able
to nd pathsof averagelength11,737with beamwidthsthat
allowedit to solve all probleminstancegfor B = 5, which
is not shavn in Table1). Thus,BULB wasableto reduce
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the path length or, synorymously solution cost by a fac-
tor of about25. At the sametime, the averageruntime of
BULB wasstill on the orderof 30 secondon a Pentium4
PC clocked at a 2.2 GHz. Figure 5 containsdetaileddata
pointsaboutBULB. SinceBULB generatestatesn exactly
the sameorderasbeamsearchthe graphsof BULB simply
extendtheonesof beamsearctto largerbeamwidths. For the
80-Puzzleanda memorycapacityof 3,000,000statesthere

Table3: BeamSearchon the Towersof Hanoi
B Path Generated | Stored Runtime Problems
Length States States (Seconds) Solved
1 N/A N/A N/A N/A 0%
5 37,775.12 730,901 | 188,860 0.306 68%
10 33,489.26 [ 1,261,982 | 334,850 0.581 46 %
50 8,468.59 1,619,300 | 423,103 0.900 68%
100 4,629.57 1,784,654 | 462,443 1.012 70%
500 1,363.59 | 2,632,408 | 678,792 1.855 4%
1,000 831.90 3,196,242 | 824,784 2.388 58%
5,000 N/A N/A N/A N/A 0%

wasno beamwidth thatallowed beamsearchto solve all 50
randomprobleminstancedut BULB wasableto solve them
for awide rangeof beamwidths. The smallestaveragerun-
time of BULB with a beamwidth thatsolvedall problemin-

stancesvasabout12 seconds.It wasobtainedwith a beam
width of 6 andresultedin an averagepathlength of about
181,000. A larger beamwidth of 20,000, that still solved
all probleminstancesincreasedts averageruntimeto about
120 secondshut reducedthe averagepath lengthto 1,130,
which s lessthan5 timesthe shortespathlength. Figure 6
shavs thatBULB wasalsoableto improve the averagepath
lengthof two multi-statecommitmentsearchmethoddor the
48-Puzzleby at leastone order of magnitudewith an aver-

ageruntime of only about20 seconds.Thesealternatiesto
beamsearchare MSC-KWA* [Furgy and Koenig, 2009, a
combinationof KWA* [Felneret al., 200§ and MSC-WA*

[Kitamuraet al., 1998, and MSC-KRTA* [Furgy, 2004, a
combinationof KWA* [Felneretal., 2003, MSC-WA* [Ki-

tamuraetal., 1998 andRTA* [Korf, 199d.

4.2 Towersof Hanoi

Our secondbenchmarkdomain was the 4-Pey Towers of
Hanoi. We created50 randomprobleminstanceswith 22
disksin which the goal statehad all disks stacled on one
peg. We setthe memory capacityto 1,000,000statesand
useda patterndatabassimilar to thatof [Felneretal., 2004
asthe heuristicfunction. Table 3 shavs that, similarly to the
48-Puzzlebeamsearchwith large beamwidths solved mary
probleminstancesandthe averageengthof the pathsfound
wasshort. However, therewas no beamwidth that allowed
beamsearctto solve all 50 randomprobleminstancegwhich
is the reasonwhy Figure 7 containsno graphsfor beam
search)but BULB wasableto solve themfor a wide range
of beamwidths. Thesmallestaverageruntimeof BULB with
abeamwidth thatsolvedall probleminstancesvasaboutl.5
seconds. It was obtainedwith a beamwidth of 40 andre-
sultedin an averagepathlength of about10,000. A larger
beamwidth of 1,000,thatstill solvedall probleminstances,
increasedts averageruntimeto about7 secondsut reduced
the averagepathlengthto about870. Figure 7 containsde-
taileddatapointsaboutBULB.

4.3 Rubik'sCube

Our third benchmarldomainwasthe Rubik’'s Cube.We cre-
ated50randomprobleminstancesn whichthegoalstatewas
theoriginal con gurationof thecube.We setthememoryca-
pacityto 1,000,00Gstatesandusedthe patterndatabaseom
[Korf, 1997 astheheuristicfunction. Beamsearchwasonly
ableto nd pathsof averagelength55.18with beamwidths
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Figure7: BULB onthe Towersof Hanoi(B Varies)

'I;able4p:a hBeamSearch)n the Rubik's Cube
il

Generated Stored Runtime Problems
Length States States (Seconds) Solved

10 | 53,909.26 7,146,960 | 539,084 14.965 38%
50 3,882.35 2,570,677 | 194,036 5.224 98%
100 1,679.76 2,223,466 | 167,795 4.349 98%
500 394.84 2,596,065 | 196,182 5.168 100%
1,000 259.80 3,398,726 | 257,058 6.798 98%
5,000 78.02 4,895,297 | 373,602 9.977 100%
10,000 52.33 6,332,050 | 486,767 13.087 98%
50,000 21.40 | 10,848,794 | 866,741 23.256 10%
100,000 N/A N/A N/A N/A 0%

thatallowedit to solve all probleminstancegfor B = 7; 000,
which is not shovn in Table 4), which is similar to the av-
eragepathlengthfound by a recentpowerful Rubik's Cube
solver basedon macro-operatorsgven thoughthis Rubik's
Cubesolveruseshothalargernumberof patterndatabaset
build the macro-operatoranda post-processingtepon the
pathsit nds [Herradwlgyi, 2001]. Beamsearchsolved alll
50 probleminstancedor severalbeamwidthsbut BULB was
ableto solve themfor all testedbeamwidths. BULB with a
beamwidth of 30,000solvedall probleminstancesndfound
an averagepathlength of 30.14with an averageruntime of
about40secondsThis averagepathlengthis alreadysmaller
than the one of the Rubik's Cube solver mentionedabove,
eventhoughBULB is a domain-independergearchmethod
withoutary pre-or post-processingndusedonly about120
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MBytes of memoryin our experiments(86 MBytes for the
patterndatabasend 32 MBytes for the hashtable). BULB

with a beamwidth of 40,000found a path of length 25.78
with an averageruntime of about2 minutes. A largerbeam
width of 50,000, that still solved all probleminstancesjn-

creasedts averageruntimeto about7 minutesbut reduced
the averagepathlengthto about22.74.Figure8 containsde-
taileddatapointsaboutBULB.

5 RelatedWork

Existing variantsof beamsearchdiffer from BULB in that
they either 1) useno backtrackingat all or 2) use chrono-
logical backtracking. In the rst category, diversity beam
search{Shelletal., 1994 dealswith imperfectheuristicval-

ueshy introducingdiversity at all levels of the searchtree.
It differs from BULB in thatit is incompleteand requires
additionalknowledgeto measurethe level of dissimilarity
amongstates. Divide-and-conquebeamsearch[Zhou and
Hansen2004 doesnot storeall of the beamin memory In-

stead,it purgessomeof its slicesfrom memoryandusesa
divide-and-conquestrat@y to reconstructthe path after it

nds a goal state,which makesbacktrackingimpossible,at
leaston the partsof the beamthat have beenpurged from

memory In the secondcateyory, bandsearch ChuandWabh,
1997 is the searchmethodmostsimilar to BULB. It differs



from BULB in thatit extendsbeamsearchwith chronological
backtrackingandis designedor searchrees.It doesnot de-
tectloopsandthereforeperformsbestfor small searchprob-
lems.Completearytime beamsearcH Zhang,1994 doesnot
extendbeamsearchbut depth- rstsearchlit useschronologi-
cal backtrackingwith a beamwidth of one)while iteratively

wealeningits pruningrule. Like all depth- rst searchmeth-
ods, it performsbeston nite treesof shallov depthswith

largegoaldensitiegsuchastravelling salespersoproblems),
which arevery differentfrom our benchmarldomains.

6 Conclusion

In this paperwe developedBULB (BeamsearchJsingLim-
ited discrepang Backtracking),a memory-boundedearch
methodthat generalizesheamsearchto beamsearchwith
backtracking, limited discrepang searchto beam widths
larger than one, and breadth- rst searchto beam widths
smallerthanin nity . BULB makes beamsearchcomplete
(provided thatthereis sufcient memoryto storethe beam
alongashortespathfrom the startstateto a goalstate) tends
to nd shorterpathsthanbeamsearchbecauset is ableto
uselarger beamwidths without runningout of memory and
canbetransformednto anadmissibleanytime algorithm,for
example,by letting it continueits searchafterit hasfound a
path,resultingin ananytime extensionof beamsearchhatis
similar in spirit to the anytime extensionof WA* described
in [Hansenret al., 1997]. BULB outperformecheamsearch
and variantsof WA* in our experiments,solved all of our
testproblemdor the80-Puzzleandresultedn astate-of-the-
art Rubik's Cubesolver without ary pre-or post-processing,
eventhoughit is a domain-independerstearchmethod. It is
future work to enhanceBULB with more complex variants
of beamsearch for example,variantsthat changethe beam
width during the search. It is also future work to enhance
BULB with more complex variantsof backtrackingfor ex-
ample,variantsthat give a higher priority to decisionsclose
to the top of the searchtree than decisionscloseto the bot-
tom of the searchtree, variantsthat usedepth-boundediis-
crepang search[Walsh, 1997 or variantsthat calculatethe
discrepanciedifferently.
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