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Abstract

Multi-Agent Path Finding (MAPF) is the problem of nding a list of collision-free paths, one for each agent,
that move them from their respective start locations to their respective target locations in a shared envi-
ronment. The objective of MAPF is to minimize the sum of (path) costs (SOC), where the cost of a path is
de ned as the travel time for an agent to move from its start location to its target location when it follows
the path. MAPF has numerous applications in coordinating multiple agents, including automated ware-
houses, tra ¢ management, quadrotor swarms, robotic multi-arm manipulation, and even the navigation
of animated characters. However, solving MAPF optimally is NP-hard, which makes it a challenging prob-
lem. To trade o solution quality for runtime, researchers have been working on bounded-suboptimal
MAPF, which aims to nd a solution for a MAPF instance whose SOC is at most a user-speci ed bounded-
suboptimality factorw larger than optimal. In other words, bounded-suboptimal MAPF strikes a balance
between the runtime required to nd a solution and the guarantee on its quality.

Explicit Estimation Con ict-Based Search (EECBS) is a state-of-the-art bounded-suboptimal MAPF al-
gorithm. It is a two-level MAPF algorithm that is based on heuristic search. Its strategy is to iteratively
nd paths for agents on the low level and resolve collisions that occur between them on the high level.
To resolve collisions, EECBS uses constraints to prevent agents from occupying locations at times that
would result in collisions. To guarantee that the solution is bounded-suboptimal, EECBS requires the SOC
of paths to be at mostv larger than the SOC of the minimum-cost paths that satisfy the constraints. It

achieves this by nding an individually bounded-suboptimal path for each agent. A path is individually
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bounded-suboptimal i its cost is at most a user-speci ed bounded-suboptimality fastdarger than the

cost of a minimum-cost path that satis es all constraints. To nd an individually bounded-suboptimal path,
EECBS runs Focal Search on its low level, which returns a lower bound on the cost of a minimum-cost path
that satis es the constraints and a path whose cost is at madimes the lower bound, which guarantees

the path to be individually bounded-suboptimal. As each path is individually bounded-suboptimal, the
SOC of each agent's path is at magttimes the sum of their lower bounds, which guarantees the SOC of
paths to be at mostv larger than the SOC of the minimum-cost paths that satisfy the constraints (thereby
guaranteeing the solution it nds is bounded-suboptimal).

Despite being the state-of-the-art bounded-suboptimal MAPF algorithm, EECBS maintains its guaran-
tee of nding bounded-suboptimal solutions by nding individually bounded-suboptimal paths. However,
the de nition of bounded-suboptimal MAPF algorithms depends on then of path costs rather than the
cost of each path. Thus, in this dissertation, we propédex Distributionan approach that relaxes the
requirement that the paths of agents be individually bounded-suboptimal while still guaranteeing that it

nds bounded-suboptimal solutions. Given a list of paths, some of them can satisfy constraints with costs

that are close to optimal. In this case, Flex Distribution allows the other paths to have costs that exceed
w times their lower bounds, enabling these agents to avoid collisions. Although these paths are no longer
individually bounded-suboptimal, Flex Distribution still guarantees that the SOC of each agent's path is at
mostw times the sum of their lower bounds, thereby guaranteeing EECBS to nd a bounded-suboptimal

solution.

We rst propose Greedy Flex Distributiormvhich is an intuitive mechanism that allows EECBS to nd
paths with costs as high as possible, as long as the SOC of paths is atuntistes the sum of their
lower bounds. We also proposeon ict-Based Flex Distributipwhich provides thresholds on costs based
on the number of collisions between paths. In this case, EECBS can only nd paths with costs at most

the thresholds. We also propodgelay-Based Flex Distributiowhich estimates the additional cost (i.e.,
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delays) required for a path to satisfy the constraints and then determines its threshold accordingly. Fur-
thermore, we proposixed-Strategy Flex Distributiowhich combines Con ict-Based Flex Distribution
and Delay-Based Flex Distribution in a hierarchical framework. We prove that EECBS, combined with our
Flex Distribution mechanisms, is still guaranteed to nd bounded-suboptimal solutions if such solutions
exist. Empirically, we demonstrate that EECBS with our Flex Distribution mechanisms outperforms the
one without Flex Distribution in terms of success rates within a 120-second runtime limit.

To improve the e ciency of EECBS, another line of research involves generatinglance heuristics
that help reduce collisions when EECBS nds paths on its low level. In this dissertation, we combine
Flex Distribution and guidance heuristics to further improve the e ciency of EECBS. In particular, we
propose a two-phase guidance framework as a general approach for computing guidance heuristics. Then,
we propose thd-low-Based Guidance Framewwaitkich uses Flex Distribution when computing thHeow-
Based Guidance Heuristithat is, we apply Flex Distribution in both computing guidance heuristics and
EECBS. Empirically, we demonstrate that EECBS with our Mixed-Strategy Flex Distribution becomes even
more e cient when using our Flow-Based Guidance Heuristics. We also demonstrate that EECBS with our
Mixed-Strategy Flex Distribution is more e cient when using our Flow-Based Guidance Heuristics than

when using other state-of-the-art guidance heuristics.
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Chapter 1

Introduction

The emergence of autonomous multi-robot systems has transformed how we envision automation in com-
plex and dynamic environments. By enabling a eet of robots to cooperate, complex tasks can be accom-
plished at a level of scalability that far surpasses the capabilities of a single robot. A typical scenario in-
volving multi-robot systems can be found in automated warehouses, where a eet of mobile robots moves
packages from one location to another, or multiple robot arms collaboratively stack and wrap packages.
In this case, although the individual robots may have simple capabilities, their collective behavior can lead
to sophisticated and e cient operations that boost productivity.

The core of coordinating multiple robots, or, more generally, multiple agentsjudti-Agent Path Find-
ing (MAPF), which is the problem of nding a list of collision-free paths, one for each agent, to move from
their respective start locations to their respective target locations in a shared environment, while achieving
some collaborative objectives. Many real-world applications can be modeled as MAPF. For example, MAPF
can be applied to automated warehouses, as shown in Figure 1.1. In an automated warehouse, multiple
mobile robots need to coordinate their paths to avoid collisions while optimizing their overall e ciency in
delivering packages [6, 23, 66]. On the other hand, multiple robot arms need to coordinate their movements
to avoid collisions while collaboratively assembling complex spatial structures or arranging objects [11,

73]. Aside from automated warehouses, MAPF can also be applied to tra ¢ management, as shown in



(a) Amazon ful liment center (b) Simulated scenario (c) Robot-arm operation

Figure 1.1: MAPF applications in automated warehouses: (a) a real-world Amazon ful llment center (photo
credit: [17]), (b) a simulated scenario for a warehouse robot planning competition (photo credit: [6]), and
(c) robot-arm operation (photo credit: [73]).

(a) Automated garage  (b) Train scheduling (c) Aircraft scheduling (d) Quadrotor swarm

Figure 1.2: MAPF applications, namely, (a) parking in automated garages (photo credit: [19]), (b) train
scheduling with uncertain delays (photo credit: [29, 26]), (c) aircraft scheduling along airport taxiways
(photo credit: [38]), and (d) quadrotor swarm operations (photo credit: [16]).

Figure 1.2. For example, MAPF can be applied to coordinating several connected and autonomous vehicles
when traversing tra c intersections [33] or parking in automated garages [19]. MAPF can also be applied
to tra ¢ management of trains with di erent lengths [13, 29], multiple aircraft moving along taxiways in
a large airport [38, 58], and quadrotor swarms ying in an obstacle-rich environment [22, 24, 46]. MAPF
can even be applied to navigating teams of animated characters in video games [57, 45].

A solution to a MAPF instance, i.e., a list of collision-free paths (one for each agent), enables agents
to move from their (unique) start locations to their (unique) target locations without collisions and then
stay at their target locations permanently after following their paths. In this case, the travel time of an

agent, or equivalently, the cost of its path, refers to the time for the agent to move from its start location



to its target location. Accordingly, common objectives of MAPF include minimizing one of the following

metrics:

" sum of (path) cos{&OC), or equivalentlypwtime, which is the sum of the travel time of each agent;

" makespanwhich is the travel time of the last agent that reaches its target location, i.e., the cost of

the maximum-cost path in the solution.

SOC and makespan have a Pareto-optimal structure [70]. In general, they cannot be minimized simultane-
ously. In this dissertation, we focus on the objective of minimizing SOC since this optimization criterion
is widely used in many existing works [30, 31, 32, 56].

Although MAPF captures the need to resolve spatio-temporal collisions and optimize a performance
metric, solving MAPF with the optimal SOC is NP-hard on general graphs [70], planar graphs [69], and
four-neighbor grid graphs [3]. On the other hand, solving MAPF is NP-hard on directed graphs [47].

Similarly, solving MAPF with a makespan of at most a factor of 4/3 larger than optimal is NP-hard [43].

1.1 Motivation

In this section, we rst explain why MAPF is an important problem. We then explain why we focus on

bounded-suboptimal MAPF in this dissertation.

1.1.1 Why Multi-Agent Path Finding (MAPF)?

The reason why MAPF is worth researching is that it o ers huge exibility, allowing for the easy exten-
sion to di erent variants and tting a wide range of applications. For example, in automated warehouse
scenarios, MAPF can be extended.itelong MAPH12, 25, 37, 42, 64, 74], where agents are assigned new

target locations once they reach their current ones. The objective of Lifelong MAPF is to maximize the

"When calculating the travel time of an agent, the time after the agent reaches its target location and stays there permanently
is ignored.



average number of target locations that agents reach over the course of the operation. A similar extension
of MAPF is to require each agent to traverse a set of known target locations. For exaMmplé;Goal
MAPF[60, 62] is an extension where an agent must traverse each of its assigned set of target locations at
least once MAPF with Precedence Constrajiif§ is another extension that requires agents to visit their
assigned target locations while satisfying temporal precedence constraints between these locations. In
tra c management scenariosPnline MAPH40, 61] is an extension where new agents constantly show

up and disappear again, and all these agents must nd collision-free paths to their target locations.

To withstand agents being delayed unexpectedly, MAPF can be extendedltast MAPR2]. In this
case, given the worst-case amount of delay, agents can still reach their target locations without collisions by
following their paths. To accommodate agents of di erent sizes, MAPF can be extendddRF- for Large
Agentg[36], where an agent can occupy multiple adjacent locations. Also, to allow for formation control,
MAPF can be extended tdoving Agents in Formatigi35], where agents must move without collision
in a particular formation toward their target locations. Additionally, to incorporate a deadline by which
all agents must have reached their target locations, MAPF can be extendelARF with Deadlineigl4],
where the objective is to maximize the number of agents that reach their target locations without collisions
from their start locations within the given deadline.

Moreover, MAPF can be extended to target-location assignment for the agents. For example, MAPF
can be extended tAnonymous MARFsiven the same number of unique target locations as the agents, the
objective of Anonymous MAPF is to assign each agent one unique target location and nd a list of collision-
free paths, one for each agent, that minimizes the makespan [1]. Anonymous MAPF can be generalized
to the Combined Target Assignment and Path Finding problem. In this framework, multiple Anonymous
MAPF instances coexist in a shared environment, where agents are assigned unique target locations based
on their speci ¢ instance. Anonymous MAPF can also be generalized to each target location having a

deadline by which it must be reached by a unique agent [18].



The idea of assigning target locations to agents can be further extended to simulate the pickup and
delivery behavior in automated warehouses, resultinghtulti-Agent Pickup and DeliverfMAPD) [39].
A pickup-and-delivery task consists of a pickup locatiqn a delivery locationd, and a release timg,
indicating that a package is released at tirat locationp and needs to be delivered to locatiah In this
case, given a set of pickup-and-delivery tasks and a set of agents starting from their start locations, the
objective of MAPD is to minimize the completion time of the last pickup-and-delivery task while avoiding
collisions between the agents. Similar to MAPF, MAPD can also be extenddafibtong MAP}42], where
the pickup-and-delivery tasks may be released at any time, and the objective is to minimize the average
di erence between the nish time and the release time of a pickup-and-delivery task, ahdti-Goal
MAPDI[67], where each pickup-and-delivery task is extended from a pair of pickup and delivery locations
to a sequence of locations.

By incorporating the kinodynamic constraints of the agents, MAPF can be extendéduiti-Agent
Motion Planningwhich aims to nd a list of collision-free trajectories, one for each agent. A trajectory
is a time-parameterized description of an agent's motion through space. For example, by connecting the
states of the agents (that each describe the position, velocity, acceleration, etc. of an agent) with motion
primitives (i.e., a nite set of elementary actions that an agent can perform), MAPF can be applied to
non-holonomic agents [14]. By incorporating approaches that optimize the speeds of agents (rather than
assuming that agents can move and stop instantaneously), MAPF can be further extended to nd collision-
free trajectories with motions that are smooth in time [33, 68]. By constructing a roadmap that avoids
static obstacles in a shared environment, MAPF can be extended to nding collision-free trajectories on
the roadmap [24, 51]. Finally, MAPF can also be extended to handling the asynchronous execution of move
actions [53, 76].

In general, MAPF is one of the foundations of multi-agent systems. By nding collision-free paths for

agents, MAPF serves as an interface between task planning and motion planning.



Figure 1.3: The spectrum of optimal, suboptimal, anytime, and bounded-suboptimal MAPF algorithms
regarding their solution quality guarantee and their scalability.

1.1.2 Why Bounded-Suboptimal MAPF?

As shown in Figure 1.3, a spectrum of MAPF algorithms has been proposed in recent years with the objec-
tive of minimizing SOC. On the left end of the spectrum, we haygimal MAPF algorithmsvhich provide
the strongest guarantees regarding the solution quality (i.e., nding solutions with the minimum SOCs).
However, due to the computational intractability of nding optimal solutions for MAPF instances, these
algorithms are limited in scalability as the computational overhead grows exponentially with the number
of agents. Thus, researchers have been working on trading o solution quality for e ciency to scale up
to MAPF instances involving thousands of agents moving in large environments, i.e., large-scale MAPF
instances. Thus, on the right end of the spectrum, we hauboptimal MAPF algorithmshich provide
solutions quickly and thus are able to solve large-scale MAPF instances [50]. Between optimal MAPF al-
gorithms and suboptimal MAPF algorithms, we haamytime MAPF algorithmthat quickly nd an initial
solution using a suboptimal MAPF algorithm and gradually improve its solution quality. However, these
MAPF algorithms typically nd solutions with no guarantees on the solution quality. That is, agents can
take long detours or delays when following their collision-free paths.

Thus, we focus ofbounded-suboptimal MAPF algorithrviich nd a list of collision-free paths whose
SOC is at most a user-speci dsbunded-suboptimality factev larger than that of the optimal solution.
Thatis, if an optimal solution of a MAPF instance has SOG then bounded-suboptimal MAPF algorithms
guarantee to nd a solution where SOC is at most C . Bounded-suboptimal MAPF algorithms strike

a balance between their scalability and their solution quality guarantee. By relaxing the solution quality



Figure 1.4: (a) success rate, (b) average runtime, (c) average sum of (path) costs (SOC)yawt(@ss

rate of the state-of-the-art optimal (i.e., CBS), suboptimal (i.e., LaCAM), anytime (i.e., MAPF-LNS), and
bounded-suboptimal (i.e., EECBS and our EECBS-MFD-FH) MAPF algorithms over 25 MAPF instances for
each number of agents on thden520dgraph. The vertical bars indicate the 95% con dence intervals.

guarantee from optimal to bounded-suboptimal, bounded-suboptimal MAPF algorithms achieve higher
scalability than optimal MAPF algorithms. Yet, unlike suboptimal MAPF algorithms, bounded-suboptimal
MAPF algorithms still provide a solution quality guarantee.

As shown in Figure 1.4, we provide some empirical results for several state-of-the-art MAPF algo-
rithms, including Con ict-Based Seardi€BS) [56] as an optimal MAPF algorithrhazy Constraints Ad-
dition search for MAPRLaCAM) [50] as a suboptimal MAPF algorithrharge Neighborhood Search for
(Anytime) MAPKMAPF-LNS) [27] as an anytime MAPF algorithm, and Explicit Estimation Con ict-Based
Search (EECBS) [34] as a bounded-suboptimal MAPF algorithiie use the state-of-the-art versions of
CBS [30, 31, 32] and LaCAM [48] rather than their vanilla versions. For MAPF-LNS, we use the state-
of-the-art version of LaCAM [48] as the suboptimal MAPF algorithm to nd an initial solution and then
re ne it with Prioritized Planning57], resulting in one of the state-of-the-art versions of MAPF-LNS. For
EECBS, we use the version of Li et al. [34], but without the weighted dependency graph heuristics due to its
huge computational overhead Additionally, we incorporate all enhancements proposed in this disserta-
tion, resulting in EECBS-MFD-FH. We set the runtime limit to 120 seconds and the bounded-suboptimality
factor w to 1.10. We run all MAPF algorithms on the same set of MAPF instances with the numbers of

agentg120Q 140Q 160Q 180Q 2000]on theden520dgraph from the MAPF benchmark suite [59], where

» See Li et al. [34] for empirical comparisons of EECBS with other bounded-suboptimal MAPF algorithms.
~See Section 2.4.3.4 for the weighted dependency graph heuristics.



25 MAPF instances with random start and target locations are generated for each number of%gNats
evaluate the success rates, average runtimes, and average SOCs over all MAPF instances with the same
number of agents. We de ne theolved MAPF instanceka given MAPF algorithm per number of agents

as the MAPF instances solved within the 120-second runtime limit. We de ne the success rate per number
of agents as the number of solved MAPF instances divided by the number of all MAPF instances with the
same number of agents (which is 25). Additionally, each MAPF algorithm maintains a lower bound on the
optimal solution during the search. Accordingly, we de ne the-success ratef a given MAPF algorithm

per number of agents as the number of solved MAPF instances whose solutions have SOC at most the
bounded-suboptimality factow larger than the lower bound that this MAPF algorithm maintains when

it terminates, divided by the number of all MAPF instances with the same number of agents (which is 25).
For the calculation of the average runtime, the runtime is set to the runtime limit (i.e., 120 seconds) if a
MAPF algorithm cannot nd a solution within the runtime limit. The average SOC per number of agents is
calculated by averaging the SOC over all MAPF instances solved by a MAPF algorithm within the runtime
limit.

In Figure 1.4 (b), since MAPF-LNS iteratively re nes the solution quality until the runtime reaches the
runtime limit, we omit its runtime. In Figure 1.4 (c), since CBS solves zero MAPF instances for any number
of agents within the 120-second runtime limit and EECBS solves zero MAPF instances for 2,000 agents,
they are missing all dots or one dot, respectively.

As shown in Figures 1.4 (a) and 1.4 (b), although CBS guarantees to nd optimal solutions, its compu-
tational intractability results in solving zero MAPF instances within the 120-second runtime limit, demon-
strating its poor scalability. On the other hand, LaCAM solves all MAPF instances within the 120-second
runtime limit (i.e., with a success rate of 1.0) regardless of the number of agents, and has the lowest aver-

age runtime among all MAPF algorithms, demonstrating its strong scalability in solving MAPF instances.

YSee Section 5.4.1 for more detailed con guration settings, including the hardware platform.



However, as shown in Figure 1.4 (c), since LaCAM nds solutions without providing guarantees on the
solution quality, it typically nds solutions with high SOCs. Furthermore, as shown in Figure 1.4 (d), apart
from CBS (that solves zero MAPF instances within the runtime limit), LaCAM exhibits the wefsticcess
rates among the remaining MAPF algorithms. Although we can use the state-of-the-art anytime MAPF
algorithm, i.e., MAPF-LNS, to iteratively improve the solutions, its average SO@aslccess rate remain
worse than those of the state-of-the-art bounded-suboptimal MAPF algorithm, i.e., EECBS, and EECBS-
MFD-FH.

In short, compared to optimal, suboptimal, and anytime MAPF algorithms, bounded-suboptimal MAPF

algorithms o er a promising approach for balancing scalability and solution quality.

1.2 Contributions

In this dissertation, we improve the e ciency of a state-of-the-art bounded-suboptimal MAPF algorithm
called EECBS [34]. EECBS is a two-level MAPF algorithm based on heuristic search. Its strategy is to
iteratively nd one path for each agent on the low level and then resolve collisions between them on the
high level. To resolve collisions, EECBS uses constraints to prevent agents from occupying locations at
times that would result in collisions. To nd a bounded-suboptimal solution, EECBS nds an individually
bounded-suboptimal path for each agent that satis es its constraints. A path is individually bounded-
suboptimal i its cost is at most the bounded-suboptimality factar larger than the cost of a minimum-

cost path that satis es the constraints. To nd an individually bounded-suboptimal path, EECBS uses
Focal Search on its low level [52]. Focal Search returieveer boundon the cost of a minimum-cost

path that satis es the constraints and a path whose cost is at moshreshold which is w times the

lower bound, resulting in the path being individually bounded-suboptimal. By requiring each path to
be individually bounded-suboptimal, EECBS ensures that the SOC of each agent's path is at most the

bounded-suboptimality factow larger than the sum of their lower bounds, thereby ensuring that the SOC



of each agent's path is at most the bounded-suboptimality fastolarger than the SOC of each agent's
minimum-cost path that satis es the constraints.

Despite being the state-of-the-art bounded-suboptimal MAPF algorithm, EECBS maintains its guaran-
tee of nding bounded-suboptimal solutions by nding individually bounded-suboptimal paths. However,
the de nition of bounded-suboptimal solutions depends on thiem of path costs rather than the cost of
each path. Thus, it is unnecessary to force the path of each agent to be individually bounded-suboptimal.

Since EECBS unnecessarily requires each path to be individually bounded-suboptimal, the hypothesis
of this dissertation is as follows:

Given a user-speci ed bounded-suboptimal factor, one can speed up EECBS by relaxing the requirement
that the paths of agents be individual bounded-suboptimal while maintaining the guarantee of nding a
bounded-suboptimal solution to a MAPF instance if a solution exists.

In particular, the contributions of this dissertation are as follows:

1. We proposé-lex Distributionan approach for EECBS that relaxes the requirement that the paths of
agents be individually bounded-suboptimal while maintaining the guarantee of nding a bounded-
suboptimal solution to a MAPF instance if a solution exists. When EECBS nds a list of paths, one
for each agent, that satisfy constraints, it may nd some agent's paths with costs close to the costs
of minimum-cost paths that satisfy the constraints. In this case, Flex Distribution allows EECBS to
nd the paths of the other agent with costs exceeding the bounded-suboptimality faetdarger
than their lower bounds, which enables these agents to make detours to avoid collisions (i.e., nd
paths with higher costs but fewer collisions than those without Flex Distribution), thereby allow-
ing EECBS to terminate more quickly. Although these paths are no longer individually bounded-
suboptimal, EECBS with Flex Distribution still guarantees that the SOC of each agent's path is at
most the bounded-suboptimality factav larger than the sum of their lower bounds, thereby guar-

anteeing to nd a bounded-suboptimal solution.
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2. We proposeGreedy Flex Distributignvhich is an intuitive mechanism that allows EECBS to nd
paths with costs as high as possible, as long as the SOC of each agent's path is at most the bounded-
suboptimality factorw larger than the sum of their lower bounds. We also propd3en ict-Based
Flex Distributionwhich determines thresholds of Focal Search based on the number of collisions be-
tween paths. We also propofelay-Based Flex Distributiomhich estimates the additional cost (i.e.,
delays) required for a path to satisfy the constraints and then determines its threshold accordingly.
Furthermore, we proposMlixed-Strategy Flex Distributiowhich combines Con ict-Based Flex Dis-
tribution and Delay-Based Flex Distribution in a hierarchical framework. We prove that EECBS,
combined with our Flex Distribution mechanisms, is still guaranteed to nd bounded-suboptimal
solutions if such solutions exist. Empirically, we show that EECBS with our Flex Distribution mech-
anisms outperforms the one without Flex Distribution in terms of success rates for a 120-second

runtime limit.

3. To improve the e ciency of EECBS, another line of research involves generaiigance heuristics
that help reduce collisions when EECBS nds paths onits low level. In this dissertation, we combine
Flex Distribution and guidance heuristics to further improve the e ciency of EECBS. In particular,
we propose a two-phase guidance framework for computing guidance heuristics. Then, we propose
the Flow-Based Guidance Framewaitkich uses Flex Distribution when computing tHelow-Based
Guidance HeuristicThat is, we apply Flex Distribution in both computing guidance heuristics and
EECBS. Empirically, we show that EECBS with our Mixed-Strategy Flex Distribution solves MAPF
instances even more quickly when using our Flow-Based Guidance Heuristics. We also show that
EECBS with our Mixed-Strategy Flex Distribution solves MAPF instances more quickly when using

our Flow-Based Guidance Heuristics than when using other state-of-the-art guidance heuristics.
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1.3 Dissertation Structure

The structure of this dissertation is as follows: In Chapter 2, we rstintroduce the preliminaries, including
the standard terminology of heuristic search, the problem formulation of MAPF, and a category of MAPF
algorithms called the Con ict-Based Framework. We then introduce EECBS, a state-of-the-art bounded-
suboptimal MAPF algorithm that belongs to the Con ict-Based Framework. In Chapter 3, we propose our
Flex Distribution approach that tackles the limitations of EECBS. This includes the de nition of ex andthe
Greedy Flex Distribution for distributing ex. In Chapter 4, we propose other mechanisms of distributing
ex for EECBS, including the Con ict-Based Flex Distribution, the Delay-Based Flex Distribution, and the
Mixed-Strategy Flex Distribution. In Chapter 5, we propose the Flow-Based Guidance Framework, which
uses Flex Distribution to compute the Flow-Based Guidance Heuristic, which guides the low-level Focal

Search to nd paths for the agents.
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Chapter 2

Preliminaries

In this chapter, we rst introduce the standard terminology of heuristic search. Then, we introduce the
problem formulation of Multi-Agent Path Finding (MAPF). After that, we introduce a two-level heuristic-
search-based framework, called the Con ict-Based Framework [4], which is a class of MAPF algorithms
commonly used to solve MAPF. The Con ict-Based Framework iteratively nds one path for each agent
on the low level and then resolves conicts (i.e., collisions) on the high level. Then, we introduce Ex-
plicit Estimation Con ict-Based Search (EECBS) [34], a MAPF algorithm that belongs to the Con ict-Based
Framework. EECBS is the state-of-the-art bounded-suboptimal MAPF algorithm. It uses Explicit Estima-
tion Search [63] on the high level and Focal Search [52] on the low level. Finally, we introduce existing
enhancements that improve the e ciency of EECBS, including bypassing con icts, symmetry breaking,

prioritizing con icts, and the Weighted Dependency Graph heuristic [34].

2.1 Standard Terminology of Heuristic Search

In this section, we follow Russell and Norvig [55] for the standard terminology used in heuristic search. A
problem instance for a heuristic search algorithm, or equivalently, a search instance, consists of an initial
state and a goal state, wherestaterepresents a speci ¢ con guration of the problem instance. A goal test

is used to determine if a state is a goal state. A problem instance also consitsionsthat are applicable
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in a given state, where each action hastep costA transition modebf a problem instance returns the
successor state that results from applying an action in a state. Here, we focutetarministicporoblem
instances, i.e., the transition model returns only one successor statestete spacef a problem instance
is the set of all states reachable from the initial state by any sequence of actiopattfin the state space
is a sequence of states, which implies that two adjacent states are connected by an actionosibéa
path is the sum of the step costs of the actions along the patlsohutionis a sequence of actions from the
initial state to the goal state. It can also be represented as a path from the initial state to the goal state.

Thesearch spadethe subset of the state space that a heuristic search algorithm actually reaches during
the search. Typically, a heuristic search algorithm usegarch nodm represent a state. A heuristic search
algorithm begins with aroot search node that contains the initial state of the problem instance. It then
iteratively selects a search node and runs a goal test, which determines whether the state of the selected
search node is the goal state. A search node that contains the goal state is referred tgoat ssearch
node. If the selected search node is a goal search node, then the heuristic search algorithm terminates and
returns a solution. Otherwise, the heuristic search algorithm performsogle expansionvhich involves
applying all possible actions to the state of the selected node and generating child search nodes, one for
each successor state. After that, the heuristic search algorithm begins the next iteration by selecting a
previously unselected search node. The iterative process of a heuristic search algorithm resuisanch
tree and a search node from tHeontier of the search tree is selected at each iteration.

A particular approach of heuristic search is calledst- rst searchAt each iteration, a search node
with its state s(n) is selected according to a cost functidérfn). The cost function is an estimate of the
smallest possible cost of a path from the initial state via stsfe) to the goal state. Thus, the nodewith
the minimumf -valuef (n) is selected rst. A* [21] is a best- rst search algorithm that evaluates search

nodesn with f (n) = g(n)+ h(n), whereg(n) is the cost needed to reach staén) from the initial state,
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and theheuristich(n) is an estimate of the cost needed from sta{@) to the goal state (i.e., a cost-to-go

function that assigns an estimated cost to sta{@)).

De nition 2.1 (Admissible Heuristic) A heuristich(n) is admissible i, for each search node, it never

overestimates the minimum cost of any path from the s{atfeto the goal state.

Typically, A* maintains the frontier of the search tree with aspen listOPEN), which is typically imple-

mented with a priority queue that sorts the search nodes in increasing order of themlues.

2.2 Problem Formulation of MAPF

Given a shared environment and a setlofagentsA = fa j i 2 [k]g, where[k] = [1;2;:::;k], each
with a start location and a target location, Multi-Agent Path Finding (MAPF) is the deterministic problem
of nding a list of collision-free paths, one for each agent, while minimizing their sum of travel time, or,
equivalently, sum of path costs. An agent waits at its target location permanently after following its path.

In this dissertation, we use the problem formulation of MAPF from Stern et al. [59]. The shared envi-
ronment is a four-neighbor undirected grid grapgh = ( V; E) with a nite number of vertices (and edges),
where each vertex represents a location. Each aggihias a start vertex; 2 V and a target vertex; 2 V,
where

(si;1) 6 (s;1j) i 16 8ij 2 [K: (2.1)

Time is discretized into timesteps. At timestep 0, each agent is at its start vertex. At each timestep, an
agent can eithemoveto an adjacent vertex owait at its current vertex. Each action requires one timestep

to execute. We de ne gath p; of agenta; as a sequence of vertices from its start ver®xo its target
vertexli, wherep;[0] = s; andp;i[t] 2 V indicates the vertex at which agemt is at timestept. We de ne

the costc; of path p; as the number of timesteps needed for aganto move from its start vertexs; (at
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timestep 0) to its target vertek while following its path p;j, ignoring the timesteps when agert waits
at its target vertex; without leaving it.

As each agent follows its path, there are two types of con icts or, equivalently, collisions: vertex con-
icts and edge con icts. Avertex con ictha;; a;; v;ti occurs when agents; anda; attempt to reach the
same vertew 2 V at the same timestep, i.e.,pi[t] = p;[t] = v. An edge con ictha;; a;;u;Vv;ti occurs
when agentsy; anda; attempt to traverse the same edge; v) 2 E between two adjacent verticasand
Vv in opposite directions at the same timestée|for, more precisely, from timestepp 1 to timestept with
t 1). Without loss of generality, the notation of an edge con ict represents the situation where agent
moves from vertexu to v and agenta; moves from vertex/ to u at timestept, i.e.,pi[t 1] = p[t] = u
andpi[t]= pi[t 1]=v.

A solutionof a MAPF instance is a list of con ict-free (or, equivalently, collision-free) pdiig i 2 [K]],
one for each agend; to move from its start vertexs; to its target vertexl;. The objective of MAPF is to
minimize thesum of (path) cos(§OC)P i2[ Gi- We say that a solution isptimali its SOC is minimal.
We useC to denote the minimum SOC. We say that a solutionbisunded-suboptimal its SOC is at
mostw C ,wherew 1is a user-speci edbounded-suboptimality factoFhat is, the SOC of a bounded-
suboptimal solution is at most the bounded-suboptimality facterlarger than the SOC of an optimal

solution. We say that a solution isuboptimal it is neither optimal nor bounded-suboptimal.

2.3 Conict-Based Framework

In this dissertation, we focus on MAPF algorithms based on heuristic search, which can typically be divided
into two categories. One of the categories involves using heuristic search in the joint-state space, where
joint stategrepresent di erent ways of placing alk agents on the vertice¥, one agent per vertex. Since

each agent can perform at most ve actions at each timestep on a four-neighbor grid graph (i.e., move in

each of the four cardinal directions plus wait at its current vertex), there exist at ni#fstombinations
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of actions fork agents. Thus, each search node has at nssthildren, which can be exponential in the
number of agents. However, since the number of child search nodes can be exponential in the number of
agents, heuristic search in the joint-state space results in large runtime overhead in nding optimal and
bounded-suboptimal MAPF [48, 56].

To improve the e ciency of solving MAPF with a guarantee on the solution quality, previous works
have developed a strategy that iteratively nds one path for each agent individually and then resolves
the con icts afterwards. This results in a two-level framework called tl®n ict-Based FramewolK].

On the high level, the Con ict-Based Framework resolves con icts by using constraints to prevent agents
from being at vertices at timesteps that result in conicts. On the low level, it nds paths for agents
that satisfy their constraints. Asertex constrainbg;; v;ti indicates that ageng; is not allowed to be at
vertexv at timestept. An edge constrairtig; ; u; v; ti indicates that ageng; is not allowed to traverse an

edge from vertexu to vertexv at timestept (or, more precisely, from timestep 1 to timestept with

t 1). On the high level, the Con ict-Based Framework runs a heuristic search algorithm on a search
tree called theConstraint Tre€CT). Each CT node contains a list of sets of constraints, one set for each
agent. Each CT node also contains a list of paths, one for each agent, that satisfy the constraints. That is,
the Con ict-Based Framework uses a list of paths for its state representation, rather than a joint state. At
each iteration, the Con ict-Based Framework selects a CT node and checks if its list of paths is a solution
(i.e., is con ict-free). If not, then it expands the selected CT node by selecting a con ict and generating two
child CT nodes, each with additional constraints that, respectively, prevent one of the agents from being at
the vertex (or traversing the edge) at the timestep when the con ict occurs. We use the term high-level

to refer to any heuristic search algorithm that aims to nd a solution on the CT. On the low level, the
Con ict-Based Framework attempts to nd paths, one for each agent, that satisfy the constraints in a CT
node. It runs a heuristic search algorithm on the vertex-timestep space, where each search node indicates

the vertex at which an agent is located at a given timestep. We use the term low-level to refer to any

17



Figure 2.1: An example of CT node expansions when solving a MAPF instance with two agent odla
grid graph with start verticeqds;; sp] = [A2; B 1] and target vertice$l;;1,] =[ D 3; C4].

heuristic search algorithm that aims to nd a path for an agent. Figure 2.1 shows an illustrative example
of CT node expansions when solving a MAPF instance with two agents.

The Con ict-Based Framework can be instantiated with the heuristic search algorithms used on the
high and low levels. For example, Con ict-Based Search (CBS) [56] and its variants [5, 30] are optimal
MAPF algorithms that use A* on both the high and the low levels. Enhanced Con ict-Based Search is
a bounded-suboptimal MAPF algorithm that uses Focal Search [52] on both the high and the low levels.
Priority-Based Search [41] and its variants [4, 10] are MAPF algorithms that solve MAPF suboptimally by
running a depth- rst search on the high level, with agents being assigned priorities, where the low-priority
agents should avoid any con icts with the high-priority agents. For example, suppose that agdmis a
higher priority than agenta; . If agenta; moves from vertexu to vertexv from timestept tot + 1, then
Priority-Based Search and its variants need to nd a path for aganthat satis es two vertex constraints
he; ; u; ti andhg; ; v;t+1i and an edge constrairtl ; u; v; t;t + 1i. Priority-Based Search and its variants

use A* on the low level to nd paths that minimize either the cost [4, 41] or the number of con icts [10].
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2.4 Explicit Estimation Con ict-Based Search (EECBS)

Based on the Con ict-Based Framework, Explicit Estimation Con ict-Based Search (EECBS) [34] is a two-
level bounded-suboptimal MAPF algorithm. On the high level, EECBS uses a bounded-suboptimal heuris-
tic search algorithm called Explicit Estimation Search (EES) [63]. On the low level, EECBS uses another

bounded-suboptimal heuristic search algorithm called Focal Search [52].

2.4.1 High-Level Explicit Estimation Search (EES)

On the high level, EECBS constructs a CT to resolve con icts with constraints and Expdicit Estimation
Searci{EES) [63] on the CT. Since EECBS belongs to the Con ict-Based Framework, it iteratively selects a
CT node from the frontier of the CT and checks if its list of paths is a solution (i.e., is con ict-free). If not,
then EECBS expands the selected CT node by selecting a con ict between its paths and generating two
child CT nodes, each with additional constraints that, respectively, prevent one of the agents from being
at the vertex (or traversing the edge) at the timestep when the con ict occurs. If EECBS successfully nds
paths for agents that satisfy the constraints in a child CT node, then this child CT node becomes one of
the CT nodes in the frontier. Table 2.1 shows the main components of each CT Nodlged in EECBS.

EECBS maintains three lists: CLEANWPOPEN,, and FOCAL, each implemented as a priority
gueue. CLEANUR is a regular open list of A* that sorts the frontier of the CT in increasing order of a
cost function

F(N)=LB(N)+ H(N) (2.2)

of CT nodeN, wherelLB (N) OandH(N) 0, breaking ties in favor of CT nodes with smaller
P

numbers of conicts.LB (N) = i2[K] Ibi(N) is the sum of lower bound$SOLB) of CT nod®& , where

Ibi(N) is a lower bound on the cost of a minimum-cost path for agentthat satis es the constraints

i(N) in CT nodeN . H (N) is an admissible heuristic, i.e., a cost-to-go function that never overestimates
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Table 2.1: Main components of a CT node

Component Notation De nition

Constraints ( N)=[ i(N)ji2][k]] Listofsets of constraints.

Paths [Pi(N)ji2[Kk]] List of paths that satisfy the
constraints ( N).

Lower bounds [Ibi(N)ji2[k]] Lower bounds on the costs of the
minimum-cost paths satisfying
the constraints( N).

Costs of paths [c(N)ji2]k]] Costs of pathgpi(N) ji 2 [k]].

Costs of the minimum-cost paths[¢, (N) ji 2 [k]]

P
Sum of the lower bounds (SOLB)LB (N) 5 20K Ibi (N)

Sum of costs (SOC) C(N) = i2[K] G(N)
Admissible heuristics H(N)

Inadmissible heuristics H(N)

Admissible cost function F(N)=LB(N)+ H(N)
Inadmissible cost function F(N)= C(N)+ H(N)
Conicts X(N)

Number of con icts X (N)j

Costs of the minimum-cost paths
satisfying the constraints( N).

Cost-to-go function that never over-
estimates the di erence between the
minimum SOC over all solutions
that satisfy the constraints( N)

and the SOLRB (N).

Cost-to-go function estimating the

di erence between the minimum
SOC over all solutions that sa-

tisfy the constraints( N) and

the SOCC(N).

Set of con icts over the paths

[Pi(N)ji 2 [K]].
Number of conicts inX (N).

the di erence between the minimum SOC over all solutions that satisfy the constraipntsl) =[ i(N) j

i 2 [K]] and SOLB.B (N). SinceH (N) is admissibleF (N) = LB (N)+ H(N) is a lower bound on the

minimum SOC over all solutions that satisfy the constrain{sN ). We useNg to denote a CT node with

the minimumF -value over all CT nodes in CLEANYRi.e.,Ng = argmin yocreanur, F (N 9, and use

LB = F(Ng) = LB (Ng)+ H(Ng) to denote the minimun¥ -value over all CT nodes in CLEANYP

P
While LB (N) = i2[K] Ibi(N) only takes the SOLB from the low-level search into accourB, takes

both the SOLB.B (Ng) and the high-level admissible heuristic vallie(Ng ) into account.

OPEN, is a regular open list of A* that sorts the frontier of the CT in increasing order of another cost

function F(N) = C(N)+ H(N) of CT nodeN , breaking ties in favor of CT nodes with smaller numbers
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of conicts. C(N) = P i2[k]c.(N) is the SOC of CT nod&l, whereci(N) is the cost of pathp;(N)

for agenta; that satis es the constraints j(N). H (N) is a potentially inadmissible heuristic, which is a
cost-to-go function that estimates the di erence between the minimum SOC that satis es the constraints
( N) and SOCGC(N). Thatis,F(N) is an estimate of the minimum SOC over all solutions that satisfy
the constraints ( N). We useN. to denote the CT node with the minimuni--value in OPEN, i.e.,

Ng = argminnzopey, F(N). Thatis,F(Np) is an estimate of the SOC of the optimal solution, and
EECBS suspects that CT nobe is in the branch of CT that leads to an optimal solution.

FOCAL, contains those CT noded in OPEN; with F(N) w If(le), sorted in increasing order
of the number of con ictsjX (N)j, breaking ties in favor of CT nodes with smallér-values. That is,
FOCAL, is a subset of OPEN and thus is also a subset of CLEANYPWe useNx to denote the CT
node with the minimum number of con icts in FOCAL, i.e.,Nx = argminn2rocay, jX (N)j.

To select a CT node at each iteration, EECBS uses the following selection rules in order:
(E1) select CT noddy if C(Nx) w LB;
(E2) otherwise, select CT nodié. if C(N2) w LB;and
(E3) otherwise, select CT nodg-.

According to these selection rules, the SOC of the selected CT node is at most the bounded-suboptimality

factorw larger thanlLB .

Lemma 2.1. At each iteration before EECBS expands a CT node, if there is a @Il whdse list of paths
is a solution, then it is in the subtree rooted at at least one of the CT nodes in CLEANALRs, there is at

least one of the CT nodes in CLEANWere the list of paths in CT noNesatis es its constraints.

Proof. We prove this by induction. For the base case, CLEANU®nNtains only the root CT node. Since
the root CT node contains zero constraints, CT nadeis in the subtree rooted at the root CT node in

CLEANUR, . For the inductive hypothesis, we assume that, at an iteration before EECBS expands a CT
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node, CT nodeN is in the subtree rooted at at least one of the CT nodes in CLEANURhen, when
EECBS expands a CT notfe from CLEANUR,, it selects a con ictX (K) and generates two child CT
nodes with additional constraints that resolve the con ict. Thus, a solution that satis es the constraints
( N') must satisfy the constraints of at least one of the child CT nodes of CT n§deéThus, a CT node
whose list of paths is a solution that satis es the constrainsN) is in the subtree of one of the child
CT nodes of CT nod#&l. As EECBS inserts these two child CT nodes into CLEAN @R starts the next

iteration, we prove that our hypothesis holds. Thus, by induction, Lemma 2.1 holds. O
Property 2.1. LB is a lower bound on the SOC of an optimal solution.

Proof. Given a CT nodeN, sinceF(N) = LB(N)+ H(N) andH(N) is admissibleF (N) is a lower
bound on the minimum SOC over all solutions that satisfy the constraifitdN ). That is, for a CT node

in the subtree rooted at CT nodd whose list of paths is a minimum-SOC solutiobB (N) is a lower
bound on its SOC. According to Lemma 2.1, a CT node whose list of paths is an optimal solution is in the
subtree rooted at at least one of the CT nodes, say CT nddén CLEANUR, . SinceLB = F(Ng) =

miny o2 cLeanug, F (N 9 is the minimumF -value over all CT nodes in CLEANYPRLB is a lower bound

on the SOC of an optimal solution. O

According to Property 2.1, sindeB is the lower bound on the SOC of an optimal solution, if the list of
paths of the selected CT nodi is a solution (i.e., is con ict-free), then this solution is bounded-suboptimal
(.e.C(N\) w LB w C ). IfEECBS selects a CT node according to the Select Rules (E1) or (E2), then
it removes the selected CT node from CLEANUPFOPEN;, and FOCAL . If EECBS selects a CT node
according to the Select Rule (E3), then it removes the selected CT node from CLEABRIPOPEN ,
and FOCAL if the selected CT node is in FOCAL

If the list of paths is not con ict-free, then EECBS expands the selected CT node. The rationale behind

the Selection Rule (E1) is that, the smaller the number of con jBt$N x )j of CT nodeNx , the more likely
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EECBS can expand few CT nodes to nd a CT node whose list of paths is a solution in the subtree of CT
nodeNyx . Thus, the more EECBS selects a CT node with the Selection Rule (E1), the more likely it is to
nd a solution quickly. The rationale behind the Selection Rule (E2) is that EECBS suspects that the CT
nodeN . is located on the branch of the CT that leads to an optimal solution. Thus, expanding it can help
EECBS to nd a solution (hopefully with a small SOC) quickly. The rationale behind the Selection Rule
(E3) is that, after EECBS expands CT nble, the new minimumF -value of all CT nodes in CLEANUR,
i.e., the newLB , may be larger tharr (Ng). By increasind_B , the conditions of Selection Rules (E1) and
(E2) are more likely to hold in future iterations.
To expand a CT nod&, EECBS rst selects a con ict. Given a selected vertex conlit; a ; v; ti

(or, respectively, edge con idta;; g ; u; v; ti), EECBS generates two child CT nodssandN 0 initialized
with the same constraints, paths, and lower bounds as contained in CT #dd&hen, EECBS adds an
additional vertex constrainte; ; v; ti (or, respectively, edge constraihd;; u; v; ti) to the set of constraints

i(N), and an additional vertex constraiiy; ; v;ti (or, respectively, edge constraihd; ; v; u; ti) to the
set of constraints ; (N9". EECBS uses the low-level search for each child CT node to nd paths for agents
that satisfy their sets of constraints. If the paths of a child CT node are found, then this child CT node
is added to CLEANUP and OPEN . After that, EECBS updates the CT nodég to the CT node with
the minimumF -value in CLEANUR and the CT nodeN,e to the CT node with the minimunt -value in
OPEN; . Then, it adds any CT nodes 2 OPEN; with F(N) w F(Np) to FOCAL.

Given a CT nodd\ , to compute its inadmissible heuristtg (N ), Li et al. [34] follow Thayer et al. [63]

and compute itoone-step distance errgf{N) = X (bdN))j (jX(N)j 1) and itsone-step cost error
h(N)= C(bdN)) C(N),wherebdN) is thebest child CT nodef CT nodeN, i.e., the child CT node
with the lowest F -value, breaking ties in favor of the child CT node with a smaller number of con icts.

Both values, 4(N) and (N ), can be computed after each CT node expansion. Additionally, Li et al. [34]

"When using symmetry breaking [31, 34], multiple constraints may be added.
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follow Thayer et al. [63] and useglobal error modelhich assumes that the distribution of one-step errors
across the entire search space is uniform and can be estimated as an average of all observed one-step errors.
Thus, Li et al. [34] maintain a running average of the one-step distance eyand the one-step cost error

h. Then, the inadmissible heuristic of CT nofie is de ned as

A(N)= - X (N); (2.3)

where 1=(1 4) is an estimate of the SOC increment per con ict resolution. According to Equation 2.3,
the larger thejX (N)j, the larger thet? (N ). This indicates that the more con icts a CT nodé contains,

the larger the di erence between the SOC (which is estimatedd®l ) = C(N) + H(N)) of a solution
that satis es the constraints( N) andC(N).

Algorithm 2.1 (with its tool functions in Algorithm 2.2) shows the pseudo-code of the high-level EES
of EECBS, including its existing enhancements (see Section 2.4.3) and our proposed Flex Distribution (see
Section 3.3 for the de nition). The existing enhancements of EECBS described in this dissertation in-
clude bypassing con icts [Lines 36-40], symmetry breaking [Line 21 in Algorithm 2.2], prioritizing con-
icts [Line 20 in Algorithm 2.2], and the Weighted Dependency Graph heuristic [Lines 9, 16-19]. EECBS
rst generates a root CT nodd&ly and inserts it into CLEANUR and OPEN . It then updates FOCAL
based on OPEN [Lines 3-11]. At each iteration, EECBS selects a CT riddand checks if its paths are
con ict-free. If so, then EECBS returns its list of paths as the solution, which is guaranteed to be bounded-
suboptimal [Line 15]. IH (N') has not yet been computed, EECBS computes it and inserts the CT node
K back into CLEANUR and OPEN , and updates FOCAL based on OPEN [Lines 16-19]. Otherwise,
EECBS determines the priority of each con ict X (K') [Lines 20-21 in Algorithm 2.2], which includes
determining its cardinality and applying symmetry breaking. EECBS then selects the con ict with the

highest priority in X (X') and generates two sets of constraintg and » for resolving it [Line 20]. For
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each set of constraints, EECBS generates a child CT hodleat contains the set of constraints [Line 24].

For a generated child CT nod¢, EECBS nds paths that satisfy its constraints and nds all con icts in its

list of paths[p;(N) ji 2 [K]] [Lines 25-34]. Then, EECBS applies bypassing con icts if CT nédstis es
conditions (C1-C4) (see Section 2.4.3.1) [Lines 36-40]. If bypassing con icts does not occur, then EECBS
computes the inadmissible heuristit (N ) for each generated CT node, inserts it into CLEANUR and

OPEN;, and updates FOCAJ based on OPEN [Lines 42-44]. EECBS then computggN) and p(N)

and updatesq and 1, [Line 45].

2.4.2 Low-Level Focal Search

Onthe low level, to nd a path for an agerd; in a CT nodeN that satis es the constraints (N ), EECBS
constructs a search tree withiertex-timestefv-t) nodes. Thestate representatiay(n) of a v-t noden is
a tuple(v;t) indicating that agentg; is at vertexv at timestept. Theroot v-t nodds a v-t node with state
representation(s;; 0). Given a v-t noden with state representatiorfv;t), EECBS caaxtracta path from
v-t noden with a costt by back-tracking it to the root v-t node, which results in a sequergef vertices
with g[0] = s; andq[t] = v. A goal v-t nodés a v-t node with state representatiofl;; t;) where a path
extracted from it satis es the constraints ;(N).
For a v-t noden with state representatiorfv; t), we de ne priority functionfi(n) = gi(n) + hj(n) =

g (n)+ hj(v), whereg;(n) = t is the number of timesteps needed for agento move from its start vertex
s; at timestep 0 to vertex at timestept following the path extracted from v-t noda, andh;(n) = h;(v)
is an admissible heuristic that never overestimates the number of timesteps needed for@agentnove
from vertexv to its target vertexlj. We seth;(v) to the cost of a minimum-cost path from vertexto the
target vertexl;» . We also de ne another priority functiorfj(n) = gi(n) + hj(n) = gi(n) + hj(v), where

ni(n) = hj(v) is asecondary heuristidVe seth; (v) to h;(v) unless mentioned otherwise. Lastly, we de ne

" Given a MAPF instance with a grapG = (V; E), we compute the heuristiti; (v) by running Dijkstra's algorithm from
target vertexl; to each vertew 2 V.
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Table 2.2: Main components of a v-t node

Component Notation De nition

State representation sj(n) = (v;t) A tuple (v;t) indicating that agentg; is at vertexv
at timestept.

gi-value ag(n) Number of timesteps needed for agemtto move

from its start vertexs; at timestep 0 to vertex at
timestept, following the path extracted from v-t
noden with its state representatiorgv; t).

hi-value hi(n) = hj(v) Admissible heuristic value that never overestimates
the number of timesteps needed for agemtto move
from vertexv to its target vertex;.

fi-value fi(n) = gi(n)+ hi(n)

f;-value f;(n) = f;(v) Secondary heuristic value.

fi-value fi(n) = gi(n) + mi(n)

Number of conicts  x;(n) Number of con icts with the paths of the other ag-

ents when agent; moves from its start vertes; at
timestep O to vertex at timestept, following the
path extracted from v-t nod@ with its state repre-
sentation(v;t).

Pointer to the parent parentn)

Xj(n) as the number of con icts with the paths of the other agerits; j j 2 [k] n figg when agenta;
moves from its start vertes; at timestep 0 to vertex at timestept, following the path extracted from v-t
noden. Table 2.2 shows the main component of each v-t nadesed in the low-level Focal Search.

EECBS then runfocal Seard®2] on the low level to nd a bounded-suboptimal path (N ) with a
costc (N ) and a lower boundb; (N ) on the optimal path that satis es the constraints;(N ). Apart from
a CLOSED list that contains all expanded v-t nodes, the low-level Focal Search maintains two other lists,
OPEN and FOCAL, both of which are implemented as a priority queue. OREdbrts the frontier of the
search tree, i.e., all generated but not yet expanded v-t nogé@sincreasing order of theif ;-valuesf; (n).

We usef min:i (N) to denote the minimunt ;-value over all v-t nodes in OPENi.e.,

fmin;i (N) = n2mOiIQEN_ fi(n): (2.4)
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Sinceh;(n) is an admissible heuristic, and given that OPEKonsistently contains at least one v-t node
n with state representatior{v;t) from a minimum-cost pathp (N) that satis es the constraints ;(N)
(i.e.,p (N)[t] = v) during the search [21], it follows thatmin:i (N ) is a lower bound on the cost;, (N) of

a minimum-cost path that satis es the constraints;(N) (i.e.,fmin:i(N) ¢ (N)).

On the other hand, FOCALcontains those v-t nodes in OPEN with f;(n) i(N)=w fmini(N),
where we use; (N ) to denote thahreshold The low-level Focal Search sorts these v-t nod@sincreasing
order of their number of con ictsx;(n), breaking ties in favor of v-t nodes with smallé¥-values. If there
are v-t nodes with the same number of con icts and the saffjevalue, then the low-level Focal Search
breaks ties in favor of v-t nodes with smaller valuesff(n), and then random selection for any further
unresolved ties.

At each iteration, the low-level Focal Search rst updates FOCALf min:i (N) has increased, and
then selects the v-t nodé in FOCAL_ that has the minimum number of con ictx;(n). If the selected v-t
noden in FOCAL is a goal v-t node, then the low-level FOCAL Search has found a path that satis es the
constraints ;(N) with costc(N) = fi(n). Otherwise, the low-level Focal Search expands the selected
v-t node. When the low-level Focal Search nds a path and terminates, EECB3og@ts) = f min:i(N),
which is a lower bound on the cost of a minimum-cost path that satis es the constraintéN ), and sets
the threshold ;(N) = w Ibj(N). Sinceh;(s;) is admissible and the root CT nod¥y does not contain
any constraint, a lower bound on the cost of the minimum-cost patlbigNg) = h;(s;) and the threshold
is i(No)= w Ibi(No) = w hi(sj).

Since the low-level Focal Search always selects a v-t moueFOCAL. at each iterationf min:i (N)

fi(n) i(N) = w fmin:i(N). When the selected v-t node is the goal v-t node and the low-level
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Focal Search terminates, since EECBSIbgthl ) = fmini(N) and {(N) = w Ib(N), the path is always

individually bounded-suboptimal with its cost, (N ) satisfying
bi(N) c(N) i(N)=w Ib(N) w ¢ (N); (2.5)

which results in the SOC of the CT nodé¢ satisfying
X X X
Ibi (N) G(N) i(N)=w Ibi (N );
i2[k] i2[K] i2[K] i2[K] (2.6)

LB(N) C(N) w LB(N) w (LB(N)+ H(N))=w F(N):

On the high level, sincéB is a lower bound on the SOC of the optimal solution, the Selection Rules
(E1) and (E2) ensure that the SOC of the selected CT node is at most the bounded-suboptimalitwfactor
larger than the SOC of the optimal solution. On the other hand, according to Inequalities 2.5 and 2.6, the

SOC of CT nod&lg (i.e., the CT node with the minimurf -value in CLEANUR) satis es
C(Ng) w LB(Ng) w F(Ng)=w LB; (2.7

which indicates that the Selection Rule (E3) ensures that the SOC of the selected CT nodi; j.s. at
most the bounded-suboptimality factav larger than the SOC of the optimal solution. Thus, by following
the Selection Rules (E1), (E2), and (E3), EECBS nds a bounded-suboptimal solution if the paths in the
selected CT node are con ict-free.

Algorithm 2.3 (with its tool functions in Algorithm 2.4) shows the pseudo-code of the low-level Focal
Search of EECBS. At the beginning, the low-level Focal Search computégtéorizonT;(N ) from the

constraints ;(N) and the path®.(N) = fp;(N) jj 2 [k] nfiggof the other agents [Line 4]. The time
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horizon T;(N) is de ned as the earliest timestep when all the other agents begin to wait at their target
vertices permanently, and no more constraints in(N) occur::

The low-level Focal Search rst generates a root v-t natg initializes the minimumf ;-value and the
threshold ;(N), inserts root v-t nodeng into OPEN , and updates FOCALbased on OPEN]Lines 6-
11]. At each iteration, the low-level Focal Search rst updates the minimiiavaluef yin-i(N) over all
v-t nodes in OPEN and updates FOCALbased on OPEN[Lines 13-18]. Then, it selects a v-t node
in FOCAL._ with the minimum number of con ictsx; (i) and checks if it is a goal v-t node [Lines 19-22].
If so, then the low-level Focal Search returns the path extracted by v-t nfodine cost of the path, and
the lower bound on the cost of the minimum-cost path that satis es the constrain{¢N ) [Lines 22-25].
Otherwise, the low-level Focal Search expands the v-t nbded generates its child v-t nodes.

When the low-level Focal Search generates a child v-t nodaéth state representatiorgv; t), it checks
if v-t noden dominates a v-t noda with state representatiorv;t) in CLOSE or OPEN . For timesteps
at or after the time horizonT;(N ), all the other agents have been waiting at their target vertices perma-
nently, and no constraint occurs. tf< T ;(N), then we say v-t nodén dominates/-t nodeni v = v,

t = t, andx;(n) < x;(n). Sinceh;(n) = hj(v) = hij(v) = hy(n),t = t (i.,e.,gi(n) = gi(n)) indicates
fi(n) = fi(n). Thatis, given a path through vertexresulting from expanding v-t node, there is always

a path through vertew resulting from expanding v-t node with the same cost but fewer con icts. In this
case, the low-level Focal Search is free to prune v-t nod®n the other hand, given a path through vertgx
resulting from expanding v-t noda, even if there is always a path, s@y, through vertexv resulting from
expanding v-t noden with the same cost but fewer con icts, the low-level Focal Search does not prune v-t
noden since there may be a path through vertexesulting from expanding v-t noda that has a larger cost
but satis es the constraints (N ) or has fewer con icts than pattp,. Ift  T;(N), then we say v-t node

n dominatesv-tnod@i v=v,t T;(N),andeitherfi(n) <f(n)or(fi(n)= f;(n)” xj(n) <x;(n)).

“Since all the other agents begin to wait at their target vertices permanently, no edge constraints occur at or after the time
horizon.
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Sincehj(n) = hj(v) = h;(v) = h;(n),fi(n) <f;(n) indicatesg(n) = t < t = gj(n). Thatis, given a
path through vertexv resulting from expanding v-t node, there is always a path through vertexresult-
ing from expanding v-t node with a lower cost or with the same cost but fewer con icts. In this case, the
low-level Focal Search is free to prune v-t nodeWe implement dominance checking [Lines 31-36] with
the FindNode [Lines 42-50 in Algorithm 2.4] antsDominant [Lines 51-52 in Algorithm 2.4] functions. If
v-t noden dominates, then the low-level Focal Search prunes v-t nauby replacingg; (n), fi(n), x;(n),
t and parentn) with g;(n), fi(n), xj(n), t and paren{n), respectively [Line 57 in Algorithm 2.4]. After
that, if v-t noden is in CLOSED, then the low-level Focal Search removes it from CLOSHEDd inserts
it back into OPEN and updates FOCALIf needed [Lines 58-60 in Algorithm 2.4]. Otherwise (i.e., v-t
noden is in OPEN ), the low-level Focal Search updates the priority of v-t nadan OPEN , and updates
FOCAL if needed [Lines 61-67 in Algorithm 2.4].

Finally, if there is no more v-t node in OPENduring the search, then the low-level Focal Search returns

No path and terminates [Line 37].

2.4.3 Existing Enhancements of EECBS

In this section, we introduce the existing enhancements used to improve the e ciency of EECBS, includ-
ing bypassing con icts, symmetry breaking, prioritizing con icts, and the Weighted Dependency Graph

(WDG) heuiristic.

2.4.3.1 Bypassing Con icts

Bypassing con ictés an enhancement originally used to improve the e ciency of CBS [5]. When CBS
expands a CT nod8 and generates a child CT nod¢, if CT nodeN has the same SOC as CT nolde

but with fewer con icts, then CBS replaces the paths in CT nolewith the paths in CT nodeN and
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discards all generated child CT nodes of CT nddie Otherwise, CBS keeps all generated child CT nodes
of CT nodeN.

Li et al. [34] extend bypassing con icts to EECBS. Since EECBS nds a bounded-suboptimal rather
than an optimal solution, the conditions for bypassing con icts can be relaxed. When EECBS expands a

CT nodeN and generates a child CT nod¢, bypassing con icts occurs if
(C1) CT noddl is not selected from CLEANUP,
(C2)8i 2 [KLG(N)  w Ib(N),
(C3)C(N) w LB,and
(C4) X (N)j < jx ().

When EECBS expands the CT node selected from CLEANUER., CT nodeNg, the new CT nodeNg

in CLEANURy can have a largeF -value than the previous one, which increaseB . According to the

rationales of the Selection Rules (E1), (E2), and (E3), increaBingakes the conditions of Selection Rules

(E1) and (E2) more likely to hold in future iterations, thereby helping EECBS nd a solution quickly (see

Section 2.4.1). Thus, EECBS uses Condition (C1) to prevent bypassing con icts of CT nodes selected from

CLEANUR, since expanding these CT nodes has a chance to increBseand bypassing con icts would

lose that chance. EECBS uses Conditions (C2) to ensure that each path remains individually bounded-

suboptimal after bypassing conicts. EECBS uses (C3) to ensure that CT Nofehich replaces the

currently expanding CT nodéd) will be expanded in the next iteration. EECBS uses condition (C4) to

reduce the number of con icts and avoid repeatedly nding the same set of paths while bypassing con icts.

Sincelb;(N) is a lower bound on the cost of a minimum-cost path that satis es the set of constraints

i(N)), which can be di erent from ;(N') (depending on the constraints that are used to resolve the se-

lected con ict), EECBS does not replace the lower boutgdd ) with 1b; (N ) when bypassing con icts. In
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this dissertation, due to Flex Distribution, we can relax Condition (C2) of bypassing con icts, as described

in Section 3.5.

2.4.3.2 Symmetry Breaking

Symmetry breakings an enhancement originally used to improve the e ciency of CBS [31], whépair-
wise) symmetryoccurs when two agents have many di erent paths to their target vertices, but every
pairwise combination of the paths results in a con ict. By using symmetry breaking, CBS avoids multiple
CT node expansions that exhaustively examine all pairwise combinations of the paths.

Lietal. [31] classify vertex/edge con icts into di erent types. The rsttype is called a corridor con ict,
which occurs when two agents traverse a corridor in opposite directions. The second type is called a target
con ict, which occurs when one agery; traverses the target vertek of the other agent;, while agent
a; waits at its target verteX; permanently. For each type of conict, Li et al. [31] design constraints to
resolve it. To resolve a corridor con ict, Li et al. [31] prevent one agent from entering the corridor until
the other agent has traversed it. To resolve a target con ict, Li et al. [31] distinguish two cases. The rst
case is that agend; (the agent that waits at its target vertex) has to nd a new path that allows agent
to traverse the target vertek without any con ict. The second case is that ageatis allowed to wait at
its target vertexl; permanently, and all the other agentsy,, j m 2 [k] n figg (including a;) should avoid
collisions with it, which can require nding paths for more than one agent (see Section 4.4).

Li et al. [34] extend symmetry breaking to EECB this dissertation, we use symmetry breaking
for corridor con icts and target con icts to enhance the e ciency of EECBS and combine it with Flex

Distribution, as described in Section 4.4.

Lietal [34] also classify con icts into a type called rectangle con ict. However, it is less e ective and thus is omitted in
this dissertation.
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2.4.3.3 Prioritizing Con icts

Prioritizing con icts is an enhancement originally used to improve the e ciency of CBS [5]. When CBS
selects a CT node for expansion, prioritizing con icts determines which con ict to resolve.

Lietal. [34] extend prioritizing con icts to EECBS. A con ict can be classi ed into three types: cardinal,
semi-cardinal, and non-cardinal. Given a CT nddeselected for expansion, to classify a con ict between
two agentsa; and a; that follow paths pi(K) and Pj (X, respectively, Li et al. [34] consider how CBS
resolves the con ict. This involves expanding the CT notfeand generating two child CT node¥ and

0 e o P P P .
N= Aconictis cardinali both ~ j,qG(N)and ;G (N9 are larger than i2[k] Gi (N). Aconict
. . . P P . P -
is semi-cardinal exactly one of 5,6 (N)or  ,p,c (N9 islargerthan’ 54,6 (N). Aconictis
i . P P i P
non-cardinal neither ;4G (N)nor ;544G (N9 is larger than i2[k] Ci (X).
However, prioritizing con icts can result in a large runtime overhead. Thus, Li et al. [34] apply prior-

itizing con ict according to the following conditions:

(1) if the CT node is selected from CLEANIJPi.e., CT nodeéNf is selected for expansion, then all

the conicts in the CT node are classi ed.

(2) otherwise, for each con ictin the selected CT node, if at least one of the paths in which the con ict

occurs has its cost equal to its lower bound, then the con ict is classi ed.

Condition (1) exists since resolving cardinal con icts tends to generate child CT nodes with larger SOLBs
than those of their parent CT nodblr. After EECBS expands CT notlg-, the new CT node with the
minimum F -value in CLEANUR may have arF -value larger thanF (Ng). In this case, by prioritizing

con icts when CT nodeNg is selected for expansion, EECBS tends to incrdé3e According to the
rationales of the Selection Rules (E1), (E2), and (E3), increainghakes the conditions of Selection
Rules (E1) and (E2) more likely to hold in future iterations, thereby helping EECBS nd a solution quickly

(see Section 2.4.1). In contrast, when CT nbigeis selected for expansion, without prioritizing con icts,
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EECBS may select a con ict that results in generating two child CT nodes with the same SOLB as CT node

Ng. In this case, the lower boundB remains unchanged after EECBS expands CT ngge Condition

(2) exists since resolving cardinal con icts can increase the costs of paths of the agents in this case, thereby

making the SOCs of the generated child CT nodes closer to the SOCs of the solutions in their subtrees.
EECBS thus selects conicts in the order of cardinal, semi-cardinal, non-cardinal, and unclassi ed

con icts, breaking ties in the order of target con icts, corridor con icts, and other con icts. For example,

EECBS selects a semi-cardinal con ict only when no cardinal con ict exists, and selects a non-cardinal

con ict only when no cardinal or semi-cardinal con ict exists.

2.4.3.4 Weighted Dependency Graph Heuristic

The Weighted Dependency GrapWiDG) heuristic is an enhancement originally used to improve the e -
ciency of CBS [30]. It is an admissible heuristic for the high-level A* of CBS.

Li et al. [34] apply the WDG heuristic to EECBS, which remains an admissible heuristic. Given a CT
nodeN, Li et al. [34] construct a Weighted Dependency Graph (WDG), which is a weighted undirected
graph

Gwp (N) =(Vwp (N);Ewp (N); Wwp (N)); (2.8)

where each vertex;(N) 2 Vwp (N) represents an agerd;, each edge;; (N) = fvi(N);vj(N)g 2
Ewp (N) represents that at least one con ict exists between ageatsand a; when they follow their

respective pathg;(N) andp; (N ), and the weightw;; (N) 2 Wwp (N) of each edge;;j (N) equals

wij (N) = Ci (N) 6 (N) ¢ (N); (2.9)

whereCi;j (N) is the minimum SOC of con ict-free paths for agens anda; that satisfy the constraints

i(N) and (N), respectivelyc; (N) is the cost of the minimum-cost path for ageai that satis es

34



the constraints {(N), andg; (N) is the cost of the minimum-cost path for age®§ that satis es the
constraints j(N). Then, to compute the WDG heuristic, Li et al. [34] transform the WDG to an edge-
weighted minimum vertex cover problem [30] that consists of a list of non-negative integargi 2 [K]],

one for each vertex;(N) 2 Vwp (N), and a set of constraints; + X; w;ij (N), one for each edge
&; (N). The objective is to identifyy; :::; X that minimizeP i2[k] Xi and satisfy the constraints in the
problem, which equals the WDG heuristic valt(N ) of CT nodeN . That is, the WDG heuristic provides

a non-overestimation of the additional cost that each pair of con icting agents will contribute to the SOC
of a minimum-cost solution that satis es the constraint§ N).

Since computing the WDG heuristic values for CT nodes results in large runtime overhead, Li et al. [34]
compute them lazily. That is, rather than computing the WDG heuristic value for a CT node when it is
generated, Li et al. [34] compute the WDG heuristic value for a CT node when it is selected. Moreover,
Li et al. only compute the WDG heuristic value for a CT node that is selected by the Selection Rule (E3)
(i.e., CT nodeNg) since the purpose of computing the WDG heuristic is to improvB . According to
the rationales of the Selection Rules (E1), (E2), and (E3), increBBingakes the conditions of Selection
Rules (E1) and (E2) more likely to hold in future iterations, thereby helping EECBS nd a solution quickly
(see Section 2.4.1). After computing the WDG heuristic value for the selected CT node, Li et al. [34] insert
it back into CLEANUR and OPEN , and update FOCAL based on OPEN.

However, in this dissertation, our MAPF instances contain more agents than those in Li et al. [34]. We
found that computing the WDG heuristic values for CT nodes selected by the Selection Rule (E3) can still
result in a large runtime overhead, slowing down EECBS (with or without Flex Distribution). Thus, in this
dissertation, we omit the implementation of the WDG heuristic. However, we show in Section 3.3 that Flex
Distribution can be used in EECBS with any admissible heuristic on the high level, including the WDG

heuristic, and is guaranteed to nd bounded-suboptimal solutions.

35



Algorithm 2.1 High-Level EES

1: procedure EE$a MAPF instance witlk agents, bounded-suboptimality factar)

2:

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:
36:
37:
38:
39:
40:
41:
42:
43:
44:
45:
46:

CLEANURy, OPEN,;, FOCAly  empty list
Generate the root CT nod®o with ( No) =[ i(No)= ;] i 2 [K]]
R(No) ;
for i 2 [kK] do . Find initial paths without constraint.
L (pi(No);ci(No);Ibi(Ng))  FocalSearch(s;, li,;, P(Ng), 0)
P(No) P(No)[f pi(No)g
X(Ng) Findall conicts in paths[p;(Ng) j i 2 [K]].
H(Ng) Compute the WDG Heuristic of CT noddg
& h O
InsertNode (No, CLEANUR,, OPEN,, FOCAL,)
while CLEANUR; not emptydo
LB minNZCLEANUR' F(N) .LB = F(NF).
' SelectNode(CLEANUR, , OPEN;, FOCAL,)
if X (K)j =0then return [p;(K)ji 2 [K]]
if N is selected from CLEANUPand H (N) is null then
H(X)  Compute the WDG Heuristic of CT nodd ; F(N) LB (N) + H(K)
L InsertNode (X', CLEANUR,, OPEN,, FOCAL,)
continue
conict  SelectConflict (X (X))
Generate the two sets of constraint; and , for resolvingcon ict
children ; ;m 1
while m  2do
N InitializeChildNode (N, m)
for i 2 [kK] do
if pi(N) violates constraints (N ) then
Ri(N) f p(N)jj 2 [kInfigg
if Flex Distribution is usedhen

(P(N);c(N);Ibi(N))  FocalSearchWithFlex (si,li, i(N), P«(N), Ibi (X))
else
C (P(N);Gi(N);Ibi(N))  FocalSearch(si, li, i(N), R(N), lbi(N))

if pi(N) is not foundthen
. m m+1;GotoLine?23
X(N) Eind all the conicts in paghs[pi(N) ji 2Kl

if CT nodeN satis es conditions (C1-C4) for bypassing conictsen . See Section 2.4.3.1.
for i 2 [k] do

PN pp(N)G(N)  G(N)

C(N) 20 G(N)s X (N X (N)
Goto Line 15

 children children[f Nggm m+1

for N 2 childrendo

H(N)  n=(1 o) X(N)j

 InsertNode (N, CLEANUR,, OPEN;, FOCAL,)
- Compute ¢(N') and ,(N'); update 4 and
return No solution
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Algorithm 2.2 Tool Functions for High-Level EES

1. procedure InsertNode (N, CLEANUR,, OPEN,;, FOCAL,)

2: | Insert CT nodeN into CLEANUR; and OPEN

3:  for N°2 OPEN, do

4 | if F(N9 w F(Np) then Insert CT nodeN %into FOCAL,

procedure SelectNode(CLEANUR,, OPEN;, FOCALy)

if C(Nx) w LB then

L Remove CT nodd&lx from CLEANUR,, OPEN;, and FOCAL
return Ny

if C(N2) w LB then

10: L Remove CT nodellf from CLEANUR,, OPEN,, and FOCAL

11: return N

12: | Remove CT nodd&lg from CLEANUR,, OPEN,

13: | if Ng in FOCAL, then

14: | Remove CT nod®lg from FOCALy

15: | return Ng

16: procedure SelectConflict (X (N'))

17: | for conict 2 X (N) do

18: (Pi(NX), pj (X)) pair of paths thatcon ict occurs

19: if N is expanded from CLEANUPor ¢ (N) = Ibj(K) or ¢ (K) = Ibj () then

20: ~ Classifycon ict into cardinal, semi-cardinal, and non-cardinal

21: Determinecon ict as either a target con ict, a corridor con ict, or none of them above.
22: return the con ict with the highest priority in X X

23: procedure InitializeChildNode (N, )

24: N acopyof CT noded

25: for 2 do

26: L a; agentthat constraint is applied to
2r: i(N) i(N)[f g

28: _ return N




Algorithm 2.3 Low-Level Focal Search

1: procedure FocalSearch(si, i, i(N),Ri(N), Ibi(K))

2. | . N is the parent CT node of CT nddiesolb; (K) = 0 if N is the root CT node.
- R(N)=fp(N)jj 2 [k]nfigg.

Ti(N) Compute the time horizon from constraints;(N ) and pathsR;(N)
Determine the priority function valug7(n) of v-t noden

Generate the root v-t nodeg with state representatiorgs;; 0)

No ahRw

fi(no); xi(no) O

: fmin;i(N) fi(no)

9: i(N) W fmin;i(N)

10:  OPEN, FOCAL,CLOSEDR empty list
11: | InsertNode (ng, i(N), OPEN, FOCAL)
12: | while OPEN isnot emptydo

g(no) O;hi(ng) hi(si);fi(no)  g(no)+ hi(no); Mi(no)  Mi(si); fi(no)

/
/

. See Section 2.4.2.

13: Ng v-t node with the minimumf-value in OPEN

14 if fmin:i(N)<fi(ng)then

15: fmin;i(N) fi(nf)

16: new W fmin:i(N)

17: UpdateFocal( {(N), new, OPEN, FOCAL )

18: i(N) new

19: A v-t node with the minimumx;-value in FOCAL

20: Remove v-t nodé from OPEN and FOCAL

21: Insertn into CLOSED

22: if IsTargetReached(f;l;; i(N)) then

23: Ib; fmin;i (N)

24: pi  Extract the path by back-tracking v-t nodé; ¢, cost of pathp;
25: ~ return (pi; ci;lby)

26: neighbors FindNeighbors(n) . Find the neighboring states.
27: for (v;t) 2 neighborslo

28: if (v;t) doesnot satisfy constraints ;(N) then

29: _ continue

30: n  GenerateChildNode (0, v,t, R:(N))

3L n  FindNode(n, T;(N ), CLOSED, OPEN)

32: if nis null then

33: L InsertNode (n, i(N), OPEN, FOCAL)

34: continue

35: if IsDominant (n, n) then

36: | L UpdatePriority (n,n, j(N), CLOSEDR, OPEN, FOCAL )

37 return No path
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Algorithm 2.4 Tool Functions for the Low-Level Focal Search

1:
2:
3:

10:

11:
12:
13:
14:
15:
16:
17:

18:
19:
20:
21:
22:
23:
24:

25:
26:
27:
28:
29:
30:
31:

32:

procedure InsertNode (n, ;(N), OPEN, FOCAL )
Insert v-t noden into OPEN
Sort v-t nodes in OPENIn increasing order of j-values, breaking ties in favor of v-t nodes with
smallerx;-values
if fi(n) i(N) then
Insert v-t noden into FOCAL.
Sort v-t nodes in FOCAL in increasing order ok;-values, breaking ties in favor of v-t nodes
with smallerfj-values

procedure UpdateFocal ( /g, new, OPEN, FOCAL )
for v-t noden 2 OPEN do

L if og <fi(n) new then
| Insertv-t noden into FOCAL

procedure IsTargetReached(n, l;, i(N))
(v;t)  state representation of v-t node
if v6 |j thenreturn false
for hg;li;t 12 §(N)do
L if t t then

_ return false
return true

procedure FindNeighbors(n)

(v;t)  state representation of v-t node

neighborsf (v;t+1)g . Insert the wait action.
VO  Find the successor vertex for each possible move action at vertex

for v02 V0do

" neighbors neighborgf (v%t+1)g . For the move action.
return neighbors

procedure CountConflicts (n, Ri:(N))
(v;t)  state representation of v-t node
Xy humber of vertex con icts with path€2,(N ) at vertexv at timestept
if nisnot the root v-t nodethen
n  parent of v-t noden with state representatiorfu;t 1)
if ué vthen
L Xe nhumber of edge con icts with path®;(N ) when agenta; moves from vertexu at
timestept 1 to vertexv at timestept
_return Xy + Xe
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33

34:
35:
36:
37:
38:
39:
40:
41:

42:
43:
44:
45:
46:
47:
48:
49:
50:

51
52

53

54:
55:
56:
57:
58:
59:
60:
61:
62:
63:
64:
65:
66:
67:

: procedure GenerateChildNode (h,v,t, R:(N))

. v-t noden has state representati( ).
Generate v-t node with state representatiorfv; t)
paren{n) N

g(n) g(h)+1

hi(n)  hi(v);fi(n)  gi(n)+ hi(n)

mi(n)  m(v);fi(n)  gi(n)+ Mi(n)

xi(n)  xj(fh)+ CountConflicts (n,R:(N))

_ return n

procedure FindNode(n, T;(N), CLOSED, OPEN)

(v;t)  state representation of v-t node

LIST concatenate CLOSEDand OPEN

n null

if t<T;(N) then

\ n  Find v-t node inLISTwith state representatiorgv;t)

else

' n  Find v-t node inLISTwith state representatiorfv;t) with t ~ T;(N)
return n

: procedure IsDominant (ny, n»)
: | return fi(n1) <fi(ny) or (fi(n1) = fi(n2) and xi(n1) < xi(n2))

: procedure UpdatePriority (n,n, j(N), CLOSED, OPEN, FOCAL )
(v;t)  state representation of v-t node
(v;t)  state representation of v-t node
fi  fi(n)
g(n) ag);fi(n) fi(n);fi(n)  fi(n);xi(n)  Xxi(n);t t;paren(n)
if n 2 CLOSED then
Remove v-t- node from CLOSED
InsertNode (n, i(N), OPEN, FOCAL )
else
Update the priority ofn in OPEN
if fi(n) i(N) then
if f; > ;(N)then
~ Insert v-t noden into FOCAL.
else
~ Update the priority of v-t noden in FOCAL

. Unit-cost.

paren{n)

. nisin OPEN
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Chapter 3

Flex Distribution

To improve the e ciency of EECBS, we introduce our new approach, calldex Distributior{9], which
relaxes the requirement that the paths of agents be individually bounded-suboptimal while maintaining
the guarantee of nding a bounded-suboptimal solution to a MAPF instance if a solution exists. Given a
path that satis es constraintsin a CT node, we de ne its ex as the di erence between the threshold, which
isw times the lower bound on the cost of a minimum-cost path that satis es the constraints, and the cost.
When EECBS runs the low-level Focal Search to nd a path for an agent, the core idea of Flex Distribution
is to increase its threshold by using the ex of the paths of the other agents. With the increase in the
threshold, EECBS might now be able to nd paths with fewer con icts on the low level (see Figure 3.12).
Additionally, since Flex Distribution no longer requires each agent's path to be individually bounded-
suboptimal, EECBS can relax Condition (C2) for bypassing con icts on the high level, which might allow
it to terminate more quickly. Yet, the solutions found by EECBS with Flex Distribution are still guaranteed
to be bounded-suboptimal To distribute ex, we propose an intuitive mechanism called Greedy Flex
Distribution (GFD). When EECBS uses the low-level Focal Search to nd a path for an agent, GFD uses all

the ex of the paths of the other agents to increase the threshold of the agent. Our empirical evaluation

"Since Flex Distribution only modi es the low-level Focal Search and the high-level bypassing condition, it can also be applied
to other Con ict-Based Framework instantiations that solve MAPF bounded-suboptimally, e.g., Enhanced Con ict-Based Search
(ECBS) [8]. Also, we could apply Flex Distribution to other domains that use the Con ict-Based Framework, such as Virtual
Network Embedding [75].
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shows that GFD can accelerate the search of EECBS for large-scale MAPF instances. Our contributions

are:
" We propose Flex Distribution, a new approach to accelerating EECBS.

" We show how Flex Distribution can be used to nd paths on the low level and relax Condition (C2)
for bypassing con icts on the high level. We prove that EECBS with Flex Distribution is guaranteed

to nd a bounded-suboptimal solution to a MAPF instance if a solution exists.

We propose Greedy Flex Distribution (GFD) as a mechanism for determining the distributed ex.

Our empirical result shows that for the 120-second runtime limit and the bounded-suboptimality

factorw = 1:01, using GFD results in a more than twofold increase in the success rate of EECBS
over all MAPF instances on all graphs, raising it frddriL8to 0:396. In particular, while EECBS has

the success rate d¥.08 over all MAPF instances on theity graph (which is the largest graph in

our empirical evaluation) for the bounded-suboptimality facter= 1:01, EECBS with GFD has the

success rate d:52.

3.1 Bounded-Suboptimality of EECBS

When EECBS expands a CT nofle it selects a con ict and resolves it by generating two child CT nodes
with the additional constraints. Suppose that one of the child CT noNesontains the constraints ; that
are used to resolve the selected conict,i.e;(N)= (N)[ ;. Since imposing additional constraints
can only increase the cost of an optimal path that satis es the constraints, the lower boogtl) in CT
nodeN remains a lower bound on the cost of an optimal path that satis es the constraintéN ) in CT
nodeN . That is, when running the low-level Focal Search, bdih(K) andf min:i(N) are lower bounds

on the cost of an optimal path that satis es the constraint$(N ). Thus, rather than setting the threshold
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i(N)=w fmin;i(N) asin [34] (see Lines 9 and 16 in Algorithm 2.3) during the search of the low-level

Focal Search, we set

i(N)= w maxf b (K); fmin:i (N)g: (3.1)

When the low-level Focal Search nds a path and terminates, rather than setting the lower bliyid ) =

fmin:i(N) as Li et al. [34] (see Line 23 in Algorithm 2.3), we set
Ibi (N) = max f I (K f min-i (N)g: (3.2)

In this case, the path found by the low-level Focal Search remains individually bounded-suboptimal. Thus,

the SOC of CT nod@&\ still satis es Equation 2.6. Also, for any CT nod¢ in the subtree of CT node

N, Ib(N) Ib(N), and thusLB (N) LB (N). On the other hand, for the root CT nodd that

does not have a parent CT node, since it does not contain any constraint, we follow Li et al. [34] and set
i(No) = W fmini(No) = w hi(sj) andIbi(No) = fmin:i(No) = hi(si), whereh;j(s;) is the cost of the

minimum-cost path from the start verteg; to the target vertex; of agenta;.

De nition 3.1 (Individually Bounded-Suboptimal PathA path of an ageng; in a CT nodéN isindivid-

ually bounded-suboptimal i its cost ¢ (N) satis es

G(N) i(N)=w maxflbi(lﬁ);fmin;i(N)gz w b (N); (3.3)

P
We provide the following de nition for a CT nodeN with its SOCC(N) = 5 Gi(N) and SOLB

P
LB(N)= " ppqIbi(N).

De nition 3.2 (Local Suboptimality) Thelocal suboptimality of a CT nod& isC(N)=LB (N).
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De nition 3.3 (Locally Bounded-Suboptimal CT Node) CT nodeN is locally bounded-suboptimal
i its local suboptimality is at most the bounded-suboptimality faetpr.e.,C(N)=LB (N) w or, equiv-

alently, C(N) w LB (N).

By requiring each path in each CT node to be individually bounded-suboptimal, EECBS ensures that each
CT node is locally bounded-suboptimal.

At each iteration on the high level, EECBS updates the lower bouBd = F(Ng) = LB (Ng) +
H (Ng) on the SOC of the optimal solution and then selects a CT node based on Selection Rules (E1), (E2),

and (E3) (see Section 2.4.1). We thus provide the following de nitions:
De nition 3.4 (Global Suboptimality) Theglobal suboptimality of a CT nod&l isC(N)=LB.

De nition 3.5 (Globally Bounded-Suboptimal CT Noded CT nodeN isglobally bounded-suboptimal
i its global suboptimality is at most the bounded-suboptimality faetpr.e.,C(N)=LB  w or, equiva-

lently, C(N) w LB.

Equivalently, the condition of Selection Rules (E1) and (E2) is to check if CT ndgeand N, re-
spectively, are globally bounded-suboptimal. We can combine these de nitions with Selection Rules (E1),

(E2), and (E3) to establish the following theorem:

Theorem 3.1. Ifeach CT node is locally bounded-suboptimal, then the solution found by EECBS is guaranteed

to be bounded-suboptimal.

Proof. Given a CT nodéN , since its heuristidd (N ) is admissibleFF (N) = LB (N) + H(N) is the lower
bound on the SOC of the minimum-SOC solution that satis es constraifitdl ). According to Lemma 2.1,
as we de neNg = argminyz2cLeanur, F(N), F(Ng) (i.e., the minimumF -value over all CT nodes in
CLEANUR,) is a lower bound on the SOC of an optimal solution. EECBS maintaih®8 = F(Ng)
during the search, i.e.,

LB = F(Ng)= LB(Ng)+ H(Ng) C: (3.4)
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At each iteration, EECBS uses Selection Rules (E1), (E2), and (E3) to select a CT node. If EECBS selects the
CT nodeN according to selection rules (E1) and (E2), k&2 f Ny ; N g, then the SOC of each selected
CT nodeN satis es

C(N) w LB w C: (3.5)

On the other hand, if EECBS selects a CT ndtle= N by the Selection Rule (E3), then since each CT

node is locally bounded-suboptimal,

C(NE) w LB(Ng) w F(Ng)=w LB w C: (3.6)

Thus, by Inequalities 3.5 and 3.6, if the paths in the selected CT node are con ict-free, i.e., a solution, then

EECBS returns a bounded-suboptimal solution. O

3.2 Limitations of EECBS

EECBS ensures that the solution it nds is bounded-suboptimal according to Theorem 3.1. However, it
is unnecessary for each path to be individually bounded-suboptimal to ensure that each CT node is lo-
cally bounded-suboptimal. That is, the SOC of a CT nddecan satisfyC(N) w LB (N) without

each path being individually bounded-suboptimal. Thus, we propBkex Distributionwhich relaxes the
individual bounded-suboptimality of each path while still guaranteeing that the SOC of each CT node is lo-
cally bounded-suboptimal. This ensures that the solution found by EECBS with Flex Distribution remains
bounded-suboptimal. In general, the de nition of bounded-suboptimal solutions depends osutmeof

the costs of all paths rather than the cost of each individual path (see Section 2.2). Thus, given a CT node,
we can apply Flex Distribution to increase the thresholds of its paths as long as the resulting SOC is at
most the bounded-suboptimality factav larger than the SOLB. We use the following premises to explain

how EECBS with Flex Distribution works.
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(1) Atthe beginning of the search, suppose that EECBS generates the robty@ibde with one indi-
vidually bounded-suboptimal path for each agent, i8.2 [Kk]; ¢i(No) w Ib;j(Ng). Since the root
CT nodeNg does not contain any constrain8i 2 [k]; Ibi(No) = fmin:i(No) = hi(sj), whereh;(s;)
is the cost of the minimum-cost path from the start vertexto the target vertex; of agenta; (see
Section 2.4.2). That is, in this premise, EECBS with Flex Distribution does not use Flex Distribution

when nding paths for agents in the root CT nodBlg.

(2) Also, atan iteration, suppose that EECBS with Flex Distribution expands a CT hbdesl generates
one of its child CT node® with the set of constraints {(N) = (N)[ i for agenta;, where

i Is the set of constraints that are used to resolve the selected con ict.

3.3 De nition of Flex

To generate one of the child CT nodés during the expansion of a CT nodd, EECBS needs to nd

a path for an ageng; that satis es the constraints j(N) = (N)[ ;. Since ; only a ects agent

a;, the paths of the other agentlsa; j j 2 [k] n figg remain unchanged, i.e§j 2 [k]nfig;pj(N) =

i (N); 16 (N) = b (N); 6 (N) = ¢ (N'). When EECBS with Flex Distribution uses the low-level Focal
Search to nd the path for agend;, it increases the threshold by using the sum of di erences between the

thresholdsw Ibj (N) and the costs of the pathg (N) from the otherk 1 agents.

De nition 3.6 (Flex) Theflex of the path of an agera; in a CT noddN isde ned asv Ibi(N) ¢ (N),
wherec; (N ) is the cost of the path arid (N ) is the lower bound on the cost of the minimum-cost path that

satis es the constraints;(N).

De nition 3.7 (Distributed Flex) Thedistributed flex  ;(N) is the amount of ex from the paths of the
other agent$a; j j 2 [kK] nfiggused to nd the path for agers that satis es the constraints;(N) in a

CT nodeN .
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3.4 Finding Paths with Flex Distribution

When EECBS with Flex Distribution nds a path for ageat that satis es the constraints j(N) ina CT
nodeN, to ensure thalC(N) w LB (N), the maximum amount of ex allowed to be used is the sum

of ex from the paths of the other agentga; jj 2 [k] nfigg.

De nition 3.8 (Maximum Allowed Flex) When EECBS nds a path for agenthat satis es the constraints

i(N) ina CT nodeN , the paths of the other agefitg jj 2 [k] nfiggremain unchanged, i.e.,

8 2 [KInfigip (N) = pj(N);1by (N) = Iy (N);andg (N) = ¢ (N); (3.7)

where CT nodd is the parent of CT nod¢. In this case, theaximum allowed flex is de ned as

X
max:i(N) = (w Ibj(N) ¢ (N)): (3.8)
j2[Kk]nfig

During the search of EECBS with Flex Distribution, the core idea is to modify the threshold on the low
level to

i(N) = w maxflb (K); fmini(N)g+  (N); (3.9)

where (N) is the distributed ex. That is, we can increase the thresho|dN ) given by Equation 3.1

if the maximum allowed ex max:i(N) and the distributed ex ;(N) max:i (N') are positive. Also,

the original version of EECBS (EECBS without Flex Distribution) is a special case where the distribution
ex j(N)issetto 0. If EECBS with Flex Distribution needs to nd paths for more than one agent in a
CT nodeN (e.g., when resolving a target con ict), then it runs the low-level Focal Searches for the paths

sequentially, each time updating the lower bound and the path cost for the agent whose path was updated.
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We now prove that the low-level Focal Search with Flex Distribution is guaranteed to nd a bounded-

suboptimal path, if a path exists.

Lemma 3.1. Forany 0, the number of v-t nodeswith g;(n) is nite.

Proof. During the search for a path of agers;, for any v-t noden with its state representatior{v;t),
g(n) = tis the number of timesteps needed for agemtto move from its start vertexs; to vertexv.
According to the problem formulation of MAPF (see Section 2.2), the g@aph( V; E) of a MAPF instance
contains a nite number of verticegV|. Also, each action takes exactly 1 timestep, which establishes a
strictly positive lower bound on the cost of any state transition. Thus, for any 0, the possible values
for timestept are restricted to the nite sef0; 1;:::; g. Since the number of v-t nodeswith g(n) is

the product of the number of vertices in the gragh and the number of possible timesteps, it is bounded

byjVj ( +1).SincgVjand are nite, the number of v-t nodes wittg(n) is nite. O

Lemma 3.2. If every v-t node has a non-negatiyevalue, then, for any arbitrary number 0, the number

of v-t nodes with fi(n) = gi(n) + hj(n) is nite.

Proof. During the search for a path of agemt, sinceh;(n) 0O for every v-t noden, the set of v-t nodes
n with f;(n) = gi(n) + hj(n) is a subset of the set of v-t node®with gi(n% . Thatis, any v-t
node withf;(n) satis esg;(n) . Since there are nite v-t nodes whoseg;(n) according to

Lemma 3.1, there is a nite number of v-t nodaswith f;(n) . O

Theorem 3.2. Given a CT nod#l, if the low-level Focal Search maintainéN ) fmin:i (N') during
the search, then it is guaranteed to nd a path for aggrihat satis es the constraints;(N) with cost

G(N) i(N) when the search terminates, if a path that satis es the constraints exists.

Proof.Sincew ¢, (N) 0 (wherec; (N) is the cost of the minimum-cost path that satis es the constraints

i(N)), the number of v-t nodes with fi(n) w ¢ (N) is nite according to Lemma 3.2. During the

48



search, the low-level Focal Search uses OPENnaintain the frontier of the search tree. At each iteration,
the low-level Focal Search expands a v-t node from FOCAAhich is a subset of OPEN and inserts it

into CLOSEDR. Once av-tnhode is expanded, itis not removed from CLOSEB re-inserted into OPEN
unless it is dominated by a newly generated v-t node at an iteration. Since the number of v-t nodes (with
fi(n) w ¢ (N))is nite, each v-t node is dominated by nitely many v-t nodes, and thus the number
of re-insertions of every expanded v-t node is nite. Thus, each v-t node is expanded in a nite number
of times. Since FOCALcontains the v-t nodes in OPEN whosef;(n) i(N) andf min:i(N) is the
minimum f;-value over all v-t nodes in OPEN (N) fmin:i (N') indicates that every v-t node with

the minimumf;-value in OPEN is always in FOCAL during the search. That is, if OPENs not empty,

then FOCAL is never empty. Thus, the low-level Focal Search must continue expanding the frontier until
either a path that satis es the constraints is found or OPEM empty. Since the low-level Focal Search
expands every v-t node a nite number of times and expands a v-t node at each iteration, it is guaranteed
to terminate in a nite number of iterations. Thus, the low-level Focal Search is guaranteed to nd a
path that satis es the constraints ; (N ), if a path that satis es the constraints exists. Also, since FOCAL
contains v-t nodes with  (n) i (N) and the low-level Focal Search selects a v-t node in FOCatleach
iteration, if the selected v-t node results in a path that satis es the constrain{éN ), thenci(N)  i(N)

when the search terminates. O

Given a CT noddN , we can prove that the low-level Focal Search with Flex Distribution is guaranteed

to nd a path for agenta; that satis es the constraints j(N).

Theorem 3.3. Given a CT nodd whose parent CT nodeNs suppose that EECBS maintains lower bound

Ibi (N) = max f Ib; (KT);fmin;i (N)g for each agerd; . If both of the following conditions hold:

~ the parent CT nod¥ is locally bounded-suboptimal, and
" i(N)= maxi(N)or i(N) O,
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then the low-level Focal Search with Flex Distribution is guaranteed to nd a path for ag;abansatis es

the constraints j (N ) with the cost satisfying

G(N)  i(N)=w maxfibi(R);fmini(N)g+ i(N); (3.10)

if a path that satis es constraints exists.

Proof.If {(N) O, then the threshold satis es

i(N) = w maxf b (K); fmin:i (N)g+  i(N)
w maxf Iby () f min:i (N)g

(3.11)
maxf 1 (K); f min:i (N)g

fmin;i(N)

during the search. Thus, according to Theorem 3.2, the low-level Focal Search with Flex Distribution is
guaranteed to nd a path for agend; that satis es the constraints ;(N) with costc(N) i(N)ifa
path that satis es constraints exists.

We now prove the case wheni(N) = max;i(N). Since the paths of the other agertts; j j 2
[k]nfiggremain unchanged from the parent CT nodleto CT nodeN , the distributed ex (which is now

the maximum allowed ex) becomes

X X
i(N) = max;i(N) = (w I (N) ¢(N)) = (w I (R) (X))

j2[kInfig j2[kInfig

w ) M) w k@) o) (3.12)

i2[k]

w BM) cit) w Ib(K)+ ¢(N):
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Since the parent CT nodd is locally bounded-suboptimaly LB (K) C(N') 0. Also, sinceb;(N') is
a lower bound on the cost of the minimum-cost path that satis es the constraint§N' ), ¢; () I (K.

Thus, the distributed ex satis es

iN)  w b+ o) w o Ib () + b (N): (3.13)

Accordingly, when the low-level Focal Search nds a path that satis es the constraintéN ) for agent

a; in CT nodeN , the threshold satis es

i(N) = w maxflb (K);fmini(N)g+  (N)
w maxflb (K); fmini(N)g  w Ib(N)+ Ib(N)
=w maxfo;fmini(N) Ibi(NK)g+ Ibi(N)
(3.14)
maxf O; fmin:i (N) 1k () g + 1o ()
maxf Ib; (K); f min:i (N)g

fmin:i (N):

Thus, according to Theorem 3.2, regardless of whichax:i(N) is positive, O, or negative, provided that
i(N) = maxi(N), the low-level Focal Search is guaranteed to nd a path for agarthat satis es the
constraints j(N) with costc(N) i(N) in CT nodeN, if a path that satis es the constraints j(N)

exists. O

We now prove that EECBS with Flex Distribution is guaranteed to nd a bounded-suboptimal solution
to a MAPF instance if a solution exists. We rst prove that the solution found by EECBS with Flex Dis-
tribution is guaranteed to be bounded-suboptimal. Then, we prove that EECBS with Flex Distribution is
solution-completelhat is, it is guaranteed to nd a (bounded-suboptimal) solution to a MAPF instance if

a solution exists. According to Theorem 3.3, it is trivial to establish the following Theorems 3.4 and 3.5:
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Theorem 3.4. Suppose that the parent CT nétlef a CT nodd\ is locally bounded-suboptimal. When the
low-level Focal Search with Flex Distribution nds a path for an agehat satis es the constraints;(N)

in CT nodeN , if the distributed ex {(N) satis es

8
% 0 i(N) max;i(N); if max;i(N) 0
E (3.15)

iIN) = maxi(N); otherwise

then CT nod@&l is locally bounded-suboptimal.

Proof. According to Theorem 3.3, if {(N) = maxi(N)or {(N) O, then the low-level Focal Search
with Flex Distribution is guaranteed to nd a path for an ageat that satis es the constraints ;(N) with
the cost satisfying Inequality 3.10, if a path that satis es constraints exists. Also, if the distributed ex

i(N) satis es Inequality 3.15, then ;(N) max:i (N). Thus, according to Inequality 3.10,

G(N)  i(N)=w maxflo(K);fmni(N)g+ i(N)
w maXfIbi(N\);fmin;i(N)g"' max;i(N) (3.16)

X
w Ibi(N)+ (w Ib(N) ¢ (N)):
j2[KInfig

wherelb;(N) = maxflbi(KT);fmin;i(N )g is a lower bound on an optimal path for ageaf that satis es

the constraints j(N). Thus, the SOC of the CT nod¢ satis es

X
C(N)= c(N)+ G (N)

j2[Knfig
X X
w b (N)+ (w Ib(N) ¢(N))+ G (N) (3.17)
j2[Knfig j2[KInfig
=w LB(N):
Thus, according to De nition 3.3, each CT nod& is locally bounded-suboptimal. O
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Theorem 3.5. When the low-level Focal Search with Flex Distribution nds a path for an agémat
satis es the constraints;(N) in CT nodeN , if the distributed ex ;(N) satis es Inequality 3.15, then the

solution found by EECBS with Flex Distribution is guaranteed to be bounded-suboptimal.

Proof. If the distributed ex satis es the above condition during the search, then each CT node is locally
bounded-suboptimal according to Theorem 3.4. Thus, the solution found by EECBS with Flex Distribution

is bounded-suboptimal according to Theorem 3.1. O

De nition 3.9 (Solution-Completenessp MAPF algorithm isolution-completenessi it is guaranteed

to terminate with a solution to a MAPF instance if a solution exists.

A solution-complete MAPF algorithm is not guaranteed to terminate and return no solution if no
solution exists. In fact, if a MAPF instance is unsolvable, EECBS (with or without Flex Distribution) may
not terminate. However, there exists a linear-time algorithm that determines if a MAPF instance is solv-

able [71]. Thus, we can run this algorithm prior to EECBS (with or without Flex Distribution).

Theorem 3.6. When the low-level Focal Search with Flex Distribution nds a path for anagkat satis es
the constraints ;(N) in CT nodeN , if the distributed ex ;(N) satis es Inequality 3.15, then EECBS with

Flex Distribution is solution-complete.

Proof. Suppose that the MAPF instance has a solution, an€lebe the SOC of an optimal solution. Since

there are only nitely many con icts for paths with costs at most C , and once aconictis resolved at a

CT node, itdoes not reappear in its subtree, the number of CT nodes with SOCs atnm@stis nite. Also,

since EECBS with Flex Distribution never selects for expansion a CT node whose the SOC excégds
according to Selection Rules (E1), (E2), and (E3) (see Inequalities 3.5 and 3.6), the number of CT nodes that
EECBS with Flex Distribution expands has to be nite. Also, according to Lemma 2.1, a CT node whose list

of paths is a solution is in the subtree rooted at at least one of the CT nodes in CLEANbBIRaning that

EECBS with Flex Distribution stops only when it has selected a CT node whose list of paths is a solution.
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Thus, EECBS with Flex Distribution must nd a solution with nitely many CT node expansions, if a

solution exists. O

Theorem 3.7. When the low-level Focal Search with Flex Distribution nds a path for anadkat satis es
the constraints (N ) in CT nodeN , if the distributed ex ;(N) satis es Inequality 3.15, then EECBS with

Flex Distribution is guaranteed to nd a bounded-suboptimal solution to a MAPF instance if a solution exists.

Proof. EECBS with Flex Distribution is solution-complete according to Theorem 3.6, and the solution that
it nds is guaranteed to be bounded-suboptimal according to Theorem 3.5. Thus, EECBS with Flex Distri-

bution is guaranteed to nd a bounded-suboptimal solution to a MAPF instance if a solution exist&l

Algorithm 3.1 shows the pseudo-code of how Flex Distribution is implemented in the low-level Focal
Search, where the blue text marks the di erences to the low-level Focal Search without Flex Distribution
in Algorithm 2.3. Namely, the low-level Focal Search computes the distributed i\ ) from the paths
of the other agentda; j j 2 [kK] nfiggin CT nodeN [Line 5] and modi es the threshold accordingly

[Lines 10 and 17]. After the low-level Focal Search nds a path, it updates the lower bound [Line 24].

3.5 Bypassing Con icts with Flex Distribution

When EECBS expands a CT nddeand generates one of its child CT nodss Condition (C2) of bypassing

con icts requiresc;(N)  w Ibj(K) for each ageng; (see Section 2.4.3.1). This is to ensure that each path
remains individually bounded-suboptimal after bypassing con icts. On the other hand, Flex Distribution
relaxes the requirement that each path be individually bounded-suboptimal, provided that each CT node
is locally bounded-suboptimal. Thus, to bypass con icts when ex distribution is introduced, EECBS with

Flex Distribution maintains Conditions (C1), (C3), and (C4) and relaxes Condition (C2) to

C(N) w LB (N); (3.18)
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Figure 3.1: An example of how GFD increases the threshold with a positive maximum allowed ex from
the ex of the paths of agents, andas. Suppose that EECBS-GFD expands CT nddmd generates one

of its child CT nodesN , which requires nding a path for agen&;. The green bars are the lower bounds,

the cyan bars are the costs of the paths, the purple bars are thresholds that are the bounded-suboptimality
factor w larger than the lower bounds, and the red bar is the threshold increased by GFD. The orange
arrows are the ex of the paths of agen& andas.

which results in CT node remaining locally bounded-suboptimal after bypassing con icts. With the
relaxation of Condition (C2), each CT node in EECBS with Flex Distribution remains locally bounded-
suboptimal. Thus, according to Theorem 3.1, the solution found by EECBS with Flex Distribution is guar-

anteed to be bounded-suboptimal when applying bypassing con icts.

3.6 Greedy Flex Distribution (GFD)

One intuitive way of using ex is to distribute the maximum allowed ex each time when the low-level
Focal Search needs to nd a path that satis es the constrain{¢N ) for an agenta; in a CT nodeN . That
is,

i(N)= max;i(N): (3.19)

We call this Flex Distribution mechanisi@reedy Flex Distributiof@FD). By using GFD, if the maximum

allowed ex is positive, then the threshold is increased. This makes the low-level Focal Search easier (and
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thus often faster) to nd a path that satis es the constraints because this path can have a larger cost than
without Flex Distribution. On the other hand, even if the maximum allowed ex is negative, the low-level
Focal Search is still guaranteed to nd a path that satis es constraints (see Theorem 3.3).

Figures 3.1 and 3.2 show examples of the variable relationships in the situation where the low-level
Focal Search nds a path for ageat and the paths of agenta, andas remain unchanged when EECBS
with GFD (EECBS-GFD) expands CT nddlend generates CT node . Figure 3.1 shows the case when
EECBS-GFD increases the threshold with a positive maximum allowed ex when nding a path for agent
a;. The paths of agenta, andag in the parent CT nodeX have cost,(K)  w Iby(K) andcs(K)

w Ibg(KX), which results in the positive exw Ib(K)  co(K) (the orange arrow pointing to the right in
the line ofay) andw Ibs(N') c3(N') (the orange arrow pointing to the right in the line odiz), respectively.
Thus, as the paths of agents and az remain unchanged, the maximum allowed ex for nding a path

for agenta; (the connected orange arrows pointing to the right in the line @f)

X X
max;1(N) = (w I (N) ¢(N)) = (w g (R) (X)) (3.20)

j2f 2;3g j2f 2;3g

is positive. EECBS-GFD thus increases the threshold frormaxf f min:1(N); Ib, (N g (the purple bar

in the line ofa;) tow maxffmin.1(N); Ibl(N‘)g +  max:1(N) (the red bar in the line of;). Then, the
low-level Focal Search nds a path with cost(N ) (the cyan bar in the line of;) and terminates. Finally,
EECBS-GFD sets the lower boutibd(N ) to maxf f min:1(N ); Ib1(K)g (the green bar in the line o&;).

On the other hand, Figure 3.2 shows the case when EECBS-GFD decreases the threshold with a negative

maximum allowed ex when nding a path for ageng;. The paths of agenta, andas in the parent CT

nodeN have costx,(N) > w  Iby(K) andcs(N) > w  Ibg(N'), which results in the negative ex

w I (K)  c(N) (the orange arrow pointing to the left in the line odi;) andw Ibg(N)  c3(K) (the

orange arrow pointing to the left in the line oBg), respectively. Thus, the maximum allowed ex for
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Figure 3.2: An example of how GFD decreases the threshold with a negative maximum allowed ex from
the ex of the paths of agents, andas. Suppose that EECBS-GFD expands CT nddmd generates one

of its child CT nodesN , which requires nding a path for agen&;. The green bars are the lower bounds,

the cyan bars are the costs of the paths, the purple bars are thresholds that are the bounded-suboptimality
factor w larger than the lower bounds, and the red bar is the threshold decreased by GFD. The orange
arrows are the ex of the paths of agen& andas.

nding a path for agenta; (the connected orange arrows pointing to the left in the line&f) is negative
(i.e., max:1(N) < 0). EECBS-GFD thus decreases the threshold fwormaxf f min:1(N); Ib1(K)g (the
purple bar in the line ofa;) tow maxffmin:1(N); Ibl(KT)g +  max:1(N) (the red bar in the line ofy).
Then, the low-level Focal Search nds a path with cag{N ) (the cyan bar in the line o1) and terminates.
Finally, EECBS-GFD sets the lower bodhdN ) to maxf f min:1(N); Ibl(lﬁ)g (the green bar in the line of

ai).

3.7 A Toy Example

We use a MAPF instance to show how GFD bene ts EECBS. As shown in Figure 3.3 (a), the MAPF instance
contains three agenta; (blue),a> (green), andaz (orange) on ad 4 four-neighbor grid graph with the
respective start verticepsy; sp; s3] = [A2; B1; A4] and target verticesl1;12;13] = [D3; C4; A3]. We use

EECBS with the bounded-suboptimality factar= 1:2. For each agen; 1.2.35, We use the cost of the
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Figure 3.3: (a) An example MAPF instance with 3 agentgblue),a, (green), andaz (orange)onad 4
four-neighbor grid graph with the start verticefs; ; s;; s3] = [ A2; B 1; A4] and target vertice§l;; 12;13] =

[D 3; C4; A3]. (b) The paths of the agents and the selected conhiat; ay; B 2; 1i (the red explosion) to
resolve in the root CT nod®&lo of EECBS. (c) The constrailag; B 2; 1i (the blue cross) when generating
one of the child CT nodebl from the root CT nodeNg.

minimum-cost path from each vertex to the target vertgy; 1.,.34 as the admissible heuristic for the low-
level Focal Search. Here, the low-level Focal Search sorts the v-t nodeSOCAL. in increasing order
of their number of con ictsx;(n), breaking ties in favor of v-t nodes with smalléf-values. The low-level
Focal Search uses random selection for any further unresolved ties.

To nd a solution for the MAPF instance, EECBS rst generates a root CT nbigeon the high level
by nding paths individually for each agent via the low-level Focal Search, as shown in Figure 3.3 (b). The
lower bounds and the costs of the paths are, respectiMély(Ng) = c1(Ng) =4 ,1ba(Ng) = ¢(Ng) =4,
andlIbz(Ng) = c3(Ng) = 1, resulting inLB (Ng) = C(Ng) =4+4+1 =9 . There ispj)X (Ng)j = 1
conict, namely has; ap; B2; 1i. To resolve this con ict, EECBS generates two child CT nodes from the
root CT node, where one of the child CT nodiiscontains the constrainbas; B 2; 1i that agenta; cannot
be at vertexB 2 at timestep 1, as shown in Figure 3.3 (c). In this case, when EECBS expands the root CT
nodeNg and generates one of the child CT nodis it runs the low-level Focal Search to nd a path for

agenta; that satis es constrainta;; B 2; 1i.
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Figure 3.4: Search tree of the low-level Focal Search without Flex Distribution when EECBS nds a path
for agenta; that satis es constraintha;; B2; 1i in CT nodeN . Each block represents a v-t nodewith

the state representatios; (n) = ( v;t), thef -value in the formatf 1(n) = gi1(n) + ha(v), and the number

of con icts x3(n). The white blocks are the v-t nodes that remain in OPRERNuring the search. The blue
blocks are the v-t nodes that are expanded at each iteration and then moved to CLQSIEB red arrows
indicate the found patjA2; A3;B3; C3; D 3].

3.7.1 Focal Search without Flex Distribution

We rst show how the low-level Focal Search (with bounded-suboptimality factor 1:2) without Flex
Distribution nds a path for agenta; that satis es the constraintas; B 2; 1i when EECBS expands the
root CT nodeNo and generates one of its child CT nodis Figure 3.4 shows the search tree of v-t nodes
during the search. Since the minimuim-value among all v-t nodes in OPENemainsf min:1(N) = 4 at
each iteration (since there always exists a v-t nadgavith f1(n) = 4 in OPEN during the search), the
threshold on the cost of the path remaing maxf Ib;(No); fmin:1(N)g=1:2 4 = 4:8. Since every action
takes one timestep to execute, the-values of the v-t nodes are integers. Thus, the low-level Focal Search
includes only v-t nodes with f1(n) 4in FOCAL . At Iteration 2, the low-level Focal Search expands
v-t noden; with state representatiors;(n,) = ( A3;1),f1(n2) =4, andx1(n2) = 1, which results in the

conict hay;az; A3; 1i.

59



Figure 3.5: Path for ageia that satis es constraintas; B 2; 1i in CT nodeN . (a) shows the path without
ex distribution, resulting in 2 con icts has; az; A3; 1i andhas; az; B3;2i. (b) shows the path with GFD,
resulting in no con icts by introducing a wait action from timestep 0 to timestep 1 to satisfy constraint
ha;;B2; 1i.

As shown in Figure 3.4, after expanding v-t nodeg n», ns, N1g, andnis, the low-level Focal Search
nds the pathpi1(N) =[ A2; A3; B 3; C3; D 3]for agenta; that satis es the constraintas; B 2; 1i with the
costci(N)=4 w maxflbi(N);fmin:1(N)g = 4:8. However, as shown in Figure 3.5 (a), the generated
child CT nodeN has two con icts, namelyhas; az; A3; 1li andhay;ay; B3;2i, resulting injX (N)j = 2.
With the lower bound and the cost of the path of agesit remaining 4, the SOLB and SOC of the generated
child CT nodeN remainLB (N) = C(N) = 9. However, the generated child CT nod& now has more
con icts than the root CT node. To resolve the selected con i ; ay; B2; 1i, EECBS also generates
another CT nodeN °with constraint hay; B2; 1i. Without Flex Distribution, the low-level Focal Search
still nds a path p»(N9 =[B1; C1; C2; C3; C4]for agenta, in CT nodeN ®with Ib,(N9 = c(N9Y = 4.
However, given that the patp; (N9 = p1(No) = [A2; B2; C2; D2; D3], the generated child CT nodg °
now has a con icthas; asi, resulting injX (N 9j = 1. Thus, EECBS still needs further CT node expansions

to nd a solution.
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Figure 3.6: Search tree of the low-level Focal Search with GFD when EECBS nds a path forsageat
satis es constraintha;; B2; 1i in CT nodeN. We use the same representation of each block and each
arrow as in Figure 3.4. Additionally, the green blocks are the v-t nodes that remain in FQ@Aking the
search. The found path igA2; A2;B2;C2;D2; D 3].

3.7.2 Focal Search with Greedy Flex Distribution

We next show how EECBS with GFD nds a path that satis es constrdiat; B 2; 1i for agenta; in CT
nodeN. Since the paths for agents andaz remain unchanged in CT nod® while nding a path for

agentas, the ex of the paths for agents, andas are, respectively,

w Ib2(N)  c(N)=w Ibp(Ng) 2(Ng)=1:2 4 4=0:8and

(3.21)
w Ibs(N) c3(N)=w Ibs(Ng) c3(Ng)=1:2 1 1=0:2
Thus, the maximum allowed ex for nding a path for agerd; is
max:1(N)=0:8+0:2 = 1: (3.22)
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Figure 3.6 shows the search tree during the low-level Focal Search. Since the mirfigauatue of all v-t

nodes in OPEN remainsf min:1(N) = 4 at each iteration, with the help of GFD, the threshold becomes

meaning that v-t nodes with f1(n) =5 are also included in FOCALduring the search. In this case, at
Iteration 2, rather than expanding v-t node, with f1(n2) = 4 andxy(ny) = 1 like the low-level Focal
Search without Flex Distribution (which results in the con idis; as; A3; 1i), the low-level Focal Search
with GFD expands v-t nodas with f1(n3) =5 andx;(n3) =0.

As shown in Figure 3.6, after expanding v-t nodes, n3, ns, N1g, N15, andnyg, the low-level Fo-
cal Search nds the pattpi(N) = [A2;A2;B2;C2;D2; D3] for agenta; that satis es the constraint
hay; B 2; 1i with the costci(N) = 5 and the lower boundb;(N) = max flbi(No); fmin:1(N)g = 4. That
is, pathpi (N ) contains an extra wait action at verteX2 from timestep 0 to timestep 1 to satisfy constraint
hai; B2; 1i. Also, the path of agenas is ps(N) = [ A4; A3], indicating that agentas moves from vertex
A4 to its target vertexA3 from timestep O to timestep 1 and waits there permanently. Thus, at Iteration 2,
by expanding v-t nodenz with state representatiors;(n3) = ( A2; 1) rather than v-t noden, with state
representatiors1(ny) = ( A3; 1), the low-level Focal Search avoids con ikd;; az; A3; 1i. Also, at Itera-
tion 3, by expanding v-t nod@s with state representatiors; (ns) = ( B 2; 2) rather than v-t nodeng with
state representatioss(ng) = ( A3; 2), the low-level Focal Search avoids con ik, ; as; A3; 2i.

With the increase of the threshold provided by GFD, the low-level Focal Search nds a path for agent
a; that satis es constrainthay; B 2; 1i without any con icts, resulting in CT nodeN being con ict-free

(i.e.,jX (N)j = 0). Although the pathp;(N) is no longer individually bounded-suboptimal as

ci(N)=5 w Iby(N)=w maxflbi(No);fmin:1(N)g=1:2 4=4:8§; (3.24)
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the generated CT nodH is still locally bounded-suboptimal since

X
C(N) = G(N)=5+4+1=10

i2[1;2:3]
3.25
X ( )

w LB(N)=w Ibi(N)=1:2 (4+4+1)=10 :8:
i2[1;2;3]

To resolve the selected con idiay; ay; B 2; 1i, EECBS also generates another CT nbifwith constraint

ha,; B 2; 1i. By using GFD, the low-level Focal Search nds the paiiN% = [B1;C1;C1;C2;C3;C4]

for agentay in CT nodeN %with I0(N9 = 4 andcy(N9 = 5. The path contains a wait action at vertex
C1 at timestep 1, resulting in the generated CT nobé also being con ict-free (i.ejX (N9j = 0) and
locally bounded-suboptimal sind@(N9 =10 w LB(N9=1:2 (4+4+1)=10 :8. Thus, both CT
nodesN andN °contain solutions to the MAPF instance. With CT nodésandN °being the only two CT
nodes in CLEANUR, the lower boundLB on the SOC of an optimal solution is 9, and CT nodé¢sand

N are globally bounded-suboptimal and included in FOGALThus, EECBS-GFD can nd a bounded-
suboptimal solution in the next iteration without further expanding CT nodes, thereby accelerating the

search compared to EECBS without GFD.

3.8 Empirical Evaluation

In this section, we evaluate EECBS (without Flex Distribution) and EECBS with GFD (EECBS-GFD). We
implement enhancements for both MAPF algorithms, including bypassing con icts, prioritizing con icts,
and symmetry breaking (see Section 2.4.3). We implement all MAPF algorithr@s-#{compiled with
GCC-11.3.0 and runthe experiments witlCentOS Linuxon anintel Xeon-2640 v4 processor with 16

GB of memory. We rst describe the con guration used for the experiments. Then, we compare their per-

formance of EECBS and EECBS-GFD. Also, we evaluate the e ectiveness of GFD for accelerating EECBS.
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Figure 3.7: The widthsv, heightsh, and numbers of verticep/|j of the four-neighbor grid graphgity
den520d ost003d, andwarehouse

1-degree 2-degree 3-degree 4-degree ratio
city 209 3,469 2,125 41,944 0.88
den520d 48 696 2,220 25,214 0,89
0st003d 73 711 1,217 11,213 0,85
warehouse 0 2,464 312 2,923 0.b1

Table 3.1: The number of vertices of di erent degrees in each four-neighbor grid graph. The column ratio
is the ratio of the number of vertices of degree 4 and the total number of vertices in each graph.

3.8.1 Con guration Setting

We use four four-neighbor grid graphs from the MAPF benchmark suite [2%y , den520d ost003d,
andwarehouse Figure 3.7 shows the layout, width, height, and number of vertices of each graph. The
width of the corridors inwarehousegraph is 1, meaning that only one agent can traverse a corridor at a
time . Table 3.1 shows the number of vertices of degrees from 1 to 4 and the ratio of the number of vertices
of degree of 4 and the total number of vertices in each graph.

For each graph, there are 2andomscene les in the MAPF benchmark suite, each of which con-
tains a list of non-repeated start vertices and a list of non-repeated target vertices. We use the bounded-
suboptimality factorsw = f1:01;1:02; 1.05; 1:10g. For each graph and bounded-suboptimality factor,
we select 5 numbers of agents. For each number of agkentge select the tofk start vertices and the
top k target vertices from eachandomscene le. Table 3.2 shows the number of agektased for each

bounded-suboptimality factow on each graph. Thus, the number of MAPF instances evaluated for each

"The le names of thecity andwarehousegraphs areBoston_0_256andwarehouse-10-20-10-2-1 in the MAPF bench-
mark suite. In thecity graph, there are 21 vertices of degree O (i.e., unconnected vertices). We consider these vertices to be
obstacles and do not count them as vertices.
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Graph w Number of agentk Graph w Number of agentk
1.01| £600 700 80G, 90, 1,000y 1.01| 100 200, 300, 400, 500y
gty | 02| 1110012001300 140015009 | ooy | 1.02] £100.200 300 400 5009
1.05| 1,200, 1,400, 1,600, 1,800, 2,000y 1.05| f400 500,600, 700, 800
1.10| 1,200 1,400, 1,600, 1,800, 2,000y 1.10/ f400 500, 600, 700, 800
1.01| F600 70C 80, 90, 1,000y 1.01| F100 150 200, 250, 300y
1.02| 1,000 1,100 1,200, 1,30G, 1,400y 1.02| 100 150 200, 250, 300g
den520d| 3 65| £1.200 1,400 1,600, 1.800 2000 | “A"€MOUSE | 1 05| 100 150 200 250 300y
1.10/ 1,200 1,400, 1,600, 1,800, 2,000y 1.10| f200, 250, 300, 350, 400g

Table 3.2: Number of ageritaused for creating MAPF instances for each graph and bounded-suboptimality
factorw.

w=1:01 w=1:02 w=1:05 w=1:10
EECBS GFD EECBS GFD EECBS GFD EECBS GFD
city 0.080 0.52 0.088 0.608 0.448 0.840 0.872 0.912
den520d 0.016 0.400 0.048 0.53¢ 0.512 0.672 0.752 0.632
0st003d 0.296 0.376 0.568 0.624 0.496 0.360 0.656 0.448
warehouse| 0.328 0.288 0.408 0.448 0.640 0.792 0.840 0.776
Total 0.180 0.396 0.278 0.554 0.524 0.666 0.780 0.692

Table 3.3: Success rates of EECBS and EECBS-GFD for the 120-second runtime limit over all MAPF in-
stances. For each bounded-suboptimality factgrthe columns EECBS contain the success rates of
EECBS, the columns GFD contain the success rates of EECBS-GFD, and the row Total contains the
success rates over all MAPF instances.

bounded-suboptimal factow on each graphi® 25 = 125, and the number of MAPF instances evaluated
for a given bounded-suboptimality factaw is 125 4 = 500 (namely, 125 MAPF instances per graph

4 graphs). We set the runtime limit to 120 seconds for a MAPF algorithm to nd a solution for a MAPF
instance. If a MAPF algorithm fails to nd a solution for a MAPF instance within the runtime limit, we set

its runtime to the runtime limit (i.e., 120 seconds).

3.8.2 Performance Comparison

Figure 3.8 shows the success rates of EECBS and EECBS-GFD for the 120-second runtime limit, each
bounded-suboptimality factow, and each number of agents over all MAPF instances on each graph. Fig-
ure 3.9 and Table 3.3 show the success rates of EECBS and EECBS-GFD for the 120-second runtime limitand

each bounded-suboptimality factev over all MAPF instances on each graph. For the 120-second runtime
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Figure 3.8: Success rates of EECBS and EECBS-GFD for the 120-second runtime limit, each bounded-
suboptimality factorw, and each number of agents over all MAPF instances on each giafjindicates
the number of vertices of each graph.

limit and the bounded-suboptimality factow = 1:01, using GFD results in a more than twofold increase

in the success rate of EECBS over all MAPF instances on all graphs, raising itdrb8rto 0:396. For

66



Figure 3.9: Success rates of EECBS and EECBS-GFD for the 120-second runtime limit and each bounded-
suboptimality factorw over all MAPF instances on each graph. The values are shown in Table 3.3.

Figure 3.10: Average runtimes (in seconds) of EECBS and EECBS-GFD for each bounded-suboptimality
factorw over all MAPF instances on each graph. The vertical bars indicate the 95% con dence intervals.

MAPF instances on large graphs, such as tity andden520dgraphs, EECBS-GFD has higher success
rates than EECBS for small bounded-suboptimality facters f 1:01; 1:02g. In particular, while EECBS

has the success rate 6f08 over all MAPF instances on theity graph (the largest graph in our empiri-

cal evaluation) for the bounded-suboptimality factar = 1:01, EECBS with GFD has the success rate of

0:52. However, for MAPF instances on the smaltest003d andwarehousegraphs, EECBS-GFD can have

lower success rates than EECBS for large bounded-suboptimality fasters 1.05; 1:10g. This indicates

that EECBS-GFD may have some limitations, which will be discussed in Section 4.1. Figure 3.10 shows
the average runtimes of EECBS and EECBS-GFD. Typically, the higher the success rates, the lower the
average runtimes. Figure 3.11 shows the runtimes of EECBS versus EECBS-GFD for each MAPF instance,

where the runtime of EECBS can be 100 times larger than that of EECBS-GFD. As shown in Table 3.4, the
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Figure 3.11: Runtimes (in seconds) of EECBS versus EECBS-GFD for each bounded-suboptimality factor
w over all MAPF instances. The andy-coordinates of each dot represent the runtimes of EECBS-GFD
and EECBS, respectively. All the andy-coordinates are on logarithmic scales. Dots in yellow, purple,
green, and blue represent the MAPF instances onchg , den520d 0st003d, andwarehousegraphs,
respectively.

w=1:01 w=1:02 w =1:05 w=1:10
EECBS GFD EECBS GFD EECBS GFD EECBS GFD
city 0.01 0.51 0.00 0.61 0.05 0.81 0.35 0.61
den520d 0.00 0.4Q 0.01 0.53 0.16 0.59 0.31 0.50
0st003d 0.07 0.31 0.17 0.47 0.36 0.14 0.51 0.14
warehouse 0.10 0.26 0.04 0.43 0.15 0.66 0.58 0.28
Total 0.04 0.37 0.05 0.51 0.18 0.55 0.44 0.38

Table 3.4: MAPF instance comparisons in terms of runtimes of EECBS and EECBS-GFD over all MAPF in-
stances. For each bounded-suboptimality fastgthe columns EECBS contain the percentages of MAPF
instances where EECBS has lower runtimes than EECBS-GFD, the columns GFD contain the percentages
of MAPF instances where EECBS-GFD has lower runtimes than EECBS, and the row Total contains the
percentage over all MAPF instances.

percentages where EECBS-GFD has a lower runtime than EECBS are typically higher than those of the
other way around.

To show the e ectiveness of GFD, we evaluate the e ciency of resolving con icts of EECBS and
EECBS-GFD. Suppose that EECBS (with or without Flex Distribution) expBX@CT nodes during a
search that successfully nds a solution within the 120-second runtime limit. We de ne tioa ict reso-

lution e ciency as

X (No)j .
EXP

con ict resolution e ciency = (3.26)
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Figure 3.12: Average conict resolution e ciencies of EECBS and EECBS-GFD for each bounded-
suboptimality factorw over their respective MAPF instances that they successfully solve within the 120-
second runtime limit on each graph. The vertical bars indicate the 95% con dence intervals.

Figure 3.13: Average SOCs of EECBS and EECBS-GFD for each bounded-suboptimality éaetatheir
respective MAPF instances that they successfully solve within the 120-second runtime limit on each graph.
The vertical bars indicate the 95% con dence intervals.

whereNy is the root CT node of the CT. Thus, the con ict resolution e ciency is the average number of
con icts that EECBS (with or without Flex Distribution) has resolved per CT node expansion. As shown in
Figure 3.12, EECBS-GFD has higher con ict resolution e ciencies than EECBS, indicating the e ectiveness
of GFD in resolving con icts.

To show the solution qualities resulting from GFD, we compare the SOCs of the solutions found by
EECBS and EECBS-GFD. As shown in Figure 3.13, the solutions found by EECBS-GFD have larger average
SOCs than those found by EECBS. Together with Figure 3.12, it shows that EECBS-GFD often trades o

solution quality for a better con ict resolution e ciency than EECBS. Together with Figures 3.9 and 3.10,
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Figure 3.14: Con ict resolution e ciencies versus SOC di erence of EECBS and EECBS-GFD with each
bounded-suboptimality factow over their respective MAPF instances that they successfully solve within
the 120-second limit on each graph.

it shows that EECBS-GFD often trades o solution quality for a better runtime than EECBS. This trade-o
is acceptable since the solutions found by EECBS-GFD remain bounded-suboptimal.
Given a MAPF instance that is solved by EECBS (with or without Flex Distribution) within the 120-

second runtime limit, we de ne thesOC di erencas

SOC dierence= C(N) C(Np); (3.27)

whereNg is the root CT node and is the selected CT node whose list of paths is a solution. As shown
in Figure 3.14, EECBS-GFD tends to nd solutions with higher con ict resolution e ciency and larger
SOC di erences than EECBS, indicating that EECBS-GFD trades o solution quality for a better con ict
resolution e ciency than EECBS.

Given a MAPF instance with the SOC of an optimal solution, suppose that EECBS (with or without

Flex Distribution) nds a solution with SOGC within the 120-second runtime limit. We de ne thactual
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Figure 3.15: Average empirical suboptimalities of EECBS and EECBS-GFD for each bounded-suboptimality
factorw over their respective MAPF instances that they successfully solve within the 120-second runtime
limit on each graph. The vertical bars indicate the 95% con dence intervals.

suboptimalityasC=C . However, since nding an optimal solution for MAPF is NP-hard, its SQCis
often unknown. Thus, we de ne thempirical suboptimalitys

Suboptimality= %; (3.28)

where LB is a lower bound on the cost of an optimal solution that EECBS (with or without Flex Distri-
bution) maintains, i.e.0 LB C . Since EECBS (with or without Flex Distribution) is a bounded-
suboptimal MAPF algorithm, both the actual and empirical suboptimalities must be at mosiso, since

0 LB C ,the actual suboptimality satis es
C

1 - — 3.29

c (3.29)

Thus, if the empirical suboptimality is close to 1, then the solution found by EECBS (with or without Flex
Distribution) has a SOC close to that of an optimal solution.

As shown in Figure 3.15, the average empirical suboptimalities of EECBS and EECBS-GFD are much
smaller than the bounded-suboptimality factors. As shown in Figure 3.15, Figure 3.16, and Table 3.5, EECBS

tends to nd solutions with lower empirical suboptimalities than EECBS-GFD. Since EECBS-GFD uses GFD
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Figure 3.16: Empirical suboptimalities of EECBS versus EECBS-GFD for each bounded-suboptimality factor
w over their respective MAPF instances that they successfully solve within the 120-second runtime limit.
The x- andy-coordinates of each dot represent the empirical suboptimalities of EECBS-GFD and EECBS,

respectively. Dots in yellow, purple, green, and blue represent the MAPF instances anityheden520d
0st003d, andwarehousegraphs, respectively.

w=1:01 w=1:02 w =1:05 w=1:10
EECBS GFD EECBS GFD EECBS GFD EECBS GFD
city 2 8 3 8 44 10 90 13
den520d 1 1 0 6 35 19 50 21
0st003d 29 7 39 30 44 1 55 0
warehouse 20 12 20 28 10 68 37 57
Total 52 28 62 72 133 98 232 91

Table 3.5: MAPF instance comparisons of the empirical suboptimalities of EECBS and EECBS-GFD on the
same MAPF instances in Figure 3.16. For each bounded-suboptimality factthre columns EECBS
contain the number of MAPF instances where EECBS has lower empirical suboptimalities than EECBS-
GFD, the columns GFD contain the number of MAPF instances where EECBS-GFD has lower empirical

suboptimalities than EECBS, and the row Total contains the sum of the number of MAPF instances over
each graph.

to increase thresholds to improve con ict-resolution e ciency relative to EECBS, it results in a worse

suboptimality.

3.9 Summary

We proposed EECBS with Flex Distribution. Rather than requiring each path to be individually bounded-
suboptimal, we can increase the threshold of the low-level Focal Search with the help of Flex Distribution
to accelerate EECBS. We also showed how Condition (C2) of bypassing con icts can be changed to use it

with EECBS with Flex Distribution. We proved that EECBS with Flex Distribution is bounded-suboptimal
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and solution-complete. Thatis, itis guaranteed to nd a bounded-suboptimal solution for a MAPF instance

if a solution exists. Additionally, we introduced a Flex Distribution mechanism called Greedy Flex Distri-
bution (GFD), which increases the threshold of the low-level Focal Search by the maximum allowed ex.
Our empirical evaluation shows that GFD can improve the e ciency of EECBS, especially on large-scale
MAPF instances. EECBS with GFD has a higher success rate for the 120-second runtime limit than the
original EECBS for solving MAPF instances on large maps with di erent numbers of agents, especially
for a small bounded suboptimality factaw = 1:01. For the 120-second runtime limit and the bounded-
suboptimality factorw = 1:01, using GFD raises the success rate of EECBS over all MAPF instances from
0:18to 0:396. Compared to EECBS, we showed that EECBS with GFD trades o solution quality for better
runtime and con ict-resolution e ciency, which is acceptable since the solutions found by EECBS with

GFD are guaranteed to be bounded-suboptimal.
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Algorithm 3.1 Low-level Focal Search with Flex Distribution

1: procedure FocalSearchWithFlex (si,li, i(N),Ri(N), lb;(N))

2: | . N is the parent CT node of CT nddlesolb; (N') = 0 if N is the root CT node. /

3 . R(N)=1p(N)jj 2 [k]nfigg. /

4: | Ty(N) Compute the time horizon from constraints;(N ) and pathsP.(N) . See Section 2.4.2.

5: i(N)  Compute the distributed ex from path®:(N)

6: Determine the priority functionfj(n) of v-t noden . f7(n) = fi(n) unless mentioned otherwise.

7. Generate the root v-t nodeg with state representatiorfs;; 0)

8 Gi(no) O;hi(no) hi(si);fi(no)  Gi(no)+ hi(no); Mi(no)  Mi(si); fi(no)  @i(no) +
fi(no); xi(no) 0

9 fmin;i (N) fi(no)

10: i(N)  w maxflb(K);fmini(N)g+ i(N)

11:  OPEN ;FOCAL , CLOSER empty list

12: | InsertNode (ng, i(N), OPEN, FOCAL)

13: | while OPEN not emptydo

14: Ns v-t node with the minimumf-value in OPEN

15: if fmin:i(N) <fi(ng)then

16: fmin;i(N) fi(ng)

17: new W maxflb (K);fmini(N)g+ i(N)

18: UpdateFocal( i(N), new, OPEN, FOCAL)

19: i(N) new

20: A v-t node with the minimumx;-value in FOCAL

21: Remove v-t nodé from OPEN and FOCAL

22: Inserth into CLOSED

23: if IsTargetReached(f;li; ;(N)) then

24; b maxflbi(K); fmini(N)g

25: pi  Extract the path by back-tracking v-t nodé

26: G  cost of pathp

27: ~ return (pi; ci;lby)

28: neighbors FindNeighbors(f) . Find the neighboring states.

29: for (v;t) 2 neighborslo

30: if (v;t) not satis es constraints ;(N) then

31: _ continue

32: n  GenerateChildNode (A, v,t, Ri(N))

33 n  FindNode(n, T;i(N), CLOSED, OPEN)

34 if nis null then

35: L InsertNode (n, i(N), OPEN, FOCAL )

36: continue

37 if IsDominant (n, n) then

38: | UpdatePriority (n,n, j(N), CLOSER, OPEN, FOCAL)

39: return No path
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Chapter 4

Mechanisms for Fractional Flex Distribution

In this chapter, we rst discuss the limitations of Greedy Flex Distribution (GFD). When nding a path
for an agenta; in a CT nodeN with a positive maximum allowed ex, due to the increased threshold,
EECBS-GFD can result in fewer con icts but a larger SO(N ) than EECBS. Also, the low-level Focal
Search with a positive distributed ex from GFD can include and expand v-t nodes with lighalues in
FOCAL. without increasing the lower boundb; (N ). In this case, the SOLBB (N) of EECBS-GFD can

be smaller than that of EECBS, which can result in a smaller increasdofiuring the search of EECBS-
GFD. Both of these e ects canresult @(N) >w LB, i.e., the generated CT nodé not being globally
bounded-suboptimal, and thus it may not be expanded by EECBS-GFD. Instead of resolving con icts in the
CT nodeN with few con icts, which may lead to a solution, EECBS-GFD can expand the other CT nodes
with a smaller SOC but more con icts.

To alleviate this issue, we distribute only a fraction of the maximum allowed ex. GFD is then a special
case in which this fraction equal%:0. One intuitive way to determine the amount of ex is to treat the
fraction as a random variable, leading to our proposed Random Flex Distribution (RFD). Our empirical
evaluation shows that the success rates of EECBS with RFD can be higher than those of EECBS for the

120-second runtime limit.
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To further improve the e ciency of EECBS, we observe that the subtleties in nding a path for an
agent during the low-level Focal Search lie in minimizing the number of con icts with the paths of the
other agents while satisfying the constraints in a CT node. Thus, we propose two more mechanisms: the
Con ict-Based Flex Distribution (CFD) and the Delay-Based Flex Distribution (DFD). CFD uses the number
of con icts among the paths in a CT node to determine the amount of ex. On top of CFD, DFD uses the
number of additional timesteps needed to nd a path that satis es the constraints in a CT node. Also, we
propose the Mixed-Strategy Flex Distribution (MFD), which combines GFD, CFD, and DFD in a hierarchical

manner. Our contributions are:
~ We discuss the limitations of using GFD.

~ We propose several mechanisms to nd a path for an agent. We show that EECBS with each of our
Flex Distribution mechanisms is still guaranteed to nd a bounded-suboptimal solution to a MAPF

instance if a solution exists.

We evaluate our design choices and our Flex Distribution mechanisms empirically in multiple sce-
narios, showing that EECBS-MFD has higher success rates than EECBS and EECBS-GFD for the
120-second runtime limit. Our empirical result shows that for the 120-second runtime limit and the
bounded-suboptimality factow = 1:01, using MFD results in a more than threefold increase in

the success rate of EECBS over all MAPF instances on all graphs, raising it0fi8o 0:598 In
particular, while EECBS and EECBS with GFD have the success rade38xnd 0:52, respectively,

over all MAPF instances on theity graph (which is the largest graph in our empirical evaluation)

for the bounded-suboptimalityy = 1:01, EECBS with MFD has the success rat®.@f16.

4.1 Limitations of Greedy Flex Distribution (GFD)

We identi ed limitations of GFD on both the high and low levels of EECBS.
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Figure 4.1: Average GBS ratios (see Equation 4.1), average resultant CT depth ratios (see Equation 4.2),
and average runtimes (in seconds) of EECBS and EECBS-GFD for the 120-second runtime limit and each
bounded-suboptimality factow over all MAPF instances for each number of agents ondkt03d graph.

If a MAPF algorithm fails to nd a solution for a MAPF instance within the 120-second runtime limit, we

set its runtime to 120 seconds. The vertical bars indicate the 95% con dence intervals.

4.1.1 High-Level Limitation

For EECBS (with or without Flex Distribution), the deeper a CT node is in the CT during the search, the
fewer con icts we expect it to have. Thus, we prefer a high ratio of CT depth to the number of CT nodes.
With a positive maximum allowed ex, EECBS-GFD increases the threshold when nding a path for an
agent in a CT nodéN . However, the low-level Focal Search can then use much of the maximum allowed
ex, resulting in a huge increase in the SOC(N ). In this case, even though each CT node remains locally

bounded-suboptimal, CT nod¢ may not be globally bounded-suboptimal and thus may not be selected
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for expansion in the next few iterations. Then, EECBS-GFD may switch among CT nodes on di erent
branches of CT that are globally bounded-suboptimal, rather than resolving con icts along the branch
that contains CT nodeN , thereby increasing the breadth of the CT. When EECBS switches among CT
nodes on di erent branches of CT during the search, we say that it expands CT nodes morbrigaath-

rst manner. On the other hand, when EECBS resolves con icts along the branch that contains the CT
nodeN during the search, we say that it expands CT nodes more depth- rst manner

We de ne the Globally Bounded-Suboptimal rai6BS ratio) as

GBS
GBS ratio= GEN 4.1)

where GBSis the number of CT nodes that are globally bounded-suboptimal with respect to the lower
boundLB on the SOC of an optimal solution when they are generated, &N is the number of CT
nodes generated during the search. The higher the GBS ratio, the higher the percentage of CT nodes that
are globally bounded-suboptimal when they are generated. The rst row of Figure 4.1 shows the average
GBS ratios of EECBS and EECBS-GFD for each bounded-suboptimality factor over all MAPF instances for
each number of agents on thest003d graph. As the bounded-suboptimality facter increasesw LB
increases, and more CT nodes are globally bounded-suboptimal when they are generated, resulting in an
increase of the GBS ratio as the bounded-suboptimality factor increases. On the other hand, as the number
of agents increases, the maximum allowed ex can also increase since it is the sum of the ex from the
paths of the other agents. Thus, EECBS-GFD can generate more CT nodes with high SOCs that are not
globally bounded-suboptimal when they are generated, resulting in a decrease of the GBS ratio.

If EECBS (with or without Flex Distribution) nds a solution within the runtime limit, then we de ne
the resultant CT nodas the CT node whose list of paths is the solution. Otherwise, we de ne it as the

deepest expanded CT node (where the depth is measured in the number of edgesystihient CT deptis
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the number of CT nodes between the root CT node and the resultant CT node. We then de nesh#éant
CT depth ratias

resultant CT depth ratio= (4.2)

GEN
whereDERs the resultant CT depth an@ENis the number of CT nodes generated during the search. The
second row of Figure 4.1 shows the average resultant CT depth ratios of EECBS and EECBS-GFD for each
bounded-suboptimality factor over all MAPF instances for each number of agents oodt®®3d graph.

As the number of agents increases for each bounded-suboptimality factor, the average resultant CT depth
ratio of EECBS-GFD decreases and can become lower than that of EECBS. This indicates that EECBS-GFD
expands CT nodes more in a breadth- rst manner than EECBS, especially when the number of agents is
large.

For each bounded-suboptimality factor, the decrease of the GBS ratio as the number of agents increases
indicates that EECBS-GFD expands CT more in a breadth- rst manner, resulting in a decrease of the re-
sultant CT depth and the number of generated CT nodes. That is, rather than resolving con icts along
a branch, EECBS-GFD switches among CT nodes on di erent branches of CT more often as the num-
ber of agents increases. Thus, the average runtime increases as the number of agents increases for each
bounded-suboptimality factor, resulting in an increase in runtime. For MAPF instances with larger num-
bers of agents in th@st003d andwarehousegraphs, the average runtimes of EECBS-GFD can even be

higher than that of EECBS, as shown in the third row of Figure 4.1.

4.1.2 Low-Level Limitation

Suppose that EECBS expands CT n8bland generates one of its child CT nodiiswith the constraints
i(N)= (X)) [ foragenta, where ; is the set of constraints used to resolve the selected con ict

during the expansion of CT nod#l. Also, suppose that the bounded-suboptimality facter> 1, the
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maximum allowed ex max;i(N) > 0, and the cost; (N) of a minimum-cost path that satis es the

constraints (N ) satis es

w b (K)<c;(N) w I(K)+  maxi(N); (4.3)

which can occur if the new constraints ; substantially increase the cost of a minimum-cost path. In this
case, if the low-level Focal Search nds a path for agantvithout Flex Distribution, then its cost;(N)
satis es

w Ibi(N) <c;(N) c(N) (N)=w maxflb(N);fmini(N)g; (4.4)

which implieslb (K) < f min:i(N). Sincelb; (K) = maxflbi(@);fmin;i(lﬁ)g, whereN is the parent CT
node ofNl, f min:i () < f min:i (N ), which indicates that the low-level Focal Search without Flex Distribu-

tion has to expand the v-t noda with the minimumf;(n) to nd a path. Also, since

Ibi () < f mini(N)  maxflbi(K); fmini (N)g = Ibi(N); (4.5)

it holds thatlb; (K) < Ib;(N), which results inLB (N') < LB (N). In this case, we say that there isSOLB
improvemenfrom CT nodeN to CT nodeN when EECBS adds the constraints to the set of constraints
i(N) (e, i(N)= (Y[ ).
On the other hand, if the low-level Focal Search nds the path with GFD, due to the increase of the
threshold {(N) = w maxf Ibi(KT);fmin;i(N )g+  max:i(N), itis possible to nd a path whose cost(N)
satis es

G(N)  w Ib(K)+  maxi(N): (4.6)

Thatis,f min:i (N)  Ib;(K') may hold during the search of the low-level Focal Search with GFD, and thus

Ibi(N) = max flb; (NK); f min:i (N )g may be equal tdb; (N'), which results inLB (N) = LB (N). In this
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Figure 4.2: LBIs of EECBS versus EECBS-GFD for each bounded-suboptimalitynfamter all MAPF
instances on each graph. The and y-coordinates of each dot represent the LBIs of EECBS-GFD and
EECBS, respectively. All the andy-coordinates are on logarithmic scales. Dots in yellow, purple, green,
and blue represent the MAPF instancesdity , den520d 0st003d, andwarehousegraphs, respectively.

w=1:01 w=1:02 w=1:05 w=1:10
EECBS GFD EECBS GFD EECBS GFD EECBS GF[
city 0.82 0.16 0.88 0.17 0.90 0.10 0.88 0.17
den520d 0.76 0.19 0.86 0.14 0.87 0.13 0.78 0.22
0st003d 0.54 0.35 0.81 0.19 0.46 0.54 0.69 0.31
warehouse 0.85 0.15 0.94 0.06 0.94 0.06 0.82 0.18
Total 0.79 0.21 0.87 0.13 0.80 0.20 0.79 0.21

Table 4.1: MAPF instance comparisons of LBIs of EECBS and EECBS-GFD over all MAPF instances on each
graph. For each bounded-suboptimality facter the columns EECBS contain the percentages of MAPF
instances where EECBS has higher LBIs than EECBS-GFD, the columns GFD contain the percentages
of MAPF instances where EECBS has higher LBIs than EECBS-GFD, and the row Total contains the
percentages over all MAPF instances.

case, we say that there is no SOLB improvement from CT nid® CT nodeN when EECBS-GFD adds

the constraints ; to the set of constraints (N ). This suggests that EECBS-GFD may require more e ort

toimprove itsLB than EECBS. We say that EECBS-GFD may have a wdsinprovement than EECBS.
To evaluate the.B improvement of EECBS and EECBS-GFD empirically, we then de neadlative

LB Improvemen{LBI) as

LB F(No) .

e S I

(4.7)

whereLB is the lower bound on the SOC of an optimal solution when EECBS (or, respectively, EECBS-
GFD) terminates, an# (Ng) is the F-value of the root CT nodéNg, which is theLB value when the

search starts. We compare the LBIs of EECBS-GFD and EECBS over all MAPF instances mentioned in
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