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Abstract

Incrementakearchtechniquesnd optimal solutionsto seriesof similar
searchtasksmuch fasterthanis possibleby solving eachsearchtask
from scratch.While researcherbave developedincrementalersionsof
uninformedsearchmethodswe develop anincrementalersionof A*,

The rst searchof Lifelong PlanningA* is the sameasthat of A* but
all subsequergearchesre muchfasterbecauseét reuseghosepartsof
theprevioussearchreethatareidenticalto the new searchtree.We then
presenexperimentakesultsthatdemonstratéheadvantage®f Lifelong
PlanningA* for simplerouteplanningtasks.

1 Overview

Arti cial intelligencehasinvestigatecknowledge-basedearchtechniqueghat allow one
to solve searchtasksin large domains.Most of theresearcton thesemethodshasstudied
how to solve one-shotsearchproblems. However, searchis often a repetitve process,
whereoneneedgo solve a seriesof similar searchtasks,for example,becauséhe actual
situationturnsout to be slightly differentfrom the oneinitially assumedr becausehe
situationchangesover time. An examplefor route planningtasksare changingtraf c
conditions. Thus, one needsto replanfor the new situation,for exampleif one always
wantsto displaythe leasttime-consumingoutefrom the airportto the conferencecenter
onawebpage.In thesesituationsmostsearchmethodseplanfrom scratchthatis, solve
the searchproblemsindependently Incrementakearchtechniquesharewith case-based
planning,plan adaptationrepairbasedplanning,andlearningsearch-controknowledge
the propertythatthey nd solutionsto seriesof similar searchtasksmuchfasterthanis
possibleby solvingeachsearchaskfrom scratch.Incrementakearchechniqueshowever,
differ from the othertechniquesn thatthe quality of their solutionsis guaranteedo be as
goodasthe quality of the solutionsobtainedby replanningfrom scratch.

Although incrementalsearchmethodsare not widely known in arti cial intelligenceand
control, differentresearcherbave developedincrementalsearchversionsof uninformed
searchmethodsin the algorithmsliterature. An overview canbe found in [FMSNOQ.
We, on the otherhand,develop anincrementalersionof A*, thuscombiningideasfrom
the algorithmsliterature and the arti cial intelligenceliterature. We call the algorithm
Lifelong PlanningA* (LPA*), in analogyto “lifelong learning”[Thr98], becausét reuses
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informationfrom previous searchesLPA* usesheuristicsto focusthe searchandalways
nds ashortespathfor the currentedgecosts.The rst searchof LPA* is the sameasthat
of A* but all subsequentdearchesiremuchfaster LPA* producesat leastthe searchtree
thatA* builds. However, it achievesa substantiaspeedumver A* becausét reuseghose
partsof theprevioussearchreethatareidenticalto the new searchree.

2 The Route Planning Task

Lifelong PlanningA* (LPA*) solvesthe following searchtask: It appliesto nite graph
searchproblemson known graphswhoseedgecostscanincreaseor decreasevertime.
denoteghe nite setof verticesof the graph. denoteghe setof successors
of vertex . Similarly, denoteghe setof predecessorsf vertex

denoteghe costof moving from vertex  to vertex . LPA*
always determinesa shortestpath from a given start vertex to a given goal
vertex , knowing boththe topologyof the graphandthe currentedgecosts.We
use to denotethe startdistanceof vertex , thatis, thelengthof a shortespath
from to .

To motivate and test LPA*, we usea specialcaseof thesesearchtasksthat is easyto
visualize. We apply LPA* to navigation problemsin known eight-connectedjridworlds
with cellswhosetraversabilitycanchangeovertime. They areeithertraversablgwith cost
one)or untraversable LPA* alwaysdetermines shortespathbetweertwo givencells of
the gridworld, knowing both the topology of the gridworld andwhich cells are currently
blocked. Thisis aspeciakaseof thegraphsearctproblemsneight-connectedridswhose
edgecostsareeitheroneor in nity . As anapproximatiorof thedistancebetweertwo cells,
we usethe maximumof the absolutedifferencef their x andy coordinatesThis results
in consistenheuristicthatarefor eight-connectedridswhatManhattardistancesrefor
four-connectedyrids.

3 ReusingInformation from Previous Searches

The graphsearchproblemscanbe solved with traditionalgraph-searcimethods suchas
breadth- rstsearchjf they updatethe shortestpath every time someedgecostschange.
They typically donottake advantageof informationfrom previoussearchesThefollowing

example however, shovs thatthis canbe advantageous.

Considerthe gridworlds of size shown in Figure 1. The original gridworld is
shavn ontop andthechangedyridworld is shavn atthebottom. Thetraversabilityof only
afew cellshaschangedIn particular threeblocked cellsbecamdraversablgnamely B3,
C5,andD2) andthreetraversablecellsbecameblocked (namely A1, A4, D3). Thus,two
percentof the cells changedheir statusbut the obstacledensityremainedhe same.The
gure shavstheshortespathsin bothcasesbreakingtiestowardsthe north. Notethatwe
assumehatonecansqueezehroughdiagonalobstacles(Thisis justanartifactof how we
generatedhe underlyinggraphsrom themazes.)The shortespathchangedinceonecell
ontheoriginal shortespathbecameblocked.

Oncethe startdistancesf all cells areknown, one caneasilytracebacka shortestpath
from the startcell to the goalcell by alwaysgreedilydecreasinghe startdistancestarting
at the goal cell. This is similar to how A* tracesthe shortestpath back from to

usingthe searchtreeit hasconstructed.Thus,we only needto determinethe start
distancesThestartdistancesreshavn in eachtraversablecell of theoriginalandchanged
gridworlds. Thosecellswhosestartdistancesn thechangedyridworld have changedrom
thecorrespondingnesin the original gridworld areshadedyray.

Therearetwo differentwaysof decreasinghe searcheffort for determiningthe startdis-
tancesfor the changedgridworld. First, somestartdistanceshave not changedandthus
neednot getrecomputedThisis whatDynamicSWSF-FPRR9€ does.(DynamicSWSF-



Original Eight-Connectedridworld
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Figurel: SimpleGridworld

FPR, asoriginally stated searchefrom the goalvertex to the startvertex andthusmaintains
estimatesof the goal distancesatherthan the start distances. It is a simple matter of

restatingt to searchfrom the startvertex to thegoalvertex. FurthermorePynamicSWSF-
FR asoriginally stated,recomputesll goal distancedhat have changed.To avoid bias-
ing our experimentalresultsin favor of LPA*, we changedhe terminationcondition of

DynamicSWSF-FRothatit stopsimmediatelyafterit is surethatit hasfounda shortest
path.) Second heuristicknowledge,in form of approximation®f the goaldistancescan
be usedto focusthe searchranddeterminghatsomestartdistancesieednot getcomputed
atall. ThisiswhatA* [Pea8% does.We demonstrat¢hatthe two waysof decreasinghe

searcheffort are orthogonalby developingLPA* thatcombinesboth of themandthusis

ableto replanfasterthaneitherDynamicSWSF-FRr A*.

Figure2 showvsin graythosecellswhosestartdistancegachof thefour algorithmsrecom-
putes.(To beprecise:it shavsin graythe cellsthateachof the four algorithmsexpands.)
During the searchin the original gridworld, DynamicSWSF-FRomputeghe samestart
distancesasbreadth- rstsearchduringthe rst searchandLPA* computeghe samestart
distancesas A*. During the searchin the changedyridworld, however, bothincremental
searchDynamicSWSF-FPandheuristicsearch A*) individually decreas¢he numberof
startdistanceghatneedto getrecomputeccomparedo breadth- rstsearchandtogether
(LPA*) decreas¢henumberevenmore.

4 Lifelong Planning A*

Lifelong PlanningA* (LPA*) is anincrementalersionof A* thatusesheuristics to
controlits search.As for A*, the heuristicsapproximatehe goal distance®f the vertices

. They needto be consistentthatis, satisfy and for
all vertices and with
LPA* maintainsanestimate of the startdistance of eachvertex . Thesevalues

directly correspondo theg-valuesof anA* search.They arecarriedforwardfrom searctio
searchLPA* alsomaintainsasecondind of estimateof thestartdistancesTherhs-\alues
areone-stedookaheadvaluesbasedon the g-valuesandthus potentially betterinformed
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Figure2: Performancef SearchMethodsin the SimpleGridworld

thantheg-values.They alwayssatisfythefollowing relationship:

if
otherwise. @

A vertex is calledlocally consistentiff its g-valueequalsits rhs-value. This is similar to
satisfyingthe Bellmanequationfor undiscountedleterministicsequentiabdecisionprob-
lems. Thus,this conceptis importantbecausehe g-valuesof all verticesequaltheir start
distancesff all verticesarelocally consistentHowever, LPA* doesnot make every vertex
locally consistent.Instead,it usesthe heuristics to focusthe searchandupdateonly
theg-valuesthatarerelevantfor computinga shortespathfrom to

LPA* maintainsa priority queue that always containsexactly the locally inconsistent
vertices. Thesearethe verticeswhoseg-valuesLPA* potentiallyneedso updateto make
themlocally consistent.The keys of the verticesin the priority queuecorrespondo the
f-valuesusedby A*, andLPA* alwaysexpandsthe vertex in the priority queuewith the
smallestkey, similarto A* that always expandsthe vertex in the priority queuewith the
smallest-value.By expandinga vertex, we meanexecuting 10-16 (numbersn braclets
referto line numbersn Figure3). Thekey of vertex isavectorwith two components:



The pseudocodesesthe following functionsto managethe priority queue:U.TopKey  returnsthe smallestpriority of all verticesin priority queue
. (If  isempty thenU.TopKey returns .) U.Pop deletesthe vertex with the smallestpriority in priority queue andreturnsthe
vertex. U.Insert insertsvertex into priority queue  with priority . Finally, U.Remae  removesvertex from priority queue .

procedure CalculateKey
01 return

procedure Initialize
02 ;
03 forall

04

05 U.Insert

procedure UpdateVertex

06 if

07 if U.Remoe ;

08 if U.Insert  Calculatetey

procedure ComputeShortestPath

09 while U.TopKey Calculatekey OR
10 U.Pop ;

11 if

12 ;

13 for all Update\értex

14 else

15 )

16 for all Update\értex

procedure Main

17 |Initialize ;

18 forever

19 ComputeShortestih ;

20 Wait for changesn edgecosts;

21 for all directededges with changededgecosts
22 Updatethe edgecost ;
23 Update\értex

Figure3: Lifelong PlanningA*.

(2)
where and 1 . Keysare
comparedaccordingto a lexicographicordering. For example,a key is smallerthan
or equalto akey , denotecby , iff either or (
and ). correspondslirectly to thef-values used
by A* becauséoth the g-valuesandrhs-valuesof LPA* correspondo the g-valuesof
A* andthe h-valuesof LPA* correspondo the h-valuesof A*. correspondso the

g-valuesof A*. LPA* expandsverticesin the orderof increasingk -valuesandvertices
with equalk -valuesin orderof increasingk -values.Thisis similarto A* thatexpands
verticesin the orderof increasing-values(sincethe heuristicsareconsistentandvertices
with equalf-valuesthat are on the samebranchof the searchtreein order of increasing
g-values(sinceit growvsthesearchree).

A locally inconsistentvertex  is called overconsisteniff . WhenLPA*
expandsa locally overconsistenvertex 12-13, then becausevertex
hasthe smallestkey amongall locally inconsistenvertices. impliesthat

and thus LPA* expandsoverconsistenterticesin the sameorder
asA*. During the expansionof vertex , LPA* setsthe g-value of vertex to its rhs-
valueandthusits startdistance 12 , whichis thedesiredvalueandalsomakesthe vertex
locally consistent.Its g-valuethenno longerchangeauntil LPA* terminates.A locally
inconsistentvertex is calledunderconsistentf . WhenLPA* expands
a locally underconsistentertex 15-16 , thenit simply setsthe g-value of the vertex to
innity 15 . This makesthe vertex eitherlocally consistenbr locally overconsistentlf
the expandedvertex waslocally overconsistentthenthe changeof its g-valuecanaffect
the local consisteng of its successors13 . Similarly, if the expandedvertex waslocally
underconsistenthenit andits successorsanbe affected 16 . LPA* thereforeupdates
rhs-valuesof thesevertices,checkstheir local consisteng, andaddsthemto or remaoves
themfrom the priority queueaccordingly



LPA* expandsverticesuntil is locally consistenandthe key of the vertex to expand
next is no smallerthanthe key of . Thisis similarto A* thatexpandsverticesuntil it
expands at which pointin time the g-value of equalsits startdistanceandthe
f-value of the vertex to expandnext is no smallerthanthe f-value of . It turnsout
thatLPA* expandsa vertex at mosttwice, namelyat mostoncewhenit is underconsistent
andat mostoncewhenit is overconsistentThus, ComputeShortest®h returnsaftera
numberof vertex expansionghatis at mosttwice the numberof vertices.

If after the search thenthereis no nite-cost pathfrom to .
Otherwise pnecantracebacka shortespathfrom to by alwaysmoving from
thecurrentvertex , startingat , to ary predecessor thatminimizes

until is reachedtiescanbebrokenarbitrarily), similarto whatA* candoif it does
notusebackpointers.

Theresultingversionof LPA* is shavn in Figure3. The mainfunctionMain() rst calls
Initialize() to initialize the searchproblem 17 . Initialize() setsthe initial g-valuesof
all verticesto in nity and setstheir rhs-valuesaccordingto Equation1 03-04 . Thus,
initially is the only locally inconsistentvertex and is insertedinto the otherwise
emptypriority queuewith akey calculatedaccordingo Equation2 05 . Thisinitialization
guaranteethatthe rst call to ComputeShortest®h() performsexactly anA* searchthat
is, expandsexactly the sameverticesas A* in exactly the sameorder, provided that A*
breaksties betweenverticeswith the samef-valuessuitably Notice that, in an actual
implementation]nitialize() only needsto initialize a vertex whenit encounterst during
thesearctandthusdoesnotneedoinitialize all verticesupfront. Thisisimportantoecause
the numberof verticescanbe large andonly a few of themmight be reachedduring the
searchLPA* thenwaitsfor changesn edgecosts 20 . If someedgecostshave changed,
it calls Update\értex() 23 to updatethe rhs-valuesandkeys of the verticespotentially
affectedby the changeddgecostsaswell astheirmembershign the priority queudf they
becomdocally consistenbr inconsistentand nally recalculates shortespath 19 .

5 Optimizations of Lifelong Planning A*

Thereareseveral simplewaysof optimizing LPA* without changingts overall operation.
Theresultingversionof LPA* is shavnin Figure4. First,avertex sometimegetsremoved
from thepriority queueandthenimmediatelyreinsertedvith a differentkey. For example,
avertex cangetremovedon line 07 andthenbereenterednline 08 . In this case,
it is oftenmoreef cient to leave the vertex in the priority queueupdateits key, andonly
changéits positionin the priority queue.SecondwhenUpdate\értex online 13 com-
putestherhs-valuefor a successoof anoverconsistentertex it is unnecessarto take the
minimum over all of its respectie predecessordt is sufcient to computethe rhs-value
asthe minimum of its old rhs-valueandthe sumof the new g-valueof the overconsistent
vertex andthe costof moving from the overconsistentertex to the successorThereason
is thatonly the g-valueof the overconsistentertex haschangedSinceit decreasedt can
only decreasehe rhs-\valuesof the successorThird, whenUpdate\értex online 16
computedherhs-valuefor a successoof anunderconsistentertex, the only g-valuethat
haschangeds the g-valueof the underconsistentertex. Sinceit increasedtherhs-value
of the successocanonly getaffectedif its old rhs-valuewasbasedon the old g-value of
the underconsistentertex. This canbe usedto decidewhetherthe successoneedso get
updatedandits rhs-valueneeddo getrecomputed 21' . Fourth,the secondandthird op-
timizationconcernedhe computation®f therhs-valuesof the successorafterthe g-value
of a vertex haschanged. Similar optimizationscan be madefor the computationof the
rhs-valueof avertex afterthe costof oneof its incomingedgeshaschanged.

6 Analytical and Experimental Results
We canprove thecorrectnessf ComputeShortesth().



The pseudocodeisesthe following functionsto managethe priority queue: U.Top returnsa vertex with the smallestpriority of all verticesin
priority queue . U.TopKey returnsthe smallestpriority of all verticesin priority queue . (If  is empty thenU.TopKey returns )
U.Insert insertsvertex  into priority queue  with priority . U.Update changeghe priority of vertex in priority queue to . (It
doesnothingif the currentpriority of vertex ~ alreadyequals .) Finally, U.Remae  removesvertex from priority queue .

procedure CalculateKey

01' return

procedure Initialize

02' ;

03" forall

04'

05" U.Insert

procedure UpdateVertex

06" if ( AND U.Update  Calculatetey
07" elseif AND U.Insert  Calculatetey
08" elseif AND U.Remae
procedure ComputeShortestPath

09' while U.TopKey Calculatekey OR
10' U.Top ;

11 if

12

13 U.Remae

14 for all

15' if

16 Update\értex

17 else

18'

19'

20' for all

21 if OR

22' if

23 Update\értex
procedure Main

24' |nitialize ;

25' forever

26' ComputeShortestih

27 Wait for changesn edgecosts;

28 for all directededges with changededgecosts
29' )

30 Updatethe edgecost

31 if (

32 if

33 elseif

34 if

35' Update\értex

Figure4: Lifelong PlanningA* (optimizedversion)

Theorem1 ComputeShortes#fh() terminatesand one can thentrace bad a shortestpath from
to by alwaysmoving fromthe currentvertex , starting at , to any predecessor
that minimizes until is reahed(tiescanbebrokenarbitrarily).

(The proofs can be found in [LKO1].) We now comparebreadth- rst search, A*,
DynamicSWSF-FPand the optimized version of LPA* experimentally (We use
DynamicSWSF-FRvith the sameoptimizationsthatwe developedfor LPA*, to avoid bi-
asingour experimentatesultsin favor of LPA*.) Thepriority queuef all four algorithms
wereimplementedasbinary heaps.Sinceall algorithmsdeterminethe samepaths(if they
breakties suitably), we needto comparetheir total searchtime until a shortestpath has
beenfound. Sincetheactualruntimesareimplementation-dependemnte insteadusethree
measureshatall correspondo commonoperationgperformedoy the algorithmsandthus
heavily in uence their runtimes:thetotal numberof vertex expansions (thatis, updates
of the g-values,similar to backupoperationsof dynamicprogrammingfor sequentiable-
cision problems) the total numberof vertex accesses (for example,to reador change
their values),andthe total numberof heappercolates (exchange®f a parentandchild
in the heap). Note that we counttwo vertex expansionsnot just onevertex expansion,if
LPA* expandsthe samevertex twice, to avoid biasingour experimentakesultsin favor of
LPA*,

All of our experimentause fty eight-connectedridworldsthathave size andan



obstacledensityof 40 percent. The startcell is at coordinateg34, 20) andthe goal cell
is at coordinateq5, 20), wherethe upperleftmostcell is at coordinateq0, 0). For each
gridworld, theinitial obstaclecon gurationwasgeneratedandomly Then,it waschanged
500timesin arow, eachtime by makingeightrandomlychoserblocked cellstraversable
andeight randomlychosentraversablecells blocked. Thus,eachtime onepercentof the
cells changedheir statushut the obstacledensityremainedthe same. After eachof the
500changesthe algorithmsrecomputed shortespathfrom the startcell to the goal cell.
For eachof thefour algorithmsandeachof thethreeperformancaneasureghefollowing
tablereportsthe meanof the performancemeasurdor the 500 changesbothits average
overthe fty mazesandits 95-percenton denceinterval overthe fty mazeqassuming
normaldistribution with unknown variance).Thetablecon rms the obsenationsmadein
Section3: LPA* outperformghe otherthreesearchmethodsaccordingto all threeperfor
mancemeasures.

| uninformedsearch | heuristicsearch

completesearch breadth-®rssearch A*

ve= 1331.7 4.4 | ve= 284.0 5.9

va= 26207.2 84.0| va= 6177.3 129.3

hp=  5985.3 19.7 | hp= 1697.3 39.9
incrementakearch DynamicSWSF-FP Lifelong PlanningA*

ve= 173.0 49| ve= 25.6 2.0

va=  5697.4 167.0| va= 1235.9 75.0

hp= 956.2 26.6 | hp=  240.1 16.9

We have alsoapplied LPA* successfullyfo more complex planningtasks,including the
kind of routeplanningtasksthatFocussedynamicA* [Ste9] appliesto. Theresultswill
bereportedseparately
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