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Abstract

Learning Redl-Time A* (LRTA*) is apopular control method that interleaves plan-
ning and plan execution and has been shown to solve search problems in known
environments efficiently. In this paper, we apply LRTA* to the problem of getting to
agiven god location in aninitially unknown environment. Uninformed LRTA* with
maximal lookahead always moves on a shortest path to the closest unvisited state,
that is, to the closest potential goal state. This was believed to be a good exploration
heuristic, but we show that it does not minimize the worst-case plan-execution time
compared to other uninformed exploration methods. This result is aso of interest to
reinforcement-learning researchers since many reinforcement learning methods use
asynchronous dynamic programming, interleave planning and plan execution, and
exhibit optimismin the face of uncertainty, just like LRTA*.

1 Introduction

Resl-time (heuristic) search methods are domain-independent control methods that inter-
leave planning and plan execution. They are based on agent-centered search [Dasgupta et
al., 1994; Koenig, 1996], which restricts the search to asmall part of the environment that
can bereached from the current state of the agent with asmall number of action executions.
Thisisthe part of the environment that isimmediately relevant for the agent in its current
Situation. The most popular real-time search method is probably the Learning Real-Time
A* (LRTA*) method [Korf, 1990]. It has a solid theoretical foundation and the following
advantageous properties. Firgt, it alows for fine-grained control over how much planning
to do between plan executions and thusis an any-time contract algorithm [Russall and Zil-
berstein, 1991]. Second, it can use heuristic knowledge to guide planning, which reduces
planning time without sacrificing solution quaity. Third, it can be interrupted at any state
and resume execution at a different state. Fourth, it amortizes learning over severa search
episodes, which alowsit to find plans with suboptimal plan-execution time fast and then
improve the plan-execution time as it solves similar planning tasks, until its plan-execution
time is optimal. Thus, LRTA* aways has a small sum of planning and plan-execution



Initialy, u(s) = Oforal s € S. 1. Fordl s € Siss: u(s) = oco.

1. Seurrent = Sstart. 2. Ifu(s) < oo foradl s € Si.., thenreturn.
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5. a := one-of arg MiNue a(scu,rons) 5. u(s') 1= 14 MiNgea(s) usuce(s’, a)).
u(succ(Scurrent, a)). 6. Goto2.
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Figure 1: Uninformed LRTA*

time, and it minimizesthe plan-execution timein thelong runin case similar planning tasks
unexpectedly repeat. Thisisimportant since no search method that executes actions before
it has solved a planning task completely can guarantee to minimize the plan-execution time
right away.

Resl-time search methods have been shown to be efficient alternatives to traditional search
methods in known environments. In this paper, we investigate rea-time search methods
in unknown environments. In such environments, rea-time search methods allow agents
to gather information early. This information can then be used to resolve some of the
uncertainty and thus reduce the amount of planning done for unencountered situations.

We study robot-explorationtasks without actuator and sensor uncertai nty, wherethe sensors
on-board the robot can uniquely identify its location and the neighboring locations. The
robot does not know the map in advance, and thushasto exploreitsenvironment sufficiently
tofindthegoa and apathtoit. A variety of methodscan solvethesetasks, including LRTA*.

The proceedings of the AAAI-97 Workshop on On-Line Search [Koenig et al., 1997] give
agood overview of some of these techniques. In this paper, we study whether uninformed
LRTA* isableto minimizetheworst-case plan-execution time over all state spaces withthe
same number of states provided that itslookahead issufficiently large. Uninformed LRTA*

with maximal |ookahead always moves on a shortest path to the closest unvisited state, that
is, to the closest potential goal state—it exhibits optimismin the face of uncertainty [Moore
and Atkeson, 1993]. We show that thisexploration heuristicisnot asgood asit was believed
to be. Thissolvesthe central problem Ieft openin [Pemberton and Korf, 1992] and improves
our understanding of LRTA*. Our resultsa so apply to learning control for tasks other than
robot exploration, for example the control tasks studied in [Davies et al., 1998]. They are
also of interest to reinforcement-learning researchers since many reinforcement learning
methods use asynchronous dynamic programming, interleave planning and plan execution,

and exhibit optimism in the face of uncertainty, just like LRTA* [Barto et al., 1995;
Kearns and Singh, 1998].

2 LRTA*

We use the following notation to describe LRTA*: S denotes the finite set of states of the
environment, sg¢q-¢ € S the start state, and ) # G C S the set of goal states. The number
of statesisn = |S|. A(s) # 0 isthefinite, nonempty set of actionsthat can be executed in
state s € S. suce(s, a) denotes the successor state that results from the execution of action
a € A(s) instate s € S. We aso use two operators with the following semantics: Given



aset X, the expression “one-of X" returnsan element of X according to an arbitrary rule.
A subsequent invocation of “one-of X” can return the same or a different element. The
expression “arg ming¢ x f(z)” returnstheeements z € X that minimize f(x), that is, the
st {o € X|f(x) = minacx f(2')}.

We model environments (topological maps) as state spaces that correspond to undirected
graphs, and assume that it isindeed possibleto reach agoa state from the start state. We
measurethe distances and thus plan-executi on timein action executions, which isreasonable
if every action can be executed in about the same amount of time. The graph isinitially
unknown. The robot can aways observe whether its current stateis a goal state, how many
actions can be executed in it, and which successor states they lead to but not whether the
successor states are goa states. Furthermore, the robot can identify the successor states
when it observes them again at a later point in time. This assumption is redistic, for
example, if the states ook sufficiently different or therobot has a global positioning system
(GPS) available.

LRTA* learns amap of the environment and thus needs memory proportional to the number
of states and actions observed. It associates a small amount of information with the states
initsmap. In particular, it associates a u-value u(s) with each state s € S. The u-values
approximate the god distances of the states. They are updated as the search progresses and
used to determinewhich actionsto execute. Figure 1 describes LRTA*: LRTA* first checks
whether it has dready reached a goal state and thus can terminate successfully (Line 2). If
not, it generates the local search space S;ss C S (Line 3). While we require only that the
current state is part of the local search space and the goal states are not [Barto et al., 1995],
in practice LRTA* constructs S;ss by searching forward from the current state. LRTA* then
updates the u-values of al states in the local search space (Line 4), as shown in Figure 2.
The value-update step assigns each state its god distance under the assumption that the
u-values of al states outside of the local search space correspond to their correct goa
distances. Formally, if u(s) € [0, co] denotesthe u-val ues before the val ue-update step and
u(s) € [0, co] denotes the u-values afterwards, then u(s) = 14+ minge a(s) u(suce(s, a))
forals € Siss and u(s) = u(s) otherwise. Based on these u-values, LRTA* decideswhich
action to execute next (Line5). It greedily chooses the action that minimizesthe u-value of
the successor state (ties are broken arbitrarily) because the u-values approximate the goa
distances and LRTA* attempts to decrease its god distance as much as possible. Finally,
LRTA* executes the selected action (Line 6) and updatesits current state (Line 7). Then, if
the new stateis still part of the local search space used previoudy, LRTA* selects another
action for execution based on the current u-values (Line 8). Otherwise, it iterates (Line9).
(The behavior of LRTA* with either minima or maximal lookahead does not change if
Line8isdeeted.)

3 Plan-Execution Time of LRTA* for Exploration

In this section, we study the behavior of LRTA* with minimal and maximal lookaheadsin
unknown environments. We assume that no a-priori heuristic knowledgeis available and,
thus, that LRTA* isuninformed. In this case, the u-values of al unvisited states are zero
and do not need to be maintained explicitly.

Minimal L ookahead: Thelookahead of LRTA* isminimal if theloca search space con-
tains only the current state. LRTA* with minimal lookahead performs amost no planning
between plan executions. Its behavior in initially known and unknown environments is
identical. Figure 3 shows an example.

Let gd(s) denotethegoal distanceof state s. Then, according to one of our previousresults,
uninformed LRTA* with any lookahead reaches agoal state afteratmost ) . 5 gd(s) action

executions [Koenig and Simmons, 1995]. SinceY", ¢ gd(s) < Y175 i = 1/2n? — 1/2n,



goal O = visited vertex (known not to be a goal vertex)
O = unvisited (but known) vertex (unknown whether it is a goal vertex)
o = current vertex of the robot
()3 = u-value of the vertex
start = = edge traversed in at least one direction
—— =untraversed edge
O = local search space
LRTA* with minimal lookahead:
0 0 0 0 0 0
1 1 1 1 1
1 1 2 2
0 2 2 2 2
LRTA* with maximal lookahead:
goal
0 0 0 0 0
1
2
0 3
Figure 3: Example
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Figure4: A Planar Undirected Graph

uninformed LRTA* with any lookahead reaches agoal state after O(n?) action executions.

This upper bound on the plan-execution time is tight in the worst case for uninformed
LRTA* with minimal lookahead, even if the number of actions that can be executed in any
stateisbounded from above by asmall constant (here: three). Figure4, for example, shows
arectangular grid-world for which uninformed LRTA* with minimal lookahead reaches a
goal state in the worst case only after ©(n?) action executions. In particular, LRTA* can
traverse the state sequence that is printed by the following program in pseudo code. The
scope of the for-statements is shown by indentation.
for i :=n-3 downto n/2 step 2
for j :=1toi step 2
print j
for j := i+l downto 2 step 2
print j
for i :=1to n-1 step 2
print i

In this case, LRTA* executes 3n2/16 — 3/4 actions before it reaches the goal state (for
n > 2 withn mod 4 = 2). For example, for n = 10, it traverses the state sequence sy, s3,
S5, 87, 88, S6, S4, 82, S1, 3, S5, S6, 54, 2, 51, 83, S5, 57, and 59.

Maximal L ookahead: Aswe increase the lookahead of LRTA*, we expect that its plan-
execution time tends to decrease because LRTA* uses more information to decide which
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Figure 5: Another Planar Undirected Graph (m = 3)

action to execute next. This makes it interesting to study LRTA* with maximal lookahead.

The lookahead of LRTA* is maxima in known environments if the local search space
contains al non-goa states. In this case, LRTA* performs a complete search without
interleaving planning and plan execution and follows a shortest path from the start state to
aclosest goal state. Thus, it needs gd(ss:qrt) action executions. No other method can do
better than that.

The maximal lookahead of LRTA* isnecessarily smaler ininitialy unknown environments
thanin known environments because itsval ue-update step can only search theknown part of
theenvironment. Therefore, thelookahead of LRTA* ismaximal in unknown environments
if thelocal search space contains all visited non-goal states. Figure 3 shows an example.

Uninformed LRTA* with maximal lookahead aways moves on a shortest path to the
closest unvisited state, that is, to the closest potential goal state. This appears to be a
good exploration heuristic. [Pemberton and Korf, 1992] call this behavior “incremental
best-first search,” but were not able to prove or disprove whether this localy optimal
search strategy is aso globally optima. Since this exploration heuristic has been used
on real mobile robots [Thrun et al., 1998], we study how well its plan-execution time
compares to the plan-execution time of other uninformed exploration methods. We show
that the worst-case plan-execution time of uninformed LRTA* with maximal lookahead in
unknown environmentsis Q( ,Og’%gn n) action executions and thusgrowsfaster than linearly
in the number of states n. It followsthat the plan-execution time of LRTA* is not optimal
in the worst case, since depth-first search needs anumber of action executions in the worst
case that grows only linearly in the number of states.

Consider the graph shownin Figure 5, that isavariation of agraphin [Koenigand Smirnov,
1996]. It consists of a stem with several branches. Each branch consists of two parallel
paths of the same length that connect the stem to asingle edge. The length of thebranchis
the length of each of the two paths. The stem has length m™ for some integer m > 3 and
consists of the vertices vg, v1, . . ., vy, . FOr eachinteger i with1 < i < m therearem™ !
branches of length Z;;ll m? each (including branches of length zero). These branches
attach to the stem at the vertices v; ,,,: for integers j; if i iseven, then0 < j < mmt -1,
otherwise 1 < j < m™~*. There is one additional single edge that attaches to vertex vo.



vmm iSthe starting vertex. The vertex at the end of the single edge of the longest branch is
thegoa vertex. Noticethat thegraphisplanar. Thisisadesirableproperty since non-planar
graphsare, in general, rather unrealistic model s of maps.

Uninformed LRTA* with maximal lookahead can traverse the stem repeatedly forward and
backward, and the resulting plan-execution timeis|large compared to the number of vertices
that are necessary to midead LRTA* into this behavior. In particular, LRTA* can behave
asfollows: It startsat vertex v, and traverses thewhole stem and dl branches, excluding
the single edges at their end, and finally traverses the additiona edge attached to vertex
vo, 8 shown in Figure 5. At this point, LRTA* knows all vertices. It then traverses the
whole stem, visiting the vertices at the ends of the single edges of the branches of length 0.
It then switches directions and travels along the whole stem in the opposite direction, this
time visiting the vertices at the end of the single edges of the branches of length m, and so
forth, switching directions repestedly. It succeeds when it finaly uses the longest branch
and discovers the goal vertex. To summarize, the vertices at the ends of the branches are
tried outin theorder indicated in Figure 5. Thetotal number of edgetraversalsisQ(m™+1)
since the stem of length m™ istraversed m + 1times. To be precise, the total number of
edgetraversalsis (m™+3 +3m™+2 - 8m™+1 4 2m2 —m+3) /(m?—2m+1). It holdsthat
n = O(m™)sincen = (3m™*+2—5m™m*tl —m™ 4t m™ =14 2m2 - 2m+2)/(m?—-2m+1).
Thisimpliesthat m = Q(Iog’%gn) since it holdsthat, for £ > 1 and all sufficiently large m
(tobe precise: m withm > k)

logy (m™) _ 1 _ 1 _ 1 < 1 _m
logy, Togy, (m™) " Togi logy (m™) = Tlogy mAlogy log m — 3  Togloge m —= Lo = 7%
Togy, (m ™) mlogy m m m log, m m

Put together, it follows that the total number of edge traversasis Q(m™+1) = Q(mn) =

Q12— n). (We also performed a simulation thet confirmed our theoretical results,)

The graph from Figure 5 can be modified to cause LRTA* to behave similarly even if the
assumptions of the capabilities of the robot or the environment vary from our assumptions
here, including the case where the robot can observe only the actions that lead to unvisited
states but not the states themselves.

4 FutureWork

Our example provided a lower bound on the plan-execution time of uninformed LRTA*
with maximal lookahead in unknown environments. Thelower boundisbarely super-linear
in the number of states. A tight bound is currently unknown, athough upper bounds are
known. A trivial upper bound, for example, is O(n?) since LRTA* executes at most n — 1
actions before it visitsanother state that it has not visited before and there are only » states
to visit. A tighter upper bound follows directly from [Koenig and Smirnov, 1996]. It was
surprisingly difficult to construct our example. It is currently unknown, and therefore a
topic of future research, for which classes of graphs the worst-case plan-execution time of
LRTA* isoptimal up to aconstant factor and whether these classes of graphs correspond to
interesting and redlistic environments. It isalso currently unknown how the bounds change
as LRTA* becomes moreinformed about where the goa states are.

5 Conclusions

Our work provides afirst analysis of uninformed LRTA* in unknown environments. We
studied versions of LRTA* with minima and maximal lookaheads and showed that their



worst-case plan-execution time is not optimal, not even up to a constant factor. The worst-
case plan-execution time of depth-first search, for example, is smaller than that of LRTA*
with either minimal or maximal |ookahead. Thisisnot to say that one should always prefer
depth-first search over LRTA* since, for example, LRTA* can use heuristic knowledge to
direct its search towardsthe goal states. LRTA* can aso beinterrupted at any location and
get restarted at adifferent location. If the batteries of therobot need to get recharged during
exploration, for instance, LRTA* can be interrupted and later get restarted at the charging
station. While depth-first search could be modified to have these propertiesaswell, it would
lose some of its simplicity.
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