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Abstract.

We analyze the complexity of on-line reinforcement-learning algorithms applied to goal-directed exploration
tasks. Previous work had concluded that, even in deterministic state spaces, initially uninformed reinforcement
learning was at least exponential for such problems, or that it was of polynomial worst-case time-complexity only
if the learning methods were augmented. We prove that, to the contrary, the algorithms are tractable with only
a simple change in the reward structure (“penalizing the agent for action executions”) or in the initialization of
the values that they maintain. In particular, we provide tight complexity bounds for both Watkins' Q-learning
and Heger’s Q-hat-learning and show how their complexity dependson properties of the state spaces. We also
demonstrate how one can decrease the complexity even further by either learning action modelsor utilizing prior
knowledge of the topology of the state spaces. Our results provide guidancefor empirical reinforcement-learning
researchers on how to distinguish hard reinforcement-learning problems from easy ones and how to represent
them in away that allows them to be solved efficiently.
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1. Introduction

A goal-directed reinforcement-learning problem can often be stated as: an agent has to
learn an optima policy for reaching a goal state in an initially unknown state space. One
necessary step towards a solution to this problem is to locate a goal state. We therefore
analyze the complexity of on-line reinforcement-learning methods (measured in action
executions) until the agent reaches a goa state for the first time. If a reinforcement-
learning method is terminated when the agent reaches a goa state, then it solves the
following goal-directed exploration problem: the agent has to find some path to a god
state in an initially unknown or only partialy known state space, but it does not need to
find a shortest path. Studying goal-directed expl oration problems providesinsight into the
corresponding reinforcement-learning problems. Whitehead (19914), for example, proved
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that goal-directed exploration with reinforcement-learning methods can be intractable,
which demonstrates that solving reinforcement-learning problems can be intractable as
well. In particular, he showed that the behavior of an agent that is controlled by aninitially
uninformed (i.e. tabularasa) reinforcement-learning a gorithm can degenerate to arandom
walk until it reaches agoal state. Inthiscase, it might have to execute a number of actions
that is, on average, exponentia in the size of the state space and even speed-up techniques
such as Lin's action-replay technique (Lin, 1992) do not improve its performance. This
theoretical result contrasts sharply with experimental observations of Kaglbling (1990),
Whitehead (1991b), Peng and Williams (1992), and Moore and Atkeson (1993b), who
reported good performance results.

These results motivated us to study how the performance of reinforcement-learning
algorithms in deterministic and non-deterministic state spaces is affected by different
representations, where a representation determines both the immediate rewards that the
reinforcement-learning agorithms receive and the initialization of the values that they
maintain. We study versions of both Watkins' Q-learning and Heger's Q-learning that
perform only aminima amount of computati on between action executions, choosing only
which action to execute next, and basing this decision only on information local to the
current state of the agent. If these inefficient algorithms have a low complexity, then we
can expect other reinforcement-learning a gorithmsto have alow complexity aswell. One
main result of our analysisisthat the choi ce of representation can have atremendousimpact
on the performance of these reinforcement-learning algorithms. If a poor representation
is chosen, they are intractable. However, if a good reward structure (such as “penadizing
the agent for action executions’) or suitable initiaization is chosen, the complexity of the
same agorithmsis only a smal polynomial in the size of the state space. Consequently,
rei nforcement-learning al gorithmscan betractable without any need for augmentation. One
can decrease their compl exity even further by either learning actionmode sor utilizing prior
knowledge of the topology of the state space. These results, the proofs of which are found
in (Koenig and Simmons, 1995a), provide guidance for empirical reinforcement-learning
researchers on how to distinguish hard reinforcement-learning problems from easy ones
and how to represent them in away that alows them to be solved efficiently. They also
provide the theoretical underpinningsfor the experimental results mentioned above.

2. Notation and Assumptions

Weusethefollowingnotation: S denotesthefiniteset of states of thestatespace, ssiart € S
isthe start state, and G (with ) £ G C S) isthe set of god states. A(s) isthe finite set
of actions that can be executed in state s € S. Executing action ¢ € A(s) causes
a (potentially nondeterministic) state transition into one of the states succ(s, a) (with
0 # succ(s,a) C S). Thesizeof the state spaceisn := | S|, and thetotal number of state-
action pairs (loosely called actions) ise := > ¢ |A(s)|. We assume that the state space
does not change over time and is completely observable: the agent can adways determine
its current state with certainty. It also knows at every point in time which actions it can
execute in its current state and whether its current stateis a goal state.



A state space is deterministic iff the cardinality of suce(s, a) equalsonefor al s € S
and a € A(s). For deterministic state spaces, we use suce(s, a) to denote both the set of
successor states and the single element of thisset. We call a state space non-deterministic
if wewant to stress that we do not requireit to be deterministic. In non-deterministic state
spaces, we view reinforcement learning as atwo-player game: The reinforcement-learning
algorithm selects the action to execute and is only constrained by having to choose an
action that isapplicableinthe current state of the agent. The action determinesthe possible
successor states, from which some mechanism, which we call nature, chooses one. We do
not impose any restrictionson how nature makes its decisions (its strategy). In particular,
itschoice can depend on the state-action history (we do not make the Markov assumption).
Nature might, for example, select a successor state randomly or deliberately, in the latter
case either to help or hurt the agent. Reinforcement learning in deterministic state spaces
issimply a special case of reinforcement learning in non-deterministic state spaces where
every action execution results in a unique successor state and nature has no choice which
oneto select.

The distance d(s, s') € [0,00] between s € S and s’ € S is defined to be the (unique)
solution of the following set of equations

d(s,s') = 0 fordl s, s’ € Swiths = 5’
)T 14 MiNge 4(s) MaXgsuce(s,a) d(s”,8") fordls, s’ € Swiths £ s’

This means that an agent that knows the state space and acts optimally can reach s’ from
s with at most d(s, s’) action executions no matter which strategy nature uses. The goal
distance gd(s) of s € S isdefined to be gd(s) := ming e d(s, s'). If theagent had to
traverse a state more than once in order to reach a god state, then nature could force it to
traverse this cycle infinitely often, which would imply gd(s) = oo. Thus, gd(s) <n —1
if gd(s) isfinite. We define the diameter (depth) of the state space with respect to G as
d := max,es gd(s). If disfinite then d < n — 1. These definitions correspond to a
worst-case scenario, in which nature is an opponent of the agent. For deterministic state
spaces, the definitions of d(s, s') and gd(s) simplify to the standard definitions of distance
and goal distance, respectively.

We cdl a reinforcement-learning algorithm uninformed if it initially does not know
which successor states an action can lead to. By its complexity we mean an upper bound
on the number of actionsthat an agent controlled by the uninformed reinforcement-learning
algorithm can execute in state spaces of a given size until it reaches a goal state for the
first time. This bound has to hold for @l possible topologies of the state space, start and
goal states, tie breaking rules among indistinguishable actions, and strategies of nature. |If
gd(sstart) = 00, then even completely informed reinforcement-learning a gorithms have
infinite complexity, since there exists a strategy of nature that prevents the agent from
reaching any goal state. This problem could be solved by requiring gd(ss:qr1) < oo, but
thisis not a sufficient condition to guarantee the existence of uninformed reinforcement-
learning algorithms with finite complexity. We cal a state s lost iff gd(s) = oco. If the
agent enters a lost state during exploration, then nature can prevent it from reaching a
goa state. Thus, the complexity can only be finite if no states are lost (i.e. if d < o0).!
We call state spaces with this property safely explorable and limit our analysis to such



Initially, the agentisin state s.¢ar: € S.

1. Set s := thecurrent state.
2. If s € G, then stop.

3. Seta:=argmazycasQ(s, a’).
(Read: “Choosean action a € A(s) with thelargest Q(s, ) value.”)

4. Executeaction a.
(As a consequence, nature selects a state s’ € succ(s,a), the agent receives the immediate
reward r (s, a, s'), and its new state becomess’.)

5. Update Q(s, a) using r(s,a,s’) and U(s').
6. Gotol.

where U (s) := maxqca(s) Q(s, a’) (i.e. thevalue of astateisthe largest value of its actions).

Figure 1. A framework for 1-step Q-learning

state spaces. Moore and Atkeson's parti-game algorithm (Moore and Atkeson, 1993a), for
example, learns safely explorable abstractions of spatia state spaces. Other examples of
safely explorable state spaces include two-player zero-sum games where one player can
force awin and the game is restarted if this player loses. For deterministic state spaces,
researchers such as Whitehead (1991a) and Ishida (1992) usualy make the morerestrictive
assumption that the state spaces are safely explorable for al sgt4-; € S and G C S, not
just the ss:4-: @nd G given (i.e. that they are strongly connected).

3. A General Q-Learning Framework

Reinforcement learning is learning from positive and negative rewards (costs). When the
agent executes action a in state s and successor state s’ results, it receives the immediate
reward (s, a,s’) € R. If the agent receives immediate reward r; when it executes the
(t + 1)st action, then the total reward that it receives over its lifetimefor this particular
behavior is 3,2, v'r:. The discount factor v € (0, 1] specifies the relative value of a
reward received after ¢ action executions compared to the same reward received one action
execution earlier. We say that discounting is used if ¥ < 1, otherwise no discounting
is used. Reinforcement learning algorithms solve goa -directed reinforcement-learning
problems by determining a behavior for the agent that maximizes its total reward. They
specify such behaviors as state-action rules, called policies.

We analyze rei nforcement-learning methodsthat are variants of Q-learning, probably the
most popular reinforcement-learning method. In particular, we study 1-step versions of
on-line Q-learning. They perform only a minimal amount of computation between action
executions, choosing only which action to execute next, and basing this decision only on
information local to the current state of the agent. A general framework for 1-step Q-
learning (Figure 1) consists of a termination-checking step (line 2), an action-selection
step (line 3), an action-execution step (line 4), and a value-update step (line 5). The



termination-checking step stops the agent when it reaches a goa state. Thisis possible,
because we have limited ourselves to studying goal-directed exploration problems. The
action-selection step determines which action to execute next. This decision is based
on vaues that store information about the relative goodness of the actions, one Q-value
Q(s,a) € R for each action a that can be executed in state s. (s, a) approximates the
total reward that the agent receives if it startsin s, executes a, and then behaves optimaly.
The action-selection strategy is greedy: it chooses the action with the largest Q-vaue in
the current state of the agent. (If several actionstie, an arbitrary one of the equally good
actions can be selected.) Because the action-selection step uses only those Q-values that
are local to the current state of the agent, there is no need to predict suce(s, a) for any
a € A(s), which means that 1-step Q-learning does not need to learn an action model
of the state space. After the action-execution step has directed the agent to execute the
desired action « in its current state s, nature selects the successor state s’ from the states
suce(s, a) and the agent receives the immediate reward r(s, a, s). 1-step Q-learning then
has temporary access to the Q-values of the agent’s former and new state at the same
time, and the value-update step adjusts Q(s, a) using r(s, a, s') and the values Q(s’, a’)
fora’ € A(s"). Thisisdone because a 1-step look-ahead value of the total reward is more
accurate than, and should thereforereplace, thecurrent value of Q(s, a). For now, weleave
theinitial Q-vaues unspecified.
Two well-known Q-learning a gorithmsfit this general Q-learning framework:

e A 1-step version (Whitehead, 1991a) of Watkins' Q-learning algorithm (Watkins,
1989) can be obtai ned from the Q-learning framework by making the value-update step

“Set Q(s,a) = (1 — a)Q(s,a) + a(r(s,a,s) +~U(s")),”

where o € (0, 1] iscaled the learning rate. This Q-learning agorithm assumes that
nature always sel ects the successor state s’ € succ(s, a) with some time-invariant (but
unknown) probability p(s, a, s"). Thus, nature selects the successor states probabilis-
tically, and the agent plans for the average (i.e. risk-neutral) case: it triesto maximize
its expected total reward. Convergence results for Q-learning are given in (Watkins
and Dayan, 1992).

Thelearning rate determineshow much Q( s, a) changeswith every update. Inorder for
the Q-values to converge in non-deterministic state spaces to the desired values, it has
to approach zero asymptotically —inamanner described in (Watkinsand Dayan, 1992).
Q-learning needs the learning rate to be able to average thevaues r(s, a, s') + yU(s')
for all successor states s’ € suce(s, a). In deterministic stete spaces, however, there
is only one successor state and, consequently, averaging is not necessary. Thus, the
learning rate can be set to one.

e Heger's Q-learning algorithm (Heger, 1994) (pronounced “Q-hat-learning”) can be
obtai ned from the Q-learning framework by making the value-update step

“Set Q(s,a) :=min(Q(s,a),r(s,a,s") +yU(s")).”



and initiaizing the Q-values optimistically. Q-learning assumes that nature always
selects the worst successor state for the agent.  Thus, nature is an opponent of the
agent, and the agent tries to maximize the total reward that it can receive in the worst
case. Even if the successor states are determined probabilistically, the agent could be
extremely risk-averse (inthe sense of utility theory; see (Koenig and Simmons, 1994))
and believein Murphy’s law (“anything that can go wrong, will indeed go wrong”). It
then assumes that an imaginary opponent exists that always makes the worst possible
successor state occur that its action can result in. In this case, Q-learning can be used
to learn a behavior that reflects a completely risk-averse attitude and is optimal for the
agent provided that it accepts the axioms of utility theory.

Q-learning needs | ess i nformati on about the state space than Q-learning and converges
faster. In particular, it does not need to execute each action a € A(s) in state s often
enough to get arepresentative distribution over the successor states suce(s, a) and has
no need for a learning rate; for details see (Heger, 1996). Convergence results for
Q-learning are givenin (Heger, 1994).

If the agent wantsto learn an optimal policy, itsrisk attitude determines which Q-learning
agorithmit should use. In thefollowingsections, we analyze the complexity of Q-learning
and Q-learning for different representations of goal-directed exploration problems.

4. Representations

When modeling a god -directed reinforcement-learning or exploration problem, one has
to decide on both the immediate rewards and the initial Q-values. So far, we have left
these values unspecified. In this section, we introduce possible reward structures and
initializations, and discuss their properties. All of these representations have been used in
theexperimental reinforcement-learningliteratureto represent goal-directed rei nforcement-
learning problems, i.e. for learning shortest pathsto agod state. Since we have restricted
our analysis to goal-directed exploration problems, we have to decide on the following
values: For the reward structure, we have to decide on the values r(s,a,s’) € R for
s€S\G: =SNG, ac As), and s’ € suce(s,a). For theinitid Q-values, we have
to decide on the values Q(s, a) for s € S\ G and a € A(s). In both cases, the values
for s € G do not matter, because the reinforcement-learning methods terminate when the
agent reaches agoal state. (For goal -directed reinforcement learning problems, we define
Q(s,a)=0fors e Ganda € A(s).)

4.1. Reward Structures

Devel oping appropriate reward structures can, in general, be a complex engineering prob-
lem (Matari¢, 1994). Since goal-directed reinforcement-learning methods determine poli-
cies that maximize the total reward, a reward structure for learning shortest paths must
guarantee that a state with a smaller goal distance also has a larger optimal total reward.



Two different reward structures have been used in the literature. Neither of them encodes
any information about the topol ogy of the state space.

¢ Inthegoal-reward representation, the agent isrewarded for entering agoal state, but
not rewarded or penalized otherwise. This reward structure has been used by Sutton
(1990), Whitehead (1991a), Peng and Williams (1992), and Thrun (1992b), among
others. Formaly,

( N = 1 forse S\ G,ae A(s),and s’ € G
M GE) =00 fors e S\ G ae A(s),and s’ € S\ G.

Discounting is necessary for learning shortest paths with this reward structure. |If
no discounting were used, all behaviors that lead the agent eventually to a goa state
would have atota reward of one and the reinforcement-learning algorithms could not
distinguish between paths of different lengths. If discounting is used, then the god
reward gets discounted with every action execution, and the agent triesto reach agoal
state with as few action executions as possible in order to maximize the portion of the
goa reward that it receives.

¢ In the action-penalty representation, the agent is penaized for every action that it
executes. This reward structure is denser than the goal-reward representation (the
agent receives non-zero rewards more often) if goas are relatively sparse. It has been
used by Barto, Sutton, and Watkins (1989), Koenig (1991), and Barto, Bradtke, and
Singh (1995), among others. Formally,

r(s,a,s") = —1 forse S\ G,a € A(s),and s’ € S.

For learning shortest paths, discounting can be used, but isnot necessary. Inboth cases,
the agent triesto reach agoa state with as few action executions as possible in order
to minimize the amount of penalty that it receives. The action-penalty representation
can be generalized to non-uniform immediate rewards; see Section 7.

4.2. |Initial Q-Values

The complexity of Q- or Q-learning depends on properties of the initia Q-values. An
important specia case of initial Q-values are those that do not convey any information
about the state space, such as uniformly initiaized Q-values.

Definition. Q- or Q-learning is uniformly initialized with ¢ € R (or, synonymously,
g-initialized), iff initially

Q(s,a) = 0 fordlse Ganda € A(s)
$8)=1 ¢ fordlse S\ Ganda € A(s).

If Q- or Q-learning is ¢-initialized with ¢ # 0, then goal states are initialized differently
from non-goal states. It isimportant to understand that thisparticular initializationdoes not



convey any information, since the agent is able to distinguish whether its current stateisa
goal state or not and can therefore initiaize the Q-vaues differently for goal and non-goa
states. Consequently, al uniformly initialized Q-learning a gorithmsare uninformed. This
includes both zero-initialized and (minus one)-initialized Q-learning a gorithms.

The following definitions characterize properties of Q-vaues for undiscounted Q- or
Q-learning with action-penalty representation.

Definition. Q-valuesare consistent for undiscounted Q- or Q-learning with action-penalty
representation iff

0 foral s e Ganda € A(s)
1 mingesucs(e.n U(s) } <Qs,a) <0 { foral s € S\ Ganda € A(s).

Consistency means that the triangle inequality holds. It corresponds to the concept of
consistency or monotonicity in heuristic search. Both zero-initidized and (minus one)-
initialized Q-vaues are consistent, for example.

Definition. Q-valuesareadmissiblefor undiscounted Q- or Q-learningwithaction-penalty
representation iff

0 foral s e Ganda € A(s)
1~ maxgresucee.a) 9(s") } <Qs0) <0 { forals € S\ Gada e As).

Admissibility means that —Q(s, a) never overestimates the number of action executions
that the agent needs for reaching a goa state if it knows the state space, startsin state s,
executes action a, and then behaves optimally, but nature triesto keep it away from agoal
state for as long as possible. This corresponds to the concept of admissibility in heuristic
search. All consistent Q-values are admissible.

5. An Intractable Representation

In this section, we assume that Q-learning operates on the goa-reward representation
and is zero-initialized. We show that this representation makes the exploration problem
intractable.

The agent receives anon-zero immediate reward only if an action execution resultsin a
goal state. Thus, duringthe search for agoa state, all Q-valuesremain zero, and the action-
selection step has no information on which to base the decision which action to execute
next.? If Q-learning had a systematic bias for actions, for example if it dways chose the
smallest action according to some predetermined ordering, then the agent could cycle in
the state space forever. We therefore assume that it selects among the available actions
with uniform probability, in which case the agent performs a random walk. Although
random walks reach agoal state with probability one in safely explorable state spaces, the
required number of action executions can exceed every given bound. Thisimpliesthat the
complexity of Q-learning isinfinite. In deterministic state spaces, the expected number of
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and achieve polynomia complexity. There are other techniques that can improve the per-
formance of reinforcement-learning al gorithms, such as Lin’s action-replay technique (Lin,
1992). However, this method does not change the Q-vaues before a goal state has been
reached for thefirst timewhen it is applied to zero-initialized Q-learning with goal-reward
representation and, thus, cannot be used to reduce its compl exity.

6. Tractable Representations

Inthefollowing, we show that one doesnot heed to augment Q-learning algorithmsto reduce
their complexity. They are tractable if one uses either the action-penalty representation or
initia Q-values different from zero. The intuitive explanation is that, in both cases, the
Q-values change immediatdly, starting with the first action execution. Thisway, the agent
remembers the effects of previous action executions. Our anaysis, that formally shows
by how much the complexity is reduced, also explains experimental findings by Kaelbling
(1990), Whitehead (1991b), Peng and Williams (1992), and Moore and Atkeson (1993b),
who reported good performance results for Q-learning when using similar representations.

6.1. Deerministic State Spaces

We first analyze two representations that make Q- or Q-learning tractable in deterministic
state spaces and then discuss how their complexity can be reduced even further. Our
analysis of deterministic state spaces is very detailed, because we can then transfer its
results to Q-learning in arbitrary non-deterministic state spaces.

6.1.1. Zero-Initialized Q-Values with Action-Penalty Representation

In this section, we analyze zero-initialized Q- or Q-learning that operates on the action-
penalty representation. Since the agent receives a non-zero immediate reward for every
action execution, the Q-values change immediately,

6.1.1.1. Complexity Analysis

We first define admissible Q- or Q-learning, show that undiscounted admissible Q- or Q-
learning istractable in deterministic state spaces, and state how its complexity depends on
properties of the state space. Then, we show how the anaysis can be applied to discounted
Q- or Q-learning.

Definition. Undiscounted Q- or Q-learning with action-penalty representation is admis-
siblein deterministic state spaces® iff either

1. itsinitiadl Q-values are consistent and its value-update step* is “Set Q(s,a) := —1 +
U(s"),” or
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2. its initid Q-values are admissible and its value-update step is “Set Q(s,a) =
min(Q(s,a),—1+ U(s")).”

The value-update step in the first part of the definition is the one of Q-learning with
learning rate one. The value-update step in the second part of the definition is the one of
Q-learning. If the Q-values are consistent, then either value-update step can be used, since
consistent Q-values are always admissible. The most important property of admissible
Q- or Q-learning is that initially consistent or admissible Q-values remain consistent or
admissible, respectively, after every action execution and aremonotonically non-increasing.

The correctness of admissible Q- or Q-learning for goal-directed exploration is easy to
show. The argument that it reaches a goal state eventualy paralels a similar argument
for RTA*-type search agorithms (Korf, 1990) (Russell and Wefadd, 1991) and is by
contradiction: If the agent did not reach a goa state eventualy, it would execute actions
forever. Inthiscase, thereisatimet from which on the agent only executes those actions
that it executes infinitely often. Every time the agent has executed all of these actions at
least once, the largest Q-value of these actions has decreased by at |east one. Eventually,
the Q-values of al these actions drop below every bound. In particular, they drop below
the Q-value of an action that Q- or Q-learning considers infinitely often for execution, but
never executes after timet. Such an action exists, sincethe state space is safely explorable
and thusthe agent can always reach agoal state. Then, however, Q- or Q-learningisforced
to execute this action after time ¢, which is a contradiction.

To understand intuitively why admissible Q- or Q-learning istractable, assume that it is
zero-initialized and consider theset X := {s € S : U(s) = 0} D G. X isalwaysthe st
of states in which the agent has not yet executed al of the available actions at least once.
At every point in time, the following relationship holds:

—1- s'mel)r} d(suce(s,a),s’) < Q(s,a) <0 foral s e S\ Ganda € A(s).

The action-selection step can be interpreted as using Q(s,a) to approximate —1 —
ming e x d(suce(s,a),s')). Sinceit aways executes the action with thelargest Q-value, it
tries(sometimesunsuccessfully) todirect theagent with asfew action executionsaspossible
from its current state to the closest state that has at least one unexplored action (an action
that it has never executed before) and make it then take the unexplored action. Since any
unexplored action can potentially lead to agoal state, Q- or Q-learning always executes the
action that appears to be best according to itslocal view of the state space. This suggests
that admissible Q- or Q-learning might have a low complexity. We therefore conduct a
formal complexity andysis. It is centered around the invariant shown in Lemma 1. This
lemma states that the number of executed actions is dways bounded by an expression
that depends only on the initial and current Q-values and, moreover, that “every action
execution decreases the sum of al Q-values by one, except for abounded number of action
executionsthat | eave the sum unchanged” (thisparaphraseissomewhat simplified). A time
superscript of ¢ in Lemmas 1 and 2 refers to the values of the variablesimmediately before
the agent executes the (¢ + 1)st action (€.9. 5° = sszart)-
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Figure 3. A state space for which uninformed Q- or Q-learning can need at least (e = n 4 1)(n — 1) action
executionsto reach the goal state (for » > 2 ande > n)

LeEmMma 1 For all timest € Ny (until termination) of undiscounted admissible Q- or
Q-learning with action-penalty representation in deterministic state spaces, it holdsthat

Ut(st)—f—z Z Qo(s,a)—tzz Z Q'(s,a) + U°(s") — loop'

SES a€A(s) SES acA(s)
and
loop' <Y > Q%s,a)= > Q's,a),
SES acA(s) SES acA(s)
where loop' := |{t’ € {0,...,t — 1} : s = s''+1}| (the number of actions executed

before ¢ that did not change the state).

Lemma 2 uses Lemma 1 to deriveabound on¢. Thisis possible, because “the sum of al
Q-vaues decreases by one for every executed action, . .. ” (according to theinvariant), but
is bounded from below. That each of the e different Q-values is bounded from below by
an expression that depends only on the goa distances follows directly from the definition
of consistent or admissible Q-values and the fact that the Q-values maintain this property
after every action execution.

LEMMA 2 Undiscounted admissible Q- or Q-learning with action-penalty representation
reaches a goal state after at most

2 E Z [Q°(s, a) + gd(succ(s,a)) + 1] — U°(s?)

SES\G a€A(s)
action executions in deterministic state spaces.

Theorem 2 uses Lemma 2 and the fact that gd(s) < d for @l s € S to state how the
complexity of Q- or Q-learning depends on e and d. Theorem 2 also guarantees that
admissible Q- or Q-learning terminatesin safely explorable state spaces, because d isfinite
for such state spaces.
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goal

Figure4. An example of arectangular gridworld

THEOREM 2 Undiscounted admissible Q- or Q-learning with action-penalty represen-
tation reaches a goal state after at most O(ed) action executions in deterministic state
spaces.

Theorem 2 provides an upper bound on the number of action executions that an agent
controlled by Q- or Q-learning needs to reach a goal state. (Such a worst-case bound s,
of course, aso abound on its average-case performance.) To demonstrate that O(ed) isa
tight bound for uninformed Q- or Q-learning, we show that it is also alower bound. Lower
bounds can be proven by example, one of which isdepictedin Figure 3. Inthisstate space,
uninformed Q- or Q-learning and every other uninformed expl oration a gorithm can make
the agent traverse a supersequence of the following state sequence if ties are broken in
favor of actions that lead to states with smaller numbers. e — n + 1 times the sequence
123...n— 1, and finally n. Basicaly, dl of the O(e) actionsin state n — 1 are executed
once. All of these (but one) lead the agent back to state 1 and therefore force it to execute
another O(d) actions before it can execute the next unexplored action, resulting in a total
of O(ed) action executions before it reaches the goal state. Thus, the following corollary
holds:

COROLLARY 1 Zero-initialized (or (minus one)-initialized) undiscounted Q- or Q-
learning with action-penalty representation has a tight complexity of O(ed) action ex-
ecutions for reaching a goal state in deterministic state spaces.

This complexity can be expressed as a function of the size of the state space: O(ed) <
O(en),sinced < n— 1 inal safely explorable state spaces. A state space has no duplicate
actions iff either a = a’ or succ(s,a) # suce(s,a’) fordl s € S and a,a’ € A(s).
O(en) < O(n®) for such state spaces, since e < n?. The complexity of uninformed Q-
or Q-learning is even lower in many state spaces that are typically used by reinforcement-
learning researchers, because (a) their number of edges often increases only linearly with
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the number of states, and/or (b) their diameter increases only sublinearly in n. Consider
for example deterministic gridworlds with discrete states. They have often been used in
studying reinforcement learning; see (Barto, Sutton, and Watkins, 1989), (Sutton, 1990),
(Peng and Williams, 1992), (Singh, 1992), (Thrun, 1992b), or (Whitehead, 1992). In the
state space shown in Figure 4, for example, the agent can move from any square to each
of its four neighboring squares as long as it stays on the grid and the target square does
not contain an obstacle. Thus, the number of actions increases a most linearly with the
number of states. A rectangular obstacle-free gridworld of size x x y hasn = zy states,
e = 4ry — 2z — 2y State-action pairs, and diameter d = = + y — 2. If the gridworld
is square (z = y), then its diameter increases sublinearly in n, since d = 2/n — 2,
and O(ed) = O(z®) = O(n®/?). Even for safely-explorable rectangular gridworlds that
contain arbitrary obstacles, the complexity of Q- or Q-learning cannot belarger than O(n?)
action executions, sincee < 4n, d < n — 1, and consequently ed < 4n? — 4n. Therefore,
Q- or Q-learning actually has a very low complexity for finding goal states in unknown
gridworlds.

6.1.1.2. Generalization of the Complexity Analysis

We can reduce the analysis of discounted Q- or Q-learning with action-penalty repre-
sentation to the one of undiscounted Q- or Q-learning with the same reward structure.
Consider the following strictly monotonically increasing bijection from the Q-values of a
discounted Q- or Q-learning a gorithmto the Q-val ues of the same al gorithmwith discount
rate one: map aQ-vaue Q' (s, a) € (1/(y — 1), 0] of the former algorithm to the Q-vaue
Q4(s,a) = —=log, (1+ (1 —7)Qi(s,a)) € Ry of thelatter agorithm. If thisrelationship
holdsinitialy for the Q-values of the two algorithms, it continuesto hold: if the execution
of action a in state s resultsin successor state s’, then either none of the Q-values changes
or only the Q-values Q1 (s, a) and Q2(s, @) change, in which case

oti(s,a) = —1+Uy(s)
= _1+a,21ﬂ’§,)%(5/’“/)
= -1+ ,glﬂX,)(—logv(lJr(l—7)625(8’,&’)))
= —log,(1+(1-7)(-1+7 ,gl}f,)Qi(S’,a’)))
= —log, (1 + (1= 7)(=1+1Ui(s)))
= —log, (1 +(1—7) (s, a)).

Because both algorithmsaways execute the action with the largest Q-vauein the current
state, they aways choose the same action for execution (if ties are broken in the same
way). Thus, they behave identically and the complexity analysis of the latter dgorithm
also applies to the former agorithm. This means that one can proceed as follows: Given
initial Q-values QY(s, a) for Q- or Q-learning with discounting, one first determines the
corresponding Q-vaues Q% (s, a) according to the above formula These Q-values can
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then be tested for their consistency or admissibility and finally be used in the formul as of
Lemmas 1 and 2 to determine the complexity of discounted Q- or Q-learning with initial
Q-values Q(s,a). If the vaues QY(s,a) are zero-initialized, then the corresponding
undiscounted Q- or Q-learning algorithm has the same initialization, which implies that it
has atight complexity of O(ed) action executions. Consequently, the following corollary
holds:

COROLLARY 2 Zero-initialized discounted Q- or Q-learning with action-penalty repre-
sentation has a tight complexity of O(ed) action executions for reaching a goal state in
deterministic state spaces.

The other results from Section 6.1.1.1. can be transferred in the same way.

6.1.2. One-Initialized Q-Values with Goal-Reward Representation

We have shown that uninformed Q- or Q-learning with action-penalty representation is
tractable in deterministic state spaces, because the Q-values change immediately. Since
the value-update step of Q- or Q-learning updates the Q-values using both the immediate
reward and the Q-values of the successor state, this result suggests that one can achieve
tractability not only by changing the reward structure, but aso by initiaizing the Q-values
differently. In this section we show that, indeed, Q- or Q-learning is aso tractable if
goal-reward representation is used (which implies that discounting has to be used as well,
i.e. v < 1) and the Q-values are 1/+- or one-initialized. The latter initidization has the
advantage that it does not depend on any parameters of Q- or Q-learning.

The complexity analysis of 1/~-initidized Q- or Q-learning with goal-reward represen-
tation can be reduced to the one of zero-initialized Q- or Q-learning with action-penalty
representation. Similarly, the complexity analysis of one-initialized Q- or Q-learning with
goal-reward representation can be reduced to the one of (minus one)-initialized Q- or Q-
learning with action-penalty representation. In both cases, we can proceed in away similar
to the method of Section 6.1.1.2. Thistime, we consider the following strictly monoton-
icaly increasing bijection from the Q-values of a discounted Q- or Q-learning agorithm
with goal-reward representation to the Q-values of an undiscounted Q- or Q-learning al-
gorithm with action-penalty representation: map a Q-vaue Qi (s,a) € (0, 1/+] (or zero)
of the former algorithm to the Q-value Q%(s,a) = —1 — log,, Qi(s,a) € R~ (or zero,
respectively) of the latter algorithm.> Similarly to the proof sketch in the previous section,
one can how easily show that this relationship continues to hold if it holds for the initial
Q-values. If the values QY (s, a) are 1/+- or one-initiaized, then the corresponding Q- or
Q-learning a gorithmwith action-penal ty representation is zero- or (minusone)-initialized,
whichimpliesthat it has atight complexity of O(ed) action executions. Consequently, the
following corollary holds:

COROLLARY 3 One-initialized discounted Q- or Q-learning with goal-reward represen-
tation has a tight complexity of O(ed) action executions for reaching a goal state in
deterministic state spaces.
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The other results from Section 6.1.1.1. can be transferred in the same way.

6.1.3. Decreasing the Complexity Further

We have shown that finding a goal state with uninformed Q- or Q-learning is tractable
if an appropriate representation is chosen. In particular, we identified both undiscounted
or discounted zero-initialized Q-values with action-penalty representation and discounted
one-initialized Q-valueswith goa -reward representati on as representationsthat make these
algorithmstractable (tractable representations). Inthissection, we investigate how their
complexity can be decreased even further by utilizing prior knowledge of the state space
or by learning and using an action model.

6.1.3.1. Using Prior Knowledge

The larger the absolute values of consistent or admissible initial Q-values are, the lower
the complexity of Q- or Q-learning is (if we assume without loss of generality that action-
penalty representation and no discounting is used), as can be seen from Lemma 2. For
example, in the completely informed case, the Q-values are initialized as follows:

Qls,a) = 0 fors € Ganda € A(s)
U= —1- gd(suce(s,a)) fors e S\ Ganda € A(s).

Lemma 2 predictsin thiscase correctly that the agent needs at most —U(s) = gd(s) action
executions to reach a god state from any given s € S. Often, however, the agent will
only have partia prior knowledge of the state space. Heuristic functionsthat approximate
the goa distances and are consistent or admissible for A*-search (Nilsson, 1971) can be
used to encode such prior knowledge. Consistent or admissible heuristics are known for
many deterministic state spaces, for examplefor path planning problemsin spatid domains
(Pearl, 1984). If aheuristic h (with A(s) > 0 for al s € S) isconsistent or admissible for
A*-search, then the following Q-values are consistent or admissible, respectively, as well:

(o fors € Ganda € A(s)
Q(s,a) = —1 — h(succ(s,a)) forse S\ Ganda € A(s).

Thus, consistent or admissible heuristics can be used to initidize the Q-vaues, which
makes Q- or Q-learning better informed and lowers its complexity.

6.1.3.2. Using Action Models

Although the complexity of uninformed Q- or Q-Iearning is a smal polynomia in the
size of the state space if it operates on a tractable representation, it often directs the agent
to execute actions that are suboptima when judged according to the knowledge that the
agent could have acquired had it memorized al of its experience. In particular, the agent
can move around for a long time in parts of the state space that it has already explored.
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uninformed Q- or Q-learning on a tractable representation traverses in a reset state space
(shown in Figure 2) of sizen = 6 if ties are broken in favor of actions that lead to states
with smaller numbers; 1212312341234512123456. First, Q- or Q-learning finds out about
theeffect of actiona; instatel andthenabout as in2,a; in2,a5in3,a; in3,asin4, a; in
4,asin5,and ay in5, inthisorder. Qp,q,-learning explores the actionsin the same order.
However, after it has executed action a» in state 5 for thefirst time and, as a consequence,
got reset into state 1, it reaches state 5 again faster than Q- or Q-learning: it goes from state
1 through states 2, 3, and 4, to state 5, whereas Q- or Q-learning goesthrough states 2, 1, 2,
3, and 4. Thus, Qy,.,-learning traverses the state sequence 12123123412345123456, and
is two action executions faster than Q- or Q-learning. Figure 5 gives an example of astate
space for which the big-O complexities of thetwo algorithmsdiffer: thereisatie-bresking
rule that causes Q- or Q-learning to need O(n?) action executions to reach the god state
(even if it uses a tractable representation), whereas Q,, 4, -learning needs at most O(n?)
action executions no matter how ties are broken; see (Koenig and Simmons, 1992) for the
proof. This showsthat it is possibleto augment Q- or Q-learning with a component that
learns action models such that the resulting algorithm never performs worse than Q- or
Q-learning, but often performs better. In some state spaces, one can reduce the number
of action executions even by more than a constant factor. There are “hard” state spaces,
however, for which no uninformed agorithm can have a lower big-O complexity than
uninformed Q- or Q-learning with a tractable representation (an example is the state space
shown in Figure 3).

Note that we have not included the planning time in the complexity measure. When
learning an action model and using it for planning, the agent has to keep more information
around and perform more computations between action executions. However, chances
are that the increased deliberation time reduces the number of action executions that are
needed for reaching agoal state. Consequently, using an action model can be advantageous
if executing actions in the world is slow (and expensive), but simulating the execution of
actionsin amode of theworldisfast (and inexpensive). If planning timeisnot negligible
compared to execution time, then there is a trade-off: simulating actions alows the agent
to utilizeits current knowl edge better, whereas executing actionsin the world increases its
knowledge and alows it to stumble across agoa. Also, the fewer actions are simulated
between action executions, the less opportunity a non-stationary state space has to change
and the closer the modd still reflects reality. Planning approaches that take these kinds of
trade-offs into account have, for example, been investigated by Boddy and Dean (1989),
Russall and Wefald (1991), Goodwin (1994), and Zilberstein (1993).

6.2. Non-Deterministic State Spaces

So far, we have studied representationsthat make Q- or Q-learningtractablein deterministic
state spaces. We now show that our analysis can easily be generaized to Q-learning in
non-deterministic state spaces. |n non-deterministic state spaces, admissible Q-learning is
defined as follows:
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Definition. Undiscounted Q-learning with action-penalty representation is admissiblein
non-deterministic state spaces iff itsinitial Q-vaues are admissible and its value-update
stepis“Set Q(s,a) := min(Q(s,a), -1+ U(s")).”

This definition uses the value-update step of undiscounted Q-learning and is identical
to the second part of the definition of admissible Q- or Q-learning in the deterministic
case (Page 10). It alows us to transfer the complexity analysis from deterministic to
non-deterministic state spaces. In particular, our complexity analysis continues to hold if
we replace gd(succ(s,a)) With max e yce(s,a) 9d(s"), which reflects that we perform a
worst-case analysis over al strategies of nature , and undiscounted admissible Q-learning
with action-penaty representation reaches a goa state after at most

2 Z Z [QO(S,G)+ max gd(S/:)—f-l]—UO(SO)

s'€suce(s,a
SES\G a€A(s) (s,)

action executions in non-deterministic state spaces no matter which strategy nature uses.
Therefore, its complexity isat most O(ed) action executions, just likein the deterministic
case. (Thisisdueto our definition of d that assumes that natureis an opponent of the agent
and encompasses deterministic state spaces as a speciad case) The complexity is tight
for uninformed Q-learning, because it is tight for deterministic state spaces and cannot
be lower in non-deterministic state spaces. We can use the transformations of the Q-
valuesthat we used in Sections 6.1.1.2. and 6.1.2 to show that the same complexity result
holds for discounted Q-learning in non-deterministic state spaces if either zero-initialized
Q-vaues and action-penalty representation or one-initialized Q-values and goa-reward
representation is used. Consequently, the following corollary holds:

COROLLARY 4 Zero-initialized undiscounted or discounted Q-learning with action-
penalty representation and one-initialized discounted Q-learning with goal-reward rep-
resentation have a tight complexity of O(ed) action executions for reaching a goal statein
non-deter ministic state spaces.

This complexity result isfairly general, since it providesan upper bound on the number
of action executions that holds for al strategies of nature. For example, it holds for
both nature's strategy to select successor states randomly (the assumption underlying Q-
learning) and itsstrategy to select successor states deliberately so that it hurtstheagent most
(the assumption underlying Q-learning). But it also applies to scenarios where the agent
cannot make assumptions about nature's strategy. Assume, for example, a deterministic
world which the agent can only modd with low granularity. Then, it might not be able to
identify its current state uniquely, and actions can appear to have non-deterministic effects:
sometimes the execution of an action resultsin one successor state, sometimes in another.
The agent has no way of predicting which of the potential successor states will occur and
could attributethisto naturehaving astrategy that isunknownto the agent. Our complexity
bound holds even in this case.
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7. Extensions

Space limitations forced us to limit our presentation to an anaysis of the goal-directed
exploration behavior of two rei nforcement-learning a gorithms(Q-learning and Q-learning)
for two different reward structures (action-penalty and goa-reward representation). We
have generalized this analysisin three orthogonal directions:

¢ Reward Structure: In our analysi s, we have assumed that one can choose an appropriate
reward structure when representing a reinforcement-learning or exploration problem.
Althoughthisisusually true, sometimesthereward structureisgiven. Inthiscase, even
if thereward structureisdense, theimmediate rewards might not all be uniformly minus
one, as assumed by our analysis of Q- or Q-learning with action-penalty representation.
The results presented in this article have been generalized to cover dense reward
structureswith non-uniform costs. The complexity of zero-initialized Q- or Q-learning
with a non-uniform action-penalty representation, for example, istight at O(ed) action
executions, where d is now the weighted diameter of the state space divided by the
smallest absolute vaue of dl immediate costs; see (Koenig and Simmons, 1992).

e Exploration Algorithm: We have restricted our analysis to two reinforcement-learning
algorithms, Q-learning and Q-learning. Q-learning behaves very similarly to value-
iteration (Bellman, 1957), an algorithm that does not use Q-vaues, but rather the
U-values directly. 1-step on-line value-iteration with action-penalty representation
behaves in deterministic state spaces identicaly to Korf’'s Learning Real-Time A*
(LRTA*) search agorithm (Korf, 1990) with search horizon one. Korf showed that
LRTA* is guaranteed to reach a god state and, if it is repeatedly reset into the start
state when it reaches a goa state, eventually determines a shortest path from the start
stateto agoal state. Subsequently, Barto, Bradtke, and Singh (1995) generdized these
results to probabilistic state spaces. Since on-line value-iteration and, consequently,
LRTA* behave like 1-step Q-learning in amodified state space (Koenig and Simmons,
1992), we have been able to transfer our complexity results to LRTA* and, in the
process, generalized previouscomplexity resultsfor LRTA* by Ishidaand Korf (1991);
see (Koenig and Simmons, 1995b). The complexity of zero-initidized LRTA* and
uninformed value-iteration that operates on atractable representation istight at O(nd)
action executions; see (Koenig and Simmons, 1995b).

e Task: We have analyzed goal-directed exploration problems, because these tasks need
to be solved if one wants to solve goal-directed reinforcement-learning problems in
unknown state spaces. Our analysis generalizes to finding optimal policies, because
this problem can be solved either by repeatedly resetting the agent into its start state
when it reaches a god state (if the task is to find an optimal behavior from the start
state) or, if such areset actionisnot available, by iteratively executing two i ndependent
exploration agorithms: one Q- or Q-learning agorithm that finds a goa state, and
another one that finds a state for which the optimal action assignment has not yet
been determined. (The latter method determines optimal behaviors from all statesin
strongly connected state spaces.) In both cases, we have been able to show that the
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complexity of uninformed Q- or Q-learning that operates on a tractable representation
remainstight a O(ed); see (Koenigand Simmons, 1993). (For non-deterministic state
spaces, one has to make assumptions about how long nature is alowed to “trick” the
agent by never choosing a bad action outcome and thereby hiding its existence.)

8. Conclusion

In this article, we have analyzed how 1-step reinforcement-learning methods solve goal-
directed reinforcement-learning problems in safely explorable state spaces — we have
studied their behavior until they reach a god state for the first time. In particular, we
studied how the complexity of Q-learning methods (measured in action executions), such
as Watkins Q-learning or Heger's Q-learning, depends on the number of states of the
state space (n), the tota number of state-action pairs (¢), and the largest goal distance
(d). When formulating a goal-directed reinforcement-learning problem, one has to decide
on an appropriate representation, which consists of both the immediate rewards that the
reinforcement-learning algorithms receive and their initial Q-values. We showed that
the choice of representation can have a tremendous impact on the performance of Q- or
Q-learning.

We considered two reward structuresthat have been used in theliteratureto learn optimal
policies, the goa-reward representation and the action-penaty representation. In the
action-penalty representation, the agent is penalized for every action that it executes. In
the god -reward representation, it isrewarded for entering a god state, but not rewarded or
penalized otherwise. Zero-initidized Q-learning with goal-reward representation provides
only sparse rewards. Even in deterministic state spaces, it performs a random walk.
Althougharandomwalk reaches agoa state with probability one, itscomplexity isinfinite
and even its average number of action executions can be exponential in n. Furthermore,
speed-up techniques such as Lin's action-replay technique do not improveits performance.
This provides motivation for making the reward structure dense. Since the value-update
step of Q- or Q-learning updates the Q-values using both the immediate reward and the
Q-vaues of the successor state, thiscan beachieved by either changing thereward structure
or initializing the Q-vaues differently. And indeed, we showed that both (undiscounted
and discounted) zero-initialized Q- or Q-learning with action-penalty representation and
(discounted) one-initialized Q- or Q-learning with goal-reward representation are tractable.
For the proof, we developed conditions on the initial Q-values, caled consistency and
admissibility, and —for initid Q-values with these properties—atime-invariant relationship
between the number of executed actions, the initial Q-values, and the current Q-values.
Thisrelationship allowed usto express how the complexity of Q- or Q-learning depends on
theinitial Q-values and propertiesof the state space. Our analysis showsthat, if atractable
representation is used, the greedy action-selection strategy of Q- or Q-learning aways
executes the action that locally appears to be best, and even uninformed Q- or Q-learning
has a complexity of a most O(ed) action executions in deterministic state spaces. The
same result holds for Q-learning in non-deterministic state spaces, in which we viewed
reinforcement learning as a game where the reinforcement-learning algorithm selects the
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actions and “nature,” a fictitious second agent, selects their outcomes. (The bound holds
for al possible outcome selection strategies of nature.)

If a safely explorable state space has no duplicate actions, then O(ed) < O(n?). The
complexity of Q- or Q-learning is even lower in many state spaces, since e often grows
only linearly in n and/or d grows only sublinearly in n. Examples of such state spaces
are gridworlds, which are popular reinforcement-learning domains. The complexity can
be reduced further by using prior knowledge of the state space and by learning action
models. Prior knowledge can be encoded in theinitial Q-values by utilizing heuristics that
are consistent or admissible for A*-search. Action models predict what would happen if
a particular action were executed. We showed how to augment Q- or Q-learning with a
component that learns action models such that the resulting agorithm, which we called
Qumap-learning, never performs worse than Q- or Q-learning, but reduces the complexity
by at least afactor of n (i.e. by more than a constant factor) in some state spaces.

To summarize, reinforcement learning algorithmsare tractableif asuitablerepresentation
is chosen. Our complexity results provide guidance for empirical reinforcement-learning
researchers on how to model reinforcement learning problemsin away that allowsthemto
be solved efficiently — even for reinforcement-learning tasks that cannot be reformul ated
as goal-directed reinforcement-learning or exploration problemsin safely explorable state
spaces. the performance can be improved by making the reward structure dense. Our
results also characterize which properties of state spaces make them easy to solve with
rei nforcement-learning methods, which helpsempirical reinforcement-learning researchers
to choose appropriate state spaces for their experiments.

Acknowledgments

Avrim Blum, Lonnie Chrisman, Matthias Heger, Long-Ji Lin, Michael Littman, Andrew
Moore, Martha Pollack, and Sebastian Thrun provided helpful comments on the ideas
presented in thisarticle. Specia thanksto Sebastian Thrun for stimulating discussionsand
to Lonnie Chrisman also for taking the time to check the proofs.

Notes

1. To beprecise: it does not matter whether states that the agent cannot possibly reach from its start state are
lost. Furthermore, for goal-directed exploration problems, we can disregard all states that the agent can only
reach by passing through a goal state, since the agent can never occupy those states. We assume without loss
of generality that all such states have been removed from the state space.

2. A similar statement also holds for Q-Iearni ng: it never changesa Q-value. However, since the Q-values are
not initialized optimistically, zero-initialized Q-learning with goal-reward representation cannot be used to
learn shortest paths. Studying the goal-directed exploration problem for Q-learning with this representation
therefore does not provide any insight into the corresponding reinforcement-learning problem.

3. Our analysis can be generalized to goal-directed reinforcement-learning problems. For goal-directed explo-
ration problems, the definition of admissible Q- or Q-learning can be broadened, since one can add the same
constant to all Q-valueswithout changing the behavior of Q- or Q-learning until it reaches agoal state for the
first time. Giveninitial Q-valuesfor a goal-directed exploration problem, one can therefore add a constant to
al Q-values before determining whether they are consistent or admissible.
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4. Inotherwords: thevalue-updatestepis“Set Q(s, a) := (1 —a)Q(s,a) + a(r(s,a, s’) + vU(s")),” where
r(s,a,s')=-landa=~=1.

5. Our analysis can be generalized to goal-directed reinforcement-learning problems. For goal-directed ex-
ploration problems, the statement can be broadened as follows: According to Note 3, one can add the
same constant to all values Q9 (s, ) without changing the behavior of undiscounted Q- or O-learning with
action-penalty representation until it reaches a goal state for the first time. Since Q% (s, a) — log,c =
(=1 —log, Qi(s,a)) — log, ¢ = —1~—1log, cQ! (s, a), onecan multiply all valuesQ‘lj(s, a) with some
positive constant ¢ without changing the behavior of discounted Q- or Q-learning with goal-reward represen-
tation until it reachesa goal state for the first time.
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