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Abstract

Localization is a fundamental problem in robotics. The
‘kidnapped robot’ possesses a compass and map of its
environment; it must determine its location at a minimum
cost of travel distance. The problem is NP-hard [6] even to
minimize within factor clog n[21], where n is the number of
vertices. No approximation algorithm has been known. We
give a O(log® n)-factor algorithm. The key idea is to plan
travel in a ‘majority-rule’ map, which eliminates uncertainty
and permits a link to the %—Group Steiner (not Group
Steiner) problem. The approximation factor is not far from
optimal: we prove a clog®~¢ n lower bound, assuming NP ¢
ZTIM E(nP°'°9()  for the grid graphs commonly used in
practice. We also introduce a new hypothesis equivalence
decomposition of the plane, built from pairs of aspect graph
duals, in order to extend the algorithm to polygonal maps.

1 Introduction

Consider the following problem: a mobile robot is
placed at an unknown position in an environment for
which it has a map £. The robot constructs a map
&' of its local environment by going to different places
and sensing the environment from there. It rules out
positions whose local environment does not agree with
map &', until it infers the unique position where it was
located. The objective is to do so by traveling the
minimum distance. This is known as the kidnapped robot
or localization problem [4, 15].

Motivation. In general, robots must localize when
they are switched on because they may have been moved
while switched off. Also, the control systems guiding
a robot gradually accumulate error due to mechanical
drift and sensor noise [5]. Thus it is necessary to
localize from time to time to verify the actual position
of the robot in the map, and apply corrections. In this
context, localization eliminates the need for complex
and expensive position-guidance systems such as radio
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beacons [3, 4], to be installed in buildings or streets with
tall buildings, where three satellites are not in view and
so GPS is not effective. For situations in which such
systems cannot be built, such as a Mars rover (see [14]),
localization is the only possiblity.

‘ isibﬂity polygon V(p)

(L]

L] [ |

-

L]

: b
]

L]

Grid graph G Polygonal Model
(a) Models
H = {hy,hy,h3, hy}

hy o

(b) Hypothesis generation

Figure 1:

Model. We study localization on two well-known
models: grid graphs and polygons. A grid graph G is a
finite rectangular area of square cells as shown in Figure
1(a). Each cell can be either blocked or traversable. A
robot is always in exactly one traversable cell. It starts
in a traversable cell and can then always move to the cell
to its north, south, east or west. Tactile sensors allow
the robot to find the states (blocked / traversable) of its
four neighbouring cells. In the polygonal model [22, 4],
the environment is a simple polygon P and the robot
occupies exactly one point p € P. The robot is equipped
with a range finder, a device that emanates a beam
(laser or sonic) and determines distance to the first
point of contact with P’s boundary in that direction.



The robot sends out a series of beams spaced at regular
intervals about its position, measuring the distance to
the boundary at each of these angles. The “points of
contact” are then joined together to obtain a wisibility
polygon V with m vertices (see Figure 1(a)). We use n
to denote the size of the map: for grid graphs n is the
number of cells in G, and for the polygonal model it is
the number of vertices in map polygon P.

Following Dudek et al [6], we view the localization
problem as consisting of two phases: hypothesis gener-
ation and hypothesis elimination. The first phase is to
determine the set H of hypothetical locations (or hy-
potheses) that are consistent with the sensing data ob-
tained by the robot from its initial location (see Fig.
1(b)). The second phase is to determine, in the case
|H| > 1, which location h € H is the true location of
the robot. For grid graphs the robot can take H to be
set of all traversable cells and proceed to phase 2. For
polygons, Guibas et al [11] provide an algorithm which
generates at most n hypotheses using the visibility poly-
gon observed by the robot. Thus to solve the problem
we focus on hypothesis elimination.

By a strategy S we mean the hypothesis elimina-
tion routine in robot’s computer. We measure the effec-
tiveness of a strategy by the worst-case criterion. For
strategy S, let W (h, S) be the distance traveled to lo-
calize if the robot was placed at hypothesis h € H.
Then the cost W(S) is taken to be the maximum dis-
tance W (h, S) traveled for any starting position h i.e.,
W(S) = maxpcagW(h,S). The optimal strategy S*
has cost minges W(S), where S denotes the set of all
possible localization strategies. OPT(G,H) denotes the
cost of the optimal strategy, where G is the map and
H the set of hypotheses. We say that a strategy is a-
approximate if its cost is at most a- OPT(G,H).

Previous Work. Despite the considerable atten-
tion it has received in the robotics literature (e.g.
[4, 15, 20, 17, 22]), localization has been the subject
of less theoretical work. Dudek et al [6] show it is NP-
hard to find an optimal strategy; Koenig and Tovey
[21] show it is NP-hard to find a clogn-approximate
strategy on grid graphs or polygons. Papadimitrou and
Yannakakis [16] introduce competitive analysis (Sleator
and Tarjan [18]) into the realm of navigation problems
with incomplete information. Kleinberg [13] gives an
O(n?%)-approximate competitive algorithm for localiza-
tion on geometric trees, which asymptotically improves
the “spiral search” technique of Baeza-Yates et al. [1].
Dudek et al. [6] give a 2(k — 1)-competitive algorithm
in the polygonal model, where k = |H]|.

We briefly discuss the advantages of worst-case cost
over the competitive ratio introduced in [16]. Com-
petitive algorithms compare the distance traveled by

a robot to that by an omniscient verifier i.e, a robot
which has a priori knowledge of its position h € H
and probes the environment just to verify this infor-
mation. In other words, the distance traveled by an
omniscient verifier is exactly mingesW (h,S) and a a-
competitive strategy makes the robot travel at most
a-mingesW(h,S). From a practical standpoint, worst-
case cost better matches the roboticist’s concerns with
guaranteed rapid localization, rather than with compar-
isons against an omniscient verifier. From a theoretical
standpoint, it admits a O(log® n) approximation algo-
rithm, whereas it is NP-hard achieve a strategy with
competitive ratio o(y/n) on polygons [6].

Results. The main contributions of this paper are
(section 2) a polynomial time O(log®n)-approximate
strategy, and (section 3) a log? ¢ n approximation lower
bound, assuming NP ¢ ZTIM E(nr°w0s(™) for the
grid graphs commonly used in practice. The key
algorithmic idea is to plan travel in a ‘majority-rule’
map, which eliminates uncertainty and permits a link
to the 1-Group Steiner (not Group Steiner) problem
(defined in section 2.3). Section 4 extends the algorithm
to robots with line-of-sight (i.e., range finder) sensors
in polygons, by means of a new hypothesis equivalence
decomposition of the plane, built from pairs of aspect
graph duals. Section 5 sketches extensions to polygons
with holes and robots without compasses.

The basic framework of the strategy is to break the
task into a series of ‘half-localize’ steps:

HALF-LOCALIZE(G,H): Devise a strategy by
which the robot can correctly eliminate at least half
of the hypotheses in H. The robot should travel
(worst-case) distance as small as possible to achieve
this. HALF-OPT(G,H) denotes the cost of the optimal
strategy.

Intuitively it might appear that an O(log® n) algo-
rithm for half-localization should be a by-product of our
O(log® n) localization strategy and not vice-versa. As
an example of this, consider the %—Set Cover problem
where the objective is to cover half the elements at mini-
mum cost. There is a constant factor approximation for
this; and it is obtained by stopping the O(logn) greedy
algorithm for Set Cover as soon as we cover half the ele-
ments. (Another example is the algorithm for %—Group
Steiner [7], which is obtained by stopping the rounding
scheme of [9] as soon as the tree covers half the groups.)

However, half-localize seems to play a more funda-
mental role in our context. We discuss only the simpler
grid graph case here. Construct a ‘majority-rule’ map,
in which each cell is blocked or unblocked depending on
what the majority of the current hypotheses in H as-



sert. This majority-rule map permits three inter-related
simplifications. If the robot tries to follow a route on
the majority-rule map, but makes a minority observa-
tion (one inconsistent with at least half the hypotheses),
the robot has by definition half-localized. This permits
a plan to be a path rather than a decision tree. Dis-
tances in the real environment are uncertain, but dis-
tances on the majority-rule map are fixed. This permits
us to model half-localize as a Steiner type problem on a
graph, although we are not able to model localization as
such. Finally, there is an essential equivalence between
optimally half-localizing and halving paths (section 2.2)
on the majority-rule map.

2 Strategy for grid graphs

2.1 Preliminaries A hypothesis h is active at a
point of time if the robot has not yet eliminated it as a
candidate starting location. By successive readings on
the compass, the robot can keep track of its coordinates
with respect to the starting location. We assume that
robot’s starting location is at the origin (0,0) of the
cartesian plane and it moves along the edges of the
integer lattice £ = {(a,b)|a,b € Z}. A move to the
north, south, east and west on grid graph G amounts
to adding (0,1), (0,-1),(1,0) and (—1,0) to its current
coordinate (z,y) € L. In other words, assume the robot
started from hypothesis h € H. Then when it is at
coordinate (z,y) € L, it will be occupying the cell z
units east and y units north (negative values of z,y
denote west and south respectively) of h in grid G. We
say that the robot is at coordinate (x,y) relative to h.

Suppose the robot makes an observation when at
coordinate p € L. The outcome depends on its starting
location h € H. If the robot started from hypothesis
h, the observation will be the same as that by a robot
located at coordinate p relative to h. We denote this
observation by O(h, p) and call it the opinion of h about
coordinate p. If the cell at coordinate p to h is blocked,
we set O(h,p) = ¢. The hypothesis partition H(p) is
a partition of the set of hypotheses according to the
following equivalence relation: hy ~ hg iff O(hy,p) =
O(hz,p). Maj(p) denotes the largest size class of H(p).
The ‘majority opinion’ at p is the opinion common to
the plurality of hypotheses h € Maj(p). Note it may
occur that |Maj(p)| < 3|H|. The lemmas that follow
are valid in this case because the robot immediately
half-localizes. For an observation o € {b,t}*|J{¢} (as
there are two choices, blocked or traversable, for each of
the four neighbouring cells), G(p, 0) denotes the class of
‘H(p) with opinion o at p.

2.2 Halving Paths Let Lp, the majority-rule map,
denote the subgraph of the integer lattice formed by co-

ordinates p for which |G(p, ¢)| < |H|. A halving path is
a (possibly self-intersecting) path (po,p1,D2,---,Pm) €
Ly such that (i) the starting coordinate py is the origin,
and (i) |2 Maj(p:)| < 3|H|.

LEMMA 2.1. Let C be a halving path. There exists a
strategy S(C) for half-localizing the robot with travel cost
at most |C|.

Proof. Let C = (po = 0,p1,p2,...,Pm) Where p;y; is a
neighbour of p; in lattice L. We show that strategy
S(C) (see Algorithm 1) half-localizes the robot. After
observation o;, the robot keeps only those hypotheses
whose opinion at p; is 0;. Thus, it updates H' (the
set of active hypotheses) correctly. We show that S(C)
reduces the set of hypotheses by half. If the robot finds
that the cell at coordinate p; is blocked, it localizes to a
set of size at most |G(p;, ¢)| < 3|H| (since p; € Lp). I
observation o; is different from the majority opinion at
pi, H' C G(pi,0:), which has size at most 3|H|. Thus
the robot reaches p,, iff for each p;,0 < i < m — 1,
0; is the majority opinion at p;. In this case, H' =
Ny Maj(p;) which is again less that 1|H| (since C is
a halving path).

Algorithm 1: Strategy S(C)

Data : Grid graph G, set of hypotheses H and a
halving path (po = 0,p1,...,Pm) € L.
Result : The robot half-localizes in at most m

steps.
Initialize H' = H ;
for i =0tom—1do
begin

Make observation o; at coordinate p;;
Update H' = H' (G (p;, 0;). Stop if [H'|
SIHI;
Move to coordinate p;41;

IN

end
end
Make observation om, at pm;
H' N G(Pm,0m)- Stop.;

Update H' =

LEMMA 2.2. Let S be a strategy for half-localization.
There exists a halving path C(S) of length at most W (.S).

Proof. Imagine a robot guided by S which stops as soon
as it half-localizes. Let C(S) = (po = 0,p1,D2,---,Pm)
be the maximum length path traced by the robot in
lattice £ for any (initial) position in H. Let H; denote
the set of active hypotheses just after the robot makes
an observation at coordinate p;. For 0 < i < m,
|H;| > i|H| since otherwise the robot would have
stopped at p; itself. Each coordinate p;y; is unblocked
for at least |H;| > 1|H| hypotheses and hence C € L.

Finally we show that I = ", Maj(p;) is of size
at most |H|. For this assume a robot initially located



at some h € I. Guided by S, the robot will follow
path C(S) and observe the majority opinion o; at all p;
(since I C Maj(p;)). But then |I| = |N%, G(pi,0i)| =
|Hm| < 3|H| and hence C(S) satisfies the lemma.

2.3 Computing halving paths Let Cj; denote the
optimal halving path in £g. We solve the problem of
approximating the optimal halving path by reducing it

to an instance Zg of the %—Group Steiner problem.

%-Group Steiner Problem. In the Group Steiner
problem, the input consists of a graph G = (V, E) with
edge weights w : E — R and k subsets of vertices
(called groups) g1,92,---,9r C V. A tree T in G covers
group g; if T g; is not empty. The goal is to find a
minimum weight tree that covers all the groups. In the
%—Group Steiner problem, the goal is to find a min-cost
tree that covers at least half the groups. In the rooted
versions of these problems, tree T is also required to
contain a root vertex r € V.

The reduction is essentially a restatement of the
problem in terms of groups:

INSTANCE Zg: Take G as lattice Lg. All edges
have unit weight. Take origin as the root vertex. Let
H = {h1,ha,...,hi} be the set of hypotheses. Make k
groups, one for each hypothesis h; € H. Group g; is the
set of all lattice points p € Ly such that h; does not
share the majority opinion at p i.e., h; ¢ Maj(p).

Thus tree T C Ly covers k' groups iff (N, ., Maj(x)
has size k — k'. In particular, T covers at least half the
groups iff |\, e Maj(w)| < 5|H].

LEMMA 2.3. There erxists a O(log®n) factor approzi-
mation algorithm for the optimal halving path.

Proof. Assemble a O(log? n)-approximate algorithm for
1+-Group Steiner from the following components. An
O(log®n) algorithm for Group Steiner was given by
Garg et al [9] for the case when G is a tree. They first
solve a linear programming relaxation to get a fractional
solution and then use an innovative randomized round-
ing scheme. A modification of their algorithm can be
used to solve £-Group Steiner on trees within O(logn)
factor [7]. For general graphs, first the graph is approx-
imated by a tree using the tree-metric technique of [8]
(which is a recent improvement to Bartal [2]) and then
an O(log® n) approximation is found using the algorithm
of [9]. The approximation by tree costs O(logn) factor
in approximation, thus giving a O(log® n) algorithm for
%—Group Steiner.

Let T be the tree output by the algorithm on 7.
Then weight of T is at most O(log?n) - w(T*), where
T* is the optimal %—Group Steiner tree. Let C be the
path of length 2 - w(T) traced by a depth-first search
on T starting from the origin. C is a halving path

since |N,ec Maj(z)| = |Nyer Maj(z)| < 3|H|. Since
the optimal halving path Cj; covers half the groups,
w(T*) < |C%|. Therefore |C| < O(log®n) - |C%|.

Algorithm 2: Strategy RHL - Repeated Half

Localization
Data

Result

: Grid graph G, the set of hypotheses H
: The robot localizes to its initial position
heH
while |H| > 1 do
begin
Compute a halving path C (lemma 2.3);
Half-localize by strategy S(C) (lemma 2.2);
Move back to the starting location;
end
end

2.4 Putting everything together

THEOREM 2.1. A robot  guided by  strategy
RHL (Algorithm  2)  correctly  determines  its
initial position h € H by traveling at most
O(log® nlog k)OPT (G, H) distance where k = |H|
and n is the size of G. Further, the computation time
of the robot is polynomial in n.

Proof. Since the number of hypotheses reduces by at
least half after each phase, the robot localizes in m <
[log|H|] = [log k] phases. Let H; denote the set of ac-
tive hypotheses at the start of the ith phase. By lemma
2.3, the distance traveled by the robot in ith phase is at
most O(log’n) - [C}.|. By lemma 2.2, |Cf.| < HALF-
OPT(G,H;) < OPT(G,H), where the last inequality fol-
lows from the fact that any localization plan also reduces
the set of hypothesis by half. Therefore, the distance
traveled by the robot in each phase is at most O(log® n)-
OPT(G,H). Since there are O(log k) phases, the total
worst-case travel distance is O(log® nlog k)-OPT(G,H).
Since instance Zy can be constructed in O(nk) time, the
computation time is at most O(T'(nk) -logn) where T()
(a polynomial) is the time taken by the approximation
algorithm for %-Group Steiner.

3 Lower Bound

Preliminaries. A tree is said to be of arity d if every
non-leaf vertex has d children. A rooted tree has height
H if all its leaves are at distance H from the root. As
usual, the level of a vertex is its distance from the root;
the root itself is at level 0 and there are H + 1 levels.
Definition: [2] A hierarchially well-separated tree
(HST) is defined as a rooted, weighted tree in which
(i) all leaves are at the same distance from the root;
and (ii) the weight of every edge is exactly % times the
weight of its parent edge, where 7 > 1 is any desired
constant.



To prove the lower bound, we use the recent result
of Halperin et al [12] which establishes Q(log>~“n)
hardness for Group Steiner problem on HSTs. The next
theorem, extracted from their proof, states their result
in a detailed form suited to our purpose:

THEOREM 3.1. [12] Let L be any NP-complete lan-
guage. Then there exist constant cy and an algo-
rithm A that, given an instance I and a sufficiently
large constant o, produces in expected running time
O(|Z|petvtesIZD) an instance T' = (T,r,G) (r is also the
root of T') of Group Steiner problem such that:

1. For some m < |Z|°, T is a HST with height
H = (logm)®, arity d = m©18™) gnd 7 = mlosm,
Further, each group g € G is a subset of the leaves
of T and there are k = m©((log m)**) groups.

2. If T € L, then there is a (rooted) tree T' C T of
weight (logm)® covering all the groups.

3. If T ¢ L, then every tree T' C T covering all the
groups has weight Q((logm)3%+2),

THEOREM 3.2. Let L be any NP-complete language.
Then there exist constant c¢o and an algorithm A’ that,
given an instance T and o sufficiently large constant o,
produces in expected running time O(|T|PoWIo9(T)Y gn
instance " = (G, H) of the robot localization problem
on gridgraphs such that

1. For some m < |Z|, G has N = m©O((logm)*™")

cells and H has mO((ogm)**") hypotheses.

2. For some IB — mO((log m)“‘*‘l):

(a) If T € L, then there exists a localization plan
with worst-case cost O(B - (logm)®).

(b) If T ¢ L, every localization plan has cost
Q(B - (logm)>>+2).

Proof. Let T' = (T(V, E),r,G) be the instance of Group
Steiner on HSTs obtained by running algorithm 4 on
T (see Theorem 3.1 above). Let d, H and 7 denote the
arity, height and weight factor of HST T', and k denote
the number of groups in G. G consists of k+ 1 (disjoint)
copies By, Bi,..., By of grid graph B, where B is an
‘embedding’ of HST T respecting the weights on its
edges.

The embedding B is best described inductively. Let
B(v) denote the embedding of the subtree rooted at
vertex v € T. Cell ¢, at the southwest corner of each
B(v) corresponds to vertex v. For a leaf I, B(l) is a
3 x ([log k] + 5) rectangle with a single traversable cell
¢ at its southwest corner (Figure 2(b)). The reason for
adding blocked space to ¢; will be clear later, when we
use it to add “signatures” to leaf [. For a non-leaf vertex
v, B(v) is formed by combining the embeddings of the
subtrees rooted at its d children vy, va, .. ., vq (see Figure

2(a)). B(v1),B(v2),...,B(vg) are positioned along the
top edge of B(v) separated by north-south walls of
width 1. There is an east-west corridor ew, running
along the bottom edge of B(v). Cell ¢,, is connected
to this corridor by a north-south corridor ns,, which
corresponds to edge vv; € T. We make the length of
nsy; proportional to the weight of vv;: if v is at level h,
|nsy; | =8 - Tih, where 3 is a scaling factor to be chosen
later. Finally B = B(r) where r is the root of T'.

Let ap, b, be the length and breadth of the grid
required to embed the subtree rooted at a level h vertex
v € T. To see that the tree ‘fits’, observe that B(v) fits
in an ayp, X by, rectangle where ap, = d-ap41+ (d—1) and
by, = bpy1+ Tﬁh Hence by, = ([log k| +5)+,3-Zf;hl 4,
and by induction one can show that ap, =4 -df " — 1.

nsyy

nsyy nsyy

(a) Block B(v)

no. of groups, k = 128

0n
[
)
HOROOKRO

€1

(a) Leaf block B(l) (b) Adding signature Sgo to block B(l)

(b) A leaf block with signa-
ture

Figure 2:

Let w,, denote the weight of path connecting z,y €
T. Let P,, be the unique path connecting cells ¢, and
¢, in B. We show that choosing = 5d¥ - 77 makes
B an embedding of T in the following sense: for all
vertices z,y € T, B - wgy < |Ppy| < 28 - wyy. First
observe that the length of any north-south corridor ns,
is now at least 5df while any east-west corridor is less
than 4df. Therefore |ew,| < |ns,| for all u,v € T. We
charge the distances traveled along east-west corridors
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Figure 3: Gridworld G

to the north-south corridors immediately preceding it.
First assume z is the parent of y. Then P, consists of
the north-south hallway ns, along with portion of ew,
connecting ¢, to nsy. Clearly, §-wgy = [nsy| < |Ppy| <
|nsy| + |ew,| < 26 - wgy. Next consider the case when
x,y are siblings with common parent z. P, consists of
north-south corridors ns;,ns, along with the portion
of ew, connecting them. Hence, 8- wzy = B - (wg; +
wsy) = [ns| + nsy| < [Pyl < [nse| + nsy| + lews] <
28 - Wgz + B - way < 20 - wyy. For general z,y, let
Czo=z>Czy5- - -»Czm—y D€ be the cells corresponding to
vertices of T, in the order they occur along path P, .
By the construction of B, we know that for each i either
(1) zi+1 is a parent of z; or vice-versa, or (ii) 2;, z;+1 are
siblings. Therefore 8- w2, ; < |Pzzipy| <26 - wzyziy, -
Since |Pyy| = > |P:;z;4, |, the length of P, is within
factor 2 of 8- W,z = B - Way.

Let ¢1,92,-.-,9r be the k groups in G. We make
k + 1 copies By, B, ..., B}, of embedding B. B;’s are
the same except for distinguishing ‘signatures’ at some
leaf blocks. By = B is the dummy copy and contains no
signatures. For ¢ > 0, B; is formed by adding signature
s; (a binary encoding of 7) to every leaf block B(l) of B
such that [ € g; (Figure 2(b)). To add s;, first cell ¢; is
extended to a north-south corridor along the left edge
of B(l). Then a set of log k eastern “alcoves” encoding
i in binary are placed along the eastern edge: the jth
alcove from the top is blocked iff the jth bit in the binary
form is 0. A robot located at ¢; can read the value of
i by going north and sensing the alcoves to its right for
blockage.

Let x = 2-ag - by. Grid graph G is a (z + ag) x
((k+1)-bo+k—1) rectangle formed by connecting group
blocks {B;}; as shown in Figure 3. By, By, B, ... By, are
placed along the right edge of G separated by east-west
walls of width 1. A north-south corridor NS of width 1
runs alongside the left edge of G. The south-west cell of

each block B; is connected to this corridor by an east-
west corridor EW; of length z. The set of hypotheses
H equals {hg,hi,...,hr} where h; denotes the cell
at the south-west corner of block B;. Substituting
values of k,H,d,™ as given by Theorem 3.1, we get
B = 5d" - rH = mOUles™™™) G| = O(aohdk) =
mO(egm)*™) and |H| = k = mOogm)*™) " yhere
m < |Z|®. We complete the proof by showing that
the optimal localization plans for 7" = (G, H) in the
‘yes’ (Z € L) and ‘no’ (Z ¢ L) cases differ by a factor of
Q((log m)?e+2).

‘Yes’ case: Suppose Z € L. By theorem 3.1, there
exists a tree 7' C T of weight (logm)%, which covers
all groups in G. As all groups g € G consist of leaves of
T, wl.o.g. every root to leaf path in 7' ends at a leaf
of T. Let lg,l1,...,l;_1 be the leaves of T" in the order
they are visited by a depth-first search from the root.
Consider the following plan: read the signatures at leaf
blocks B(lp), B(l1),-..,B(lt—1) in that order. As soon
as a non-zero signature s;,,i9 > 0 is read, localize to
hi,. Otherwise, localize to hg.

To prove correctness, assume the robot was placed
(without its knowledge) at hypothesis h;,. If ig = 0,
the robot will read zero signatures at all leaf blocks and
correctly localize to hg. Suppose 79 > 0. Since T" covers
all groups, group g;, contains at least one leaf vertex
from T'. The robot will read signature s;, at the first
such vertex in the sequence lg,l1,...,l;_1 and localize
to hio-

The total travel cost of the robot is |Pn,| +
Zf;(zj |'F)lili+1| < 2/8 (wrlo +Zf;(2) wlili+1) < ZBU)(T') =
O(B - (logm)*). We neglect the cost of reading signa-
tures at [;, as it is O(¢ - logk) = O(d® logk) < j.

‘No’ case: Suppose T ¢ L. Assume that we have
found a localization plan with cost o(C - (logm)3>+2).
The number of movements for the plan is no larger than
the length of an east-west hallway EW;. Now assume
the robot starts at cell hg. Thus, it cannot visit a dif-
ferent east-west hallway and, as part of the localization,
must determine that no leaf block in its group block
has a non-zero signature. Let B(ly), B(l1),...,B(l;—1)
be all the leaf blocks, in the order they are visited by
the robot. The collection of groups that these leaves
cover must equal G, for otherwise the robot could not
distinguish between hypotheses hy and h; for the groups
g; not covered by them.

Let T' be the Group Steiner tree formed by taking
the union of paths connecting r to lp and I; to l;41
for 0 < ¢ < t—2. By Theorem 3.1, weight of T is
Q((logm)3@+2). Therefore, the cost of the localization
plan is at least |Pp,| + 28_2 |Piitia| > B - (wrgy +

Ym0 Wiitina) > B-w(T") = QB - (logm)*+2).



COROLLARY 3.1. For every fixred ¢ > 0, the robot lo-
calization problem cannot be approximated within ra-
tio log> N on gridworlds of size N, unless NP C
ZTIM E(npolwlos(n)),

Proof. Apply the algorithm in Theorem 3.2 with a =
2- (% —1). The logarithm of the size of grid graph G is
log N = O((log m)®*?), where m < n°. The optimum
localization plans in the ‘yes’ and ‘no’ case differ by a
factor of Q((logm)?2*2) = Q((log N)?~¢).

COROLLARY 3.2. For every fixed ¢ > 0, the robot
localization problem cannot be approximated within ratio
log> ¢ N on polygons with N wvertices, unless NP C
ZTIM E(nPoWlos(n)y,

Proof. The grid graph G in Theorem 3.2 above can be
viewed as a polygon P with at most N vertices. Let
h; denote the center of the cell h; in G. Consider the
localization problem on P with hypotheses set H' =
{hg, hY, ..., h,}. The optimal localization plan in the
‘yes” case has cost O(8 - (logm)?%), as a robot with a
range finder can only do better. However whenZ ¢ L, a
robot with a range finder may read the signatures from a,
distance, and localize at lesser cost. To rule this out, put
small ‘twists’ in polygon P just before every signature.
Thus the robot cannot read the signatures at a distance,
and therefore will travel at least Q(83 - (logm)3@t2)
distance as in Theorem 3.1 above. The ‘yes’ and ‘no’
cases differ by Q((logm)®*+?) and the bound follows by
choosing & = 2- (1 — 1).

4 Extension to polygons

In this section, we extend our algorithm to polygons.
The outline of the algorithm is the same: the robot
works in phases; in each phase reducing the set of
hypotheses by half. However since the robot moves
continuously, the set of possible coordinates M is the
whole of euclidean plane R?. As before, let opinion
O(h,p) be the visibility polygon observed by a robot
at coordinate p if it started from hypothesis h. If the
point at coordinate p lies outside P, take O(h,p) = ¢.
The hypothesis partition H(p) partitions hypotheses in
H according to their opinions at p. Let M g denote the
set of coordinates with |G(p, ¢)| < 3|H]|.

Redefine a halving path C as a ‘curve’ in the
plane with one endpoint at the origin such that
|Nuce Maj(z)| < L|H|. Here z goes over all the (infi-
nite) coordinates in C. It is straightforward to extend
lemmas 2.1 and 2.2 to the case of polygons with this
new definition. However since M g contains an infinite
number of points, one cannot compute an approxima-
tion to the optimal halving path Cj; by reducing it to
1-Group Steiner on a finite number of coordinates (as
in lemma 2.3). Instead we ‘discretize’ the problem to a
finite (and polynomial size) set of coordinates Qg such

that the optimal halving path on @ g has length within
constant factor of the optimal halving path in Mg.

To do so, we first compute what we call the hypoth-
esis equivalence decomposition D(P,H). D(P,H) is a
partition of coordinate plane M into polygonal cells
such that the hypothesis partitions are the same for
any two points in the same cell. This new construct
is more complex than what was needed previously (the
overlay arrangement of Dudek et al [6]). Thus we can
define H(C) and Maj(C), where C is a cell of D(P, H).
My is the union of all cells C € D(P,H) such that
|G(C, ¢)| < 3|H|. This partitions My into finite num-
ber of cells. Further the robot needs to make an obser-
vation only when it enters an unvisited cell of D(P, H).
In particular, it is enough to consider piecewise linear
paths with break points on segments in D(P, H).

Let L denote the set of line segments comprising
D(P,H), and V denote the end points of segments in
L. For point v € V (we call them vertices) and line
segment | € L, let w(v,l) denote the point closest to v
on [. The set Qg is define as {n(v,l)lv € V,l € L}.
In section 4.2, we show that shortest halving path
having breakpoints in Qg C L has length at most
5|Cy;|. Finally, an O(log? n)-approximate halving path
is obtained by solving an instance of %—Group Steiner
problem on Qg (as in lemma 2.3).

4.1 Hypothesis Equivalence Decomposition Let
P be the map polygon and H = {hq,hs,...,ht} the
set of hypotheses. First we briefly review the aspect
graph dual, which will be used as a building block in
the hypothesis equivalence decomposition. The idea
is to partition the plane into regions from which the
set of visible edges is the same. An edge e is visible
from a point p € P if at least one interior point (i.e.,
a point except the end points) of e is visible from
p. For a point p € P, the edge skeleton E*(p) is
the subset of edges of P visible from p. The aspect
graph dual E(P) is a partition of P into polygonal cells
such that the edge skeletons are the same for any two
points in the same cell. E(P) is a standard construct
in computational geometry (see [10] and references
therein), and can be constructed in polynomial time.
For sake of completeness, we describe its construction.

See Figure 4(a). Let e(p) denote the line segment
containing the subset of points on e visible from p.
Denote the (possibly) two end points of e(p) by e1(p)
and es(p) respectively. For points p,q € P, Ray(p,q)
denotes a ray starting from p which is collinear with
line segment pq and is directed away from p. For each
reflex vertex r and each edge e visible from r, introduce
two rays Ray(r,e1(r)) and Ray(r, ea(r)) in the interior
of P. Assume that these rays are line segments by



restricting them to the interior of P. Write E(P)
for the partition of P formed by these line segments.
By a cell C € E(P) we mean a maximally connected
region containing no line segments. We state without
proof that E*(p) = E*(q) for every two points p and
g contained in a cell C' € E(P). Clearly, E(P) can be
computed in time polynomial in n and has cardinality

O(n*).

Ray(r, ex(r))
P E(P)

(a) Dual of Aspect Graph

et [\ /

L G i o

D(P, Hyy)

(b) The subpartition D(P, H12)

Figure 4:

Let P; denote a copy of the map polygon P in

the coordinate plane such that hypothesis h; coincides
with the origin 0. For each pair of distinct hypotheses
H;; = {hi,h;} construct the hypothesis equivalence
decomposition D(P, H;;) (see Fig 4(b)) as follows: first
superimpose P; and P; to get a preliminary partition
P;|JP; of the coordinate plane. D(P, H;;) is then
formed by taking the duals of aspect graphs E(C)
for each cell (a maximally connected region containing
no line segments) C € P;|JP;. (Note that we do
not partition the region formed by the intersection of
the exteriors of P; and P;.) Finally, the hypothesis
equivalence decomposition D(P, H) for H is constructed
by taking the union of all line segments in the partitions
{D(P,H;;)|1 <i<j<k}
LEMMA 4.1. Let C be a cell of D(P, H;;). Then exactly
one of the following holds: (i) O(hs,p) = O(hj,p) for
all coordinates p € C or, (ii) O(h;,p) # O(hj,p) for all
coordinates p € C.

Proof. If C is the intersection of exteriors of P; and P;,
then O(h;,p) = O(h;,p) = ¢ and we are done. If not,
let Cy be the cell of P; | J P; containing C (see Fig. 4(b)).
Let S C B(CY) be the subset of edges of Cy visible
from every point in C (recall that C is a cell of aspect
graph dual E(C1)). If an edge e € S belongs to just
P; or P;j, then O(h;,p) # O(hj,p) for all coordinates
p € C. Otherwise assume that all edges in S belong to
both P; and P;. Then a robot at coordinate p will see
the same visibility polygon regardless of whether it was
initially at h; or hj, and hence O(h;,p) # O(h;,p) for
all coordinates p € C.

LEMMA 4.2. D(P,H) satisfies the following:(i) The
cells of D(P, H) are polygonal regions, and(ii) H(p) =

H(q) for every two coordinates p,q contained in a cell
C of D(P,H).

Proof. Every cell C € D(P, H) is equal to the inter-
section of cells C;; € D(P, H;;) containing it. Since
Cij’s are polygons, C' will be a polygon itself. For
the second part, assume two points p,q contained in
C such that H(p) # H(q). Choose a pair of hypothe-
ses (hm, hyy) such that they belong to the same class in
H(p) but not in H(g). Then p,q € Cp, € D(P, H;j)
are two points such that O(h,,,p) = O(h,,p) but
O(hm,q) # O(hy,q), thereby contradicting lemma 4.1
above.

Since |P;|JP;| = O(n?), we have |D(P, H;;)| =
O(n*). Hence D(P, H) is formed by at most O(k2n?)
lines and is of total cardinality O(k*n®). Thus we can
compute D(P, H) in polynomial time by the construc-
tion above. Since Qg = |V| - |L|, the set of coordinates
Qg is also of size polynomial in n.

4.2 The Set of Coordinates Qg For each edge
e of D(P,H), the first time the robot hits e (at an
endpoint or interior) it can visit the interior of each
adjacent cell at arbitrarily small cost. New information
is acquired only at these limited times. Between two
such points p;, ps € L the robot can follow the shortest
path joining them in Mg, which has break points only
at vertices v € V forming the boundary of Mg.Thus
by ignoring an arbitrarily small positive cost, robot
movement can be assumed to be piecewise linear with
breakpoints at edges of D(P, H). We redefine halving
path in the new framework: a curve C is said to cover a
cell C € D(P, H) if C intersects C or its boundary. The
cover of C, Cover(C), is the set of all cells C € D(P, H)
covered by C. Thus a halving path is a curve C with
| nC’ECover(C) MaJ(C)l < %|H|

We next show that there exists a halving path of
length 5|C¥| with break points in Qg. Call a break
point of Cj; a reflection point if it lies in the interior



of a line segment | € L. Since all other break points
are vertices and hence belong to g, our aim will be to
‘shift’ the reflection points to Q. The proof consists of
two steps: first we show that for each reflection point 7
one can find a point ' € Qg not far from it (lemma 4.3).
Then we describe an operation Shift(C,v,v") that shifts
the endpoint of a given curve C from v to v', maintains
the set of cells covered by it and introduces no new
reflection points; while increasing its length by at most
|vv'|. The result is proved by ‘shifting’ each subpath
of C}; between two reflection points r;,ry to its new
endpoints r{,r5 € Qg, which are found by lemma 4.3.

(a) Proof of lemma 4.3

(b) Operation Shift(C, v, v')

Figure 5:

LEMMA 4.3. Let r be a reflection point of Ci and let
r~ and rT be break points preceding and succeeding it.
Let I. € L be the line segment containing it. Then
there exists a point v’ € 1.(\Qu such that |rr'| <
[r=r] + |rrt].

Proof. Let II~,IIT be lines perpendicular to I, passing
through 7=, 7% respectively. Let R be the region of the
plane between II™,IIT. Suppose there exists a vertex
v € Vin R. Then r' = 7n(v,l,) € Qu satisfies the

lemma. Assume, for the sake of contradiction, that
there exists no vertex in R. Then r—,rt are reflection
points. Let wtvt and w~v™ be line segments in L
containing r*,r~ respectively. Since R contains no
vertices, both w™,v~ lie outside R (see figure 5(a)).
W.lo.g. assume w™ lies to the left and v~ to the right
of R. Let g be the point where w~ v~ intersects II~.
Then at least one endpoint v+ of the anchor at 7+ must
lie inside the quadrilateral rr—qr*. We can take r' to be
the projection of that endpoint on [/, (a contradiction).

Let C be a piecewise linear curve with endpoints
u,v. Suppose v lies in the interior of segment [ € L.
Let v' be another point on [. Figure 5(b) illustrates
how Shift(C, v, v') works. Let ug be the break point
preceding v in C. We fix ug and slide endpoint v of line
segment ugu on [ till it reaches v'. If we hit the vertex ug
of a cell covered by C, we make u; a ‘new’ break point
and repeat sliding on uyv;. This is repeated to give new
break points w1, us, ..., till v reaches v'. Since u; € V,
we introduce no new reflection points. As new break
points {u;}; are made every time the curve is about to
exit a cell in its cover, Cover(C) C Cover(C'). Finally
by the triangle inequality, |C'| < |C| + |vv'|.

LEMMA 4.4. There exists a piecewise linear halving
curve of length at most 5|Cy;| with break points in Qg .

Proof. Letry,ra,...,rr—1 be the reflection points of Cy;.
Let Z;,0 < ¢ < k denote the subpath of Cy from r;_;
to r;, where rg and rj, are the two endpoints of C};. By
lemma 4.3, choose point r; € Qu on the line segment
containing r; such that |riri| < |r7 7| + |rirf|. Let
Z} =Shift(Z;, ri_1, r;_,) and Z] =Shift(Z], r;, r})
be curves obtained by consecutively shifting the two
endpoints to rj_,,r} respectively. Let Z" denote the
curve formed by concatenating Z{', ZY, ..., Z}!. Clearly
Z'" covers the cells covered by Z, and therefore is a
halving curve. Further |Z"| < |C¥| +2- S0 rirl| <

k—1

ICx|+2 Y (Ir7ri| +|rirf|) < 5-|C}| where we use the
i=1

fact that r} were chosen by lemma 4.3.

It is easy to show that an O(log® n) approximation
to the optimal halving curve is obtained by solving the
following instance of 3-Group Steiner: we take G as
the complete graph on Q. The weight of edge (g1, ¢2)
is taken to be the shortest length path in Mg joining
points g1, ¢g2. There are k groups where group g; consists
of all coordinates ¢ € Qg such that h; ¢ Maj(C) for at
least one of ¢’s neigbouring cells C.

5 Further Extensions

Here we sketch some extensions of our algorithm. If the
robot does not possess a compass, but has no actuator
uncertainty with respect to changes in orientation, the



lower bound remains valid. For the algorithm, redefine a
hypothesis to be a (location,orientation) pair. The size
of the set H of possible hypotheses remains O(n), and
the algorithm extends naturally as the robot operates
on the map relative to the original (location,orientation)
pair.

When the map polygon contains polygonal holes,
the cells of subpartition D(P,H;;) will be polygons
with holes rather than just simple polygons. A ver-
tex of such a cell may see more than one continu-
ous portion of a particular edge through the windows
formed by different obstacles. Therefore the dual of
aspect graph needs to be augmented by adding rays
Ray(v,e1(v)), Ray(v, e2(v)), ..., Ray(v, ex(v)) where v
is a vertex of the map polygon (including the vertices
on holes) and e;’s are the end points of the various por-
tions (each portion will still be a line segment) of e
visible from v. This leads to a decomposition of car-
dinality O(n*) as before. The hypothesis equivalence
decomposition D(P, H) can then be formed by taking
intersections of all subpartitions D(P, H;;) and hence
is of polynomial cardinality. We can verify that the
lemmas above hold for polygonal cells with holes, and
therefore our algorithm extends with the same approxi-
mation guarantee but a concomitant increase in running
time.
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