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Start vertex of agent a;
Target vertex of agent a;
User-specified bounded-suboptimality factor.

Set of constraints for agent a; in CT node N.

Path from the start vertex s; to the target vertex /; of agent a;

that satisfies the constraints ¥;(NV).

Cost of the path p; (V).

Cost of the minimum-cost path from the start vertex s; to the target
vertex [; of agent a; that satisfies the constraints W; (V).

Lower bound on the cost ¢} (V).

Sum of (path) costs (SOC) of CT node N.

Sum of lower bounds (SOLB) of CT node .

Cost-to-go function that never overestimates the difference between

the minimum SOC over all solutions that satisfy the constraints ¥ (V)

and the SOLB LB(N).
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Lower bound on the SOC of an optimal solution.

State representation of v-t node n, which indicates that agent a; stays
at vertex v at timestep ¢.

Number of timesteps needed for agent a; to move from its start
vertex s; to vertex v while following the path extracted from v-t
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Abstract

Multi-Agent Path Finding (MAPF) is the problem of finding a list of collision-free paths, one for each agent,
that move them from their respective start locations to their respective target locations in a shared envi-
ronment. The objective of MAPF is to minimize the sum of (path) costs (SOC), where the cost of a path is
defined as the travel time for an agent to move from its start location to its target location when it follows
the path. MAPF has numerous applications in coordinating multiple agents, including automated ware-
houses, traffic management, quadrotor swarms, robotic multi-arm manipulation, and even the navigation
of animated characters. However, solving MAPF optimally is NP-hard, which makes it a challenging prob-
lem. To trade off solution quality for runtime, researchers have been working on bounded-suboptimal
MAPF, which aims to find a solution for a MAPF instance whose SOC is at most a user-specified bounded-
suboptimality factor w larger than optimal. In other words, bounded-suboptimal MAPF strikes a balance
between the runtime required to find a solution and the guarantee on its quality.

Explicit Estimation Conflict-Based Search (EECBS) is a state-of-the-art bounded-suboptimal MAPF al-
gorithm. It is a two-level MAPF algorithm that is based on heuristic search. Its strategy is to iteratively
find paths for agents on the low level and resolve collisions that occur between them on the high level.
To resolve collisions, EECBS uses constraints to prevent agents from occupying locations at times that
would result in collisions. To guarantee that the solution is bounded-suboptimal, EECBS requires the SOC
of paths to be at most w larger than the SOC of the minimum-cost paths that satisfy the constraints. It

achieves this by finding an individually bounded-suboptimal path for each agent. A path is individually
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bounded-suboptimal iff its cost is at most a user-specified bounded-suboptimality factor w larger than the
cost of a minimum-cost path that satisfies all constraints. To find an individually bounded-suboptimal path,
EECBS runs Focal Search on its low level, which returns a lower bound on the cost of a minimum-cost path
that satisfies the constraints and a path whose cost is at most w times the lower bound, which guarantees
the path to be individually bounded-suboptimal. As each path is individually bounded-suboptimal, the
SOC of each agent’s path is at most w times the sum of their lower bounds, which guarantees the SOC of
paths to be at most w larger than the SOC of the minimum-cost paths that satisfy the constraints (thereby
guaranteeing the solution it finds is bounded-suboptimal).

Despite being the state-of-the-art bounded-suboptimal MAPF algorithm, EECBS maintains its guaran-
tee of finding bounded-suboptimal solutions by finding individually bounded-suboptimal paths. However,
the definition of bounded-suboptimal MAPF algorithms depends on the sum of path costs rather than the
cost of each path. Thus, in this dissertation, we propose Flex Distribution, an approach that relaxes the
requirement that the paths of agents be individually bounded-suboptimal while still guaranteeing that it
finds bounded-suboptimal solutions. Given a list of paths, some of them can satisfy constraints with costs
that are close to optimal. In this case, Flex Distribution allows the other paths to have costs that exceed
w times their lower bounds, enabling these agents to avoid collisions. Although these paths are no longer
individually bounded-suboptimal, Flex Distribution still guarantees that the SOC of each agent’s path is at
most w times the sum of their lower bounds, thereby guaranteeing EECBS to find a bounded-suboptimal
solution.

We first propose Greedy Flex Distribution, which is an intuitive mechanism that allows EECBS to find
paths with costs as high as possible, as long as the SOC of paths is at most w times the sum of their
lower bounds. We also propose Conflict-Based Flex Distribution, which provides thresholds on costs based
on the number of collisions between paths. In this case, EECBS can only find paths with costs at most

the thresholds. We also propose Delay-Based Flex Distribution, which estimates the additional cost (i.e.,
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delays) required for a path to satisfy the constraints and then determines its threshold accordingly. Fur-
thermore, we propose Mixed-Strategy Flex Distribution, which combines Conflict-Based Flex Distribution
and Delay-Based Flex Distribution in a hierarchical framework. We prove that EECBS, combined with our
Flex Distribution mechanisms, is still guaranteed to find bounded-suboptimal solutions if such solutions
exist. Empirically, we demonstrate that EECBS with our Flex Distribution mechanisms outperforms the
one without Flex Distribution in terms of success rates within a 120-second runtime limit.

To improve the efficiency of EECBS, another line of research involves generating guidance heuristics
that help reduce collisions when EECBS finds paths on its low level. In this dissertation, we combine
Flex Distribution and guidance heuristics to further improve the efficiency of EECBS. In particular, we
propose a two-phase guidance framework as a general approach for computing guidance heuristics. Then,
we propose the Flow-Based Guidance Framework, which uses Flex Distribution when computing the Flow-
Based Guidance Heuristic. That is, we apply Flex Distribution in both computing guidance heuristics and
EECBS. Empirically, we demonstrate that EECBS with our Mixed-Strategy Flex Distribution becomes even
more efficient when using our Flow-Based Guidance Heuristics. We also demonstrate that EECBS with our
Mixed-Strategy Flex Distribution is more efficient when using our Flow-Based Guidance Heuristics than

when using other state-of-the-art guidance heuristics.
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Chapter 1

Introduction

The emergence of autonomous multi-robot systems has transformed how we envision automation in com-
plex and dynamic environments. By enabling a fleet of robots to cooperate, complex tasks can be accom-
plished at a level of scalability that far surpasses the capabilities of a single robot. A typical scenario in-
volving multi-robot systems can be found in automated warehouses, where a fleet of mobile robots moves
packages from one location to another, or multiple robot arms collaboratively stack and wrap packages.
In this case, although the individual robots may have simple capabilities, their collective behavior can lead
to sophisticated and efficient operations that boost productivity.

The core of coordinating multiple robots, or, more generally, multiple agents, is Multi-Agent Path Find-
ing (MAPF), which is the problem of finding a list of collision-free paths, one for each agent, to move from
their respective start locations to their respective target locations in a shared environment, while achieving
some collaborative objectives. Many real-world applications can be modeled as MAPF. For example, MAPF
can be applied to automated warehouses, as shown in Figure 1.1. In an automated warehouse, multiple
mobile robots need to coordinate their paths to avoid collisions while optimizing their overall efficiency in
delivering packages [6, 23, 66]. On the other hand, multiple robot arms need to coordinate their movements
to avoid collisions while collaboratively assembling complex spatial structures or arranging objects [11,

73]. Aside from automated warehouses, MAPF can also be applied to traffic management, as shown in



(a) Amazon fulfillment center (b) Simulated scenario (c) Robot-arm operation

Figure 1.1: MAPF applications in automated warehouses: (a) a real-world Amazon fulfillment center (photo
credit: [17]), (b) a simulated scenario for a warehouse robot planning competition (photo credit: [6]), and
(c) robot-arm operation (photo credit: [73]).

(a) Automated garage (b) Train scheduling (c) Aircraft scheduling (d) Quadrotor swarm

Figure 1.2: MAPF applications, namely, (a) parking in automated garages (photo credit: [19]), (b) train
scheduling with uncertain delays (photo credit: [29, 26]), (c) aircraft scheduling along airport taxiways
(photo credit: [38]), and (d) quadrotor swarm operations (photo credit: [16]).

Figure 1.2. For example, MAPF can be applied to coordinating several connected and autonomous vehicles
when traversing traffic intersections [33] or parking in automated garages [19]. MAPF can also be applied
to traffic management of trains with different lengths [13, 29], multiple aircraft moving along taxiways in
a large airport [38, 58], and quadrotor swarms flying in an obstacle-rich environment [22, 24, 46]. MAPF
can even be applied to navigating teams of animated characters in video games [57, 45].

A solution to a MAPF instance, i.e., a list of collision-free paths (one for each agent), enables agents
to move from their (unique) start locations to their (unique) target locations without collisions and then
stay at their target locations permanently after following their paths. In this case, the travel time of an

agent, or equivalently, the cost of its path, refers to the time for the agent to move from its start location



to its target location”. Accordingly, common objectives of MAPF include minimizing one of the following

metrics:

« sum of (path) costs (SOC), or equivalently, flowtime, which is the sum of the travel time of each agent;

« makespan, which is the travel time of the last agent that reaches its target location, i.e., the cost of

the maximum-cost path in the solution.

SOC and makespan have a Pareto-optimal structure [70]. In general, they cannot be minimized simultane-
ously. In this dissertation, we focus on the objective of minimizing SOC since this optimization criterion
is widely used in many existing works [30, 31, 32, 56].

Although MAPF captures the need to resolve spatio-temporal collisions and optimize a performance
metric, solving MAPF with the optimal SOC is NP-hard on general graphs [70], planar graphs [69], and
four-neighbor grid graphs [3]. On the other hand, solving MAPF is NP-hard on directed graphs [47].

Similarly, solving MAPF with a makespan of at most a factor of 4/3 larger than optimal is NP-hard [43].

1.1 Motivation

In this section, we first explain why MAPF is an important problem. We then explain why we focus on

bounded-suboptimal MAPF in this dissertation.

1.1.1 Why Multi-Agent Path Finding (MAPF)?

The reason why MAPF is worth researching is that it offers huge flexibility, allowing for the easy exten-
sion to different variants and fitting a wide range of applications. For example, in automated warehouse
scenarios, MAPF can be extended to Lifelong MAPF [12, 25, 37, 42, 64, 74], where agents are assigned new

target locations once they reach their current ones. The objective of Lifelong MAPF is to maximize the

“When calculating the travel time of an agent, the time after the agent reaches its target location and stays there permanently
is ignored.



average number of target locations that agents reach over the course of the operation. A similar extension
of MAPF is to require each agent to traverse a set of known target locations. For example, Multi-Goal
MAPF [60, 62] is an extension where an agent must traverse each of its assigned set of target locations at
least once. MAPF with Precedence Constraints [72] is another extension that requires agents to visit their
assigned target locations while satisfying temporal precedence constraints between these locations. In
traffic management scenarios, Online MAPF [40, 61] is an extension where new agents constantly show
up and disappear again, and all these agents must find collision-free paths to their target locations.

To withstand agents being delayed unexpectedly, MAPF can be extended to Robust MAPF [2]. In this
case, given the worst-case amount of delay, agents can still reach their target locations without collisions by
following their paths. To accommodate agents of different sizes, MAPF can be extended to MAPF for Large
Agents [36], where an agent can occupy multiple adjacent locations. Also, to allow for formation control,
MAPF can be extended to Moving Agents in Formation [35], where agents must move without collision
in a particular formation toward their target locations. Additionally, to incorporate a deadline by which
all agents must have reached their target locations, MAPF can be extended to MAPF with Deadlines [44],
where the objective is to maximize the number of agents that reach their target locations without collisions
from their start locations within the given deadline.

Moreover, MAPF can be extended to target-location assignment for the agents. For example, MAPF
can be extended to Anonymous MAPF. Given the same number of unique target locations as the agents, the
objective of Anonymous MAPF is to assign each agent one unique target location and find a list of collision-
free paths, one for each agent, that minimizes the makespan [1]. Anonymous MAPF can be generalized
to the Combined Target Assignment and Path Finding problem. In this framework, multiple Anonymous
MAPF instances coexist in a shared environment, where agents are assigned unique target locations based
on their specific instance. Anonymous MAPF can also be generalized to each target location having a

deadline by which it must be reached by a unique agent [18].



The idea of assigning target locations to agents can be further extended to simulate the pickup and
delivery behavior in automated warehouses, resulting in Multi-Agent Pickup and Delivery (MAPD) [39].
A pickup-and-delivery task consists of a pickup location p, a delivery location d, and a release time ¢,
indicating that a package is released at time ¢ at location p and needs to be delivered to location d. In this
case, given a set of pickup-and-delivery tasks and a set of agents starting from their start locations, the
objective of MAPD is to minimize the completion time of the last pickup-and-delivery task while avoiding
collisions between the agents. Similar to MAPF, MAPD can also be extended to Lifelong MAPD [42], where
the pickup-and-delivery tasks may be released at any time, and the objective is to minimize the average
difference between the finish time and the release time of a pickup-and-delivery task, and Multi-Goal
MAPD [67], where each pickup-and-delivery task is extended from a pair of pickup and delivery locations
to a sequence of locations.

By incorporating the kinodynamic constraints of the agents, MAPF can be extended to Multi-Agent
Motion Planning, which aims to find a list of collision-free trajectories, one for each agent. A trajectory
is a time-parameterized description of an agent’s motion through space. For example, by connecting the
states of the agents (that each describe the position, velocity, acceleration, etc. of an agent) with motion
primitives (i.e., a finite set of elementary actions that an agent can perform), MAPF can be applied to
non-holonomic agents [14]. By incorporating approaches that optimize the speeds of agents (rather than
assuming that agents can move and stop instantaneously), MAPF can be further extended to find collision-
free trajectories with motions that are smooth in time [33, 68]. By constructing a roadmap that avoids
static obstacles in a shared environment, MAPF can be extended to finding collision-free trajectories on
the roadmap [24, 51]. Finally, MAPF can also be extended to handling the asynchronous execution of move
actions [53, 76].

In general, MAPF is one of the foundations of multi-agent systems. By finding collision-free paths for

agents, MAPF serves as an interface between task planning and motion planning.
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Figure 1.3: The spectrum of optimal, suboptimal, anytime, and bounded-suboptimal MAPF algorithms
regarding their solution quality guarantee and their scalability.

1.1.2 Why Bounded-Suboptimal MAPF?

As shown in Figure 1.3, a spectrum of MAPF algorithms has been proposed in recent years with the objec-
tive of minimizing SOC. On the left end of the spectrum, we have optimal MAPF algorithms, which provide
the strongest guarantees regarding the solution quality (i.e., finding solutions with the minimum SOCs).
However, due to the computational intractability of finding optimal solutions for MAPF instances, these
algorithms are limited in scalability as the computational overhead grows exponentially with the number
of agents. Thus, researchers have been working on trading off solution quality for efficiency to scale up
to MAPF instances involving thousands of agents moving in large environments, i.e., large-scale MAPF
instances. Thus, on the right end of the spectrum, we have suboptimal MAPF algorithms, which provide
solutions quickly and thus are able to solve large-scale MAPF instances [50]. Between optimal MAPF al-
gorithms and suboptimal MAPF algorithms, we have anytime MAPF algorithms that quickly find an initial
solution using a suboptimal MAPF algorithm and gradually improve its solution quality. However, these
MAPF algorithms typically find solutions with no guarantees on the solution quality. That is, agents can
take long detours or delays when following their collision-free paths.

Thus, we focus on bounded-suboptimal MAPF algorithms, which find a list of collision-free paths whose
SOC is at most a user-specified bounded-suboptimality factor w larger than that of the optimal solution.
That is, if an optimal solution of a MAPF instance has SOC C*, then bounded-suboptimal MAPF algorithms
guarantee to find a solution where SOC is at most w - C*. Bounded-suboptimal MAPF algorithms strike

a balance between their scalability and their solution quality guarantee. By relaxing the solution quality
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Figure 1.4: (a) success rate, (b) average runtime, (c) average sum of (path) costs (SOC), and (d) w-success
rate of the state-of-the-art optimal (i.e., CBS), suboptimal (i.e., LaCAM), anytime (i.e., MAPF-LNS), and
bounded-suboptimal (i.e., EECBS and our EECBS-MFD-FH) MAPF algorithms over 25 MAPF instances for
each number of agents on the den520d graph. The vertical bars indicate the 95% confidence intervals.

guarantee from optimal to bounded-suboptimal, bounded-suboptimal MAPF algorithms achieve higher
scalability than optimal MAPF algorithms. Yet, unlike suboptimal MAPF algorithms, bounded-suboptimal
MAPF algorithms still provide a solution quality guarantee.

As shown in Figure 1.4, we provide some empirical results for several state-of-the-art MAPF algo-
rithms, including Conflict-Based Search (CBS) [56] as an optimal MAPF algorithm, Lazy Constraints Ad-
dition search for MAPF (LaCAM) [50] as a suboptimal MAPF algorithm, Large Neighborhood Search for
(Anytime) MAPF (MAPF-LNS) [27] as an anytime MAPF algorithm, and Explicit Estimation Conflict-Based
Search (EECBS) [34] as a bounded-suboptimal MAPF algorithm’. We use the state-of-the-art versions of
CBS [30, 31, 32] and LaCAM [48] rather than their vanilla versions. For MAPF-LNS, we use the state-
of-the-art version of LaACAM [48] as the suboptimal MAPF algorithm to find an initial solution and then
refine it with Prioritized Planning [57], resulting in one of the state-of-the-art versions of MAPF-LNS. For
EECBS, we use the version of Li et al. [34], but without the weighted dependency graph heuristics due to its
huge computational overhead¥. Additionally, we incorporate all enhancements proposed in this disserta-
tion, resulting in EECBS-MFD-FH. We set the runtime limit to 120 seconds and the bounded-suboptimality
factor w to 1.10. We run all MAPF algorithms on the same set of MAPF instances with the numbers of

agents [1200, 1400, 1600, 1800, 2000] on the den520d graph from the MAPF benchmark suite [59], where

*See Li et al. [34] for empirical comparisons of EECBS with other bounded-suboptimal MAPF algorithms.
*See Section 2.4.3.4 for the weighted dependency graph heuristics.



25 MAPF instances with random start and target locations are generated for each number of agents’. We
evaluate the success rates, average runtimes, and average SOCs over all MAPF instances with the same
number of agents. We define the solved MAPF instances of a given MAPF algorithm per number of agents
as the MAPF instances solved within the 120-second runtime limit. We define the success rate per number
of agents as the number of solved MAPF instances divided by the number of all MAPF instances with the
same number of agents (which is 25). Additionally, each MAPF algorithm maintains a lower bound on the
optimal solution during the search. Accordingly, we define the w-success rate of a given MAPF algorithm
per number of agents as the number of solved MAPF instances whose solutions have SOC at most the
bounded-suboptimality factor w larger than the lower bound that this MAPF algorithm maintains when
it terminates, divided by the number of all MAPF instances with the same number of agents (which is 25).
For the calculation of the average runtime, the runtime is set to the runtime limit (i.e., 120 seconds) if a
MAPF algorithm cannot find a solution within the runtime limit. The average SOC per number of agents is
calculated by averaging the SOC over all MAPF instances solved by a MAPF algorithm within the runtime
limit.

In Figure 1.4 (b), since MAPF-LNS iteratively refines the solution quality until the runtime reaches the
runtime limit, we omit its runtime. In Figure 1.4 (c), since CBS solves zero MAPF instances for any number
of agents within the 120-second runtime limit and EECBS solves zero MAPF instances for 2,000 agents,
they are missing all dots or one dot, respectively.

As shown in Figures 1.4 (a) and 1.4 (b), although CBS guarantees to find optimal solutions, its compu-
tational intractability results in solving zero MAPF instances within the 120-second runtime limit, demon-
strating its poor scalability. On the other hand, LaCAM solves all MAPF instances within the 120-second
runtime limit (i.e., with a success rate of 1.0) regardless of the number of agents, and has the lowest aver-

age runtime among all MAPF algorithms, demonstrating its strong scalability in solving MAPF instances.

$See Section 5.4.1 for more detailed configuration settings, including the hardware platform.



However, as shown in Figure 1.4 (c), since LaCAM finds solutions without providing guarantees on the
solution quality, it typically finds solutions with high SOCs. Furthermore, as shown in Figure 1.4 (d), apart
from CBS (that solves zero MAPF instances within the runtime limit), LaCAM exhibits the worst w-success
rates among the remaining MAPF algorithms. Although we can use the state-of-the-art anytime MAPF
algorithm, i.e., MAPF-LNS, to iteratively improve the solutions, its average SOC and w-success rate remain
worse than those of the state-of-the-art bounded-suboptimal MAPF algorithm, i.e., EECBS, and EECBS-
MFD-FH.

In short, compared to optimal, suboptimal, and anytime MAPF algorithms, bounded-suboptimal MAPF

algorithms offer a promising approach for balancing scalability and solution quality.

1.2 Contributions

In this dissertation, we improve the efficiency of a state-of-the-art bounded-suboptimal MAPF algorithm
called EECBS [34]. EECBS is a two-level MAPF algorithm based on heuristic search. Its strategy is to
iteratively find one path for each agent on the low level and then resolve collisions between them on the
high level. To resolve collisions, EECBS uses constraints to prevent agents from occupying locations at
times that would result in collisions. To find a bounded-suboptimal solution, EECBS finds an individually
bounded-suboptimal path for each agent that satisfies its constraints. A path is individually bounded-
suboptimal iff its cost is at most the bounded-suboptimality factor w larger than the cost of a minimum-
cost path that satisfies the constraints. To find an individually bounded-suboptimal path, EECBS uses
Focal Search on its low level [52]. Focal Search returns a lower bound on the cost of a minimum-cost
path that satisfies the constraints and a path whose cost is at most a threshold, which is w times the
lower bound, resulting in the path being individually bounded-suboptimal. By requiring each path to
be individually bounded-suboptimal, EECBS ensures that the SOC of each agent’s path is at most the

bounded-suboptimality factor w larger than the sum of their lower bounds, thereby ensuring that the SOC



of each agent’s path is at most the bounded-suboptimality factor w larger than the SOC of each agent’s
minimum-cost path that satisfies the constraints.

Despite being the state-of-the-art bounded-suboptimal MAPF algorithm, EECBS maintains its guaran-
tee of finding bounded-suboptimal solutions by finding individually bounded-suboptimal paths. However,
the definition of bounded-suboptimal solutions depends on the sum of path costs rather than the cost of
each path. Thus, it is unnecessary to force the path of each agent to be individually bounded-suboptimal.

Since EECBS unnecessarily requires each path to be individually bounded-suboptimal, the hypothesis
of this dissertation is as follows:

“Given a user-specified bounded-suboptimal factor, one can speed up EECBS by relaxing the requirement
that the paths of agents be individual bounded-suboptimal while maintaining the guarantee of finding a
bounded-suboptimal solution to a MAPF instance if a solution exists.”

In particular, the contributions of this dissertation are as follows:

1. We propose Flex Distribution, an approach for EECBS that relaxes the requirement that the paths of
agents be individually bounded-suboptimal while maintaining the guarantee of finding a bounded-
suboptimal solution to a MAPF instance if a solution exists. When EECBS finds a list of paths, one
for each agent, that satisfy constraints, it may find some agent’s paths with costs close to the costs
of minimum-cost paths that satisfy the constraints. In this case, Flex Distribution allows EECBS to
find the paths of the other agent with costs exceeding the bounded-suboptimality factor w larger
than their lower bounds, which enables these agents to make detours to avoid collisions (i.e., find
paths with higher costs but fewer collisions than those without Flex Distribution), thereby allow-
ing EECBS to terminate more quickly. Although these paths are no longer individually bounded-
suboptimal, EECBS with Flex Distribution still guarantees that the SOC of each agent’s path is at
most the bounded-suboptimality factor w larger than the sum of their lower bounds, thereby guar-

anteeing to find a bounded-suboptimal solution.
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2. We propose Greedy Flex Distribution, which is an intuitive mechanism that allows EECBS to find
paths with costs as high as possible, as long as the SOC of each agent’s path is at most the bounded-
suboptimality factor w larger than the sum of their lower bounds. We also propose Conflict-Based
Flex Distribution, which determines thresholds of Focal Search based on the number of collisions be-
tween paths. We also propose Delay-Based Flex Distribution, which estimates the additional cost (i.e.,
delays) required for a path to satisfy the constraints and then determines its threshold accordingly.
Furthermore, we propose Mixed-Strategy Flex Distribution, which combines Conflict-Based Flex Dis-
tribution and Delay-Based Flex Distribution in a hierarchical framework. We prove that EECBS,
combined with our Flex Distribution mechanisms, is still guaranteed to find bounded-suboptimal
solutions if such solutions exist. Empirically, we show that EECBS with our Flex Distribution mech-
anisms outperforms the one without Flex Distribution in terms of success rates for a 120-second

runtime limit.

3. To improve the efficiency of EECBS, another line of research involves generating guidance heuristics
that help reduce collisions when EECBS finds paths on its low level. In this dissertation, we combine
Flex Distribution and guidance heuristics to further improve the efficiency of EECBS. In particular,
we propose a two-phase guidance framework for computing guidance heuristics. Then, we propose
the Flow-Based Guidance Framework, which uses Flex Distribution when computing the Flow-Based
Guidance Heuristic. That is, we apply Flex Distribution in both computing guidance heuristics and
EECBS. Empirically, we show that EECBS with our Mixed-Strategy Flex Distribution solves MAPF
instances even more quickly when using our Flow-Based Guidance Heuristics. We also show that
EECBS with our Mixed-Strategy Flex Distribution solves MAPF instances more quickly when using

our Flow-Based Guidance Heuristics than when using other state-of-the-art guidance heuristics.
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1.3 Dissertation Structure

The structure of this dissertation is as follows: In Chapter 2, we first introduce the preliminaries, including
the standard terminology of heuristic search, the problem formulation of MAPF, and a category of MAPF
algorithms called the Conflict-Based Framework. We then introduce EECBS, a state-of-the-art bounded-
suboptimal MAPF algorithm that belongs to the Conflict-Based Framework. In Chapter 3, we propose our
Flex Distribution approach that tackles the limitations of EECBS. This includes the definition of flex and the
Greedy Flex Distribution for distributing flex. In Chapter 4, we propose other mechanisms of distributing
flex for EECBS, including the Conflict-Based Flex Distribution, the Delay-Based Flex Distribution, and the
Mixed-Strategy Flex Distribution. In Chapter 5, we propose the Flow-Based Guidance Framework, which
uses Flex Distribution to compute the Flow-Based Guidance Heuristic, which guides the low-level Focal

Search to find paths for the agents.
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Chapter 2

Preliminaries

In this chapter, we first introduce the standard terminology of heuristic search. Then, we introduce the
problem formulation of Multi-Agent Path Finding (MAPF). After that, we introduce a two-level heuristic-
search-based framework, called the Conflict-Based Framework [4], which is a class of MAPF algorithms
commonly used to solve MAPF. The Conlflict-Based Framework iteratively finds one path for each agent
on the low level and then resolves conflicts (i.e., collisions) on the high level. Then, we introduce Ex-
plicit Estimation Conflict-Based Search (EECBS) [34], a MAPF algorithm that belongs to the Conflict-Based
Framework. EECBS is the state-of-the-art bounded-suboptimal MAPF algorithm. It uses Explicit Estima-
tion Search [63] on the high level and Focal Search [52] on the low level. Finally, we introduce existing
enhancements that improve the efficiency of EECBS, including bypassing conflicts, symmetry breaking,

prioritizing conflicts, and the Weighted Dependency Graph heuristic [34].

2.1 Standard Terminology of Heuristic Search

In this section, we follow Russell and Norvig [55] for the standard terminology used in heuristic search. A
problem instance for a heuristic search algorithm, or equivalently, a search instance, consists of an initial
state and a goal state, where a state represents a specific configuration of the problem instance. A goal test

is used to determine if a state is a goal state. A problem instance also consists of actions that are applicable
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in a given state, where each action has a step cost. A transition model of a problem instance returns the
successor state that results from applying an action in a state. Here, we focus on deterministic problem
instances, i.e., the transition model returns only one successor state. The state space of a problem instance
is the set of all states reachable from the initial state by any sequence of actions. A path in the state space
is a sequence of states, which implies that two adjacent states are connected by an action. The cost of a
path is the sum of the step costs of the actions along the path. A solution is a sequence of actions from the
initial state to the goal state. It can also be represented as a path from the initial state to the goal state.

The search space is the subset of the state space that a heuristic search algorithm actually reaches during
the search. Typically, a heuristic search algorithm uses a search node to represent a state. A heuristic search
algorithm begins with a root search node that contains the initial state of the problem instance. It then
iteratively selects a search node and runs a goal test, which determines whether the state of the selected
search node is the goal state. A search node that contains the goal state is referred to as a goal search
node. If the selected search node is a goal search node, then the heuristic search algorithm terminates and
returns a solution. Otherwise, the heuristic search algorithm performs a node expansion, which involves
applying all possible actions to the state of the selected node and generating child search nodes, one for
each successor state. After that, the heuristic search algorithm begins the next iteration by selecting a
previously unselected search node. The iterative process of a heuristic search algorithm results in a search
tree, and a search node from the frontier of the search tree is selected at each iteration.

A particular approach of heuristic search is called best-first search. At each iteration, a search node n
with its state s(n) is selected according to a cost function f(n). The cost function is an estimate of the
smallest possible cost of a path from the initial state via state s(n) to the goal state. Thus, the node n with
the minimum f-value f(n) is selected first. A* [21] is a best-first search algorithm that evaluates search

nodes n with f(n) = g(n) + h(n), where g(n) is the cost needed to reach state s(n) from the initial state,
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and the heuristic h(n) is an estimate of the cost needed from state s(n) to the goal state (i.e., a cost-to-go

function that assigns an estimated cost to state s(n)).

Definition 2.1 (Admissible Heuristic). A heuristic h(n) is admissible iff, for each search node n, it never

overestimates the minimum cost of any path from the state s(n) to the goal state.

Typically, A* maintains the frontier of the search tree with an open list (OPEN), which is typically imple-

mented with a priority queue that sorts the search nodes in increasing order of their f-values.

2.2 Problem Formulation of MAPF

Given a shared environment and a set of k agents A = {a; | i € [k]}, where [k] = [1,2,..., k], each
with a start location and a target location, Multi-Agent Path Finding (MAPF) is the deterministic problem
of finding a list of collision-free paths, one for each agent, while minimizing their sum of travel time, or,
equivalently, sum of path costs. An agent waits at its target location permanently after following its path.

In this dissertation, we use the problem formulation of MAPF from Stern et al. [59]. The shared envi-
ronment is a four-neighbor undirected grid graph G = (V, E) with a finite number of vertices (and edges),
where each vertex represents a location. Each agent a; has a start vertex s; € V and a target vertex [; € V,

where

Time is discretized into timesteps. At timestep 0, each agent is at its start vertex. At each timestep, an
agent can either move to an adjacent vertex or wait at its current vertex. Each action requires one timestep
to execute. We define a path p; of agent a; as a sequence of vertices from its start vertex s; to its target
vertex l;, where p;[0] = s; and p;[t] € V indicates the vertex at which agent a; is at timestep ¢. We define

the cost ¢; of path p; as the number of timesteps needed for agent a; to move from its start vertex s; (at
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timestep 0) to its target vertex /; while following its path p;, ignoring the timesteps when agent a; waits
at its target vertex [; without leaving it.

As each agent follows its path, there are two types of conflicts or, equivalently, collisions: vertex con-
flicts and edge conflicts. A vertex conflict (a;,a;,v,t) occurs when agents a; and a; attempt to reach the
same vertex v € V at the same timestep ¢, i.e., p;[t] = p;[t] = v. An edge conflict (a;, a;,u,v,t) occurs
when agents a; and a; attempt to traverse the same edge (u,v) € E between two adjacent vertices u and
v in opposite directions at the same timestep ¢ (or, more precisely, from timestep ¢ — 1 to timestep ¢ with
t > 1). Without loss of generality, the notation of an edge conflict represents the situation where agent a;
moves from vertex u to v and agent a; moves from vertex v to u at timestep ¢, i.e., p;[t — 1] = p;[t] = u
and p;[t] = p;[t — 1] = .

A solution of a MAPF instance is a list of conflict-free (or, equivalently, collision-free) paths [p; | i € [k]],
one for each agent a; to move from its start vertex s; to its target vertex /;. The objective of MAPF is to
minimize the sum of (path) costs (SOC) Zie[k] c;. We say that a solution is optimal iff its SOC is minimal.
We use C* to denote the minimum SOC. We say that a solution is bounded-suboptimal iff its SOC is at
most w - C*, where w > 1 is a user-specified bounded-suboptimality factor. That is, the SOC of a bounded-
suboptimal solution is at most the bounded-suboptimality factor w larger than the SOC of an optimal

solution. We say that a solution is suboptimal iff it is neither optimal nor bounded-suboptimal.

2.3 Conflict-Based Framework

In this dissertation, we focus on MAPF algorithms based on heuristic search, which can typically be divided
into two categories. One of the categories involves using heuristic search in the joint-state space, where
joint states represent different ways of placing all k£ agents on the vertices V/, one agent per vertex. Since
each agent can perform at most five actions at each timestep on a four-neighbor grid graph (i.e., move in

each of the four cardinal directions plus wait at its current vertex), there exist at most 5% combinations
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of actions for k agents. Thus, each search node has at most 5% children, which can be exponential in the
number of agents. However, since the number of child search nodes can be exponential in the number of
agents, heuristic search in the joint-state space results in large runtime overhead in finding optimal and
bounded-suboptimal MAPF [438, 56].

To improve the efficiency of solving MAPF with a guarantee on the solution quality, previous works
have developed a strategy that iteratively finds one path for each agent individually and then resolves
the conflicts afterwards. This results in a two-level framework called the Conflict-Based Framework [4].
On the high level, the Conflict-Based Framework resolves conflicts by using constraints to prevent agents
from being at vertices at timesteps that result in conflicts. On the low level, it finds paths for agents
that satisfy their constraints. A vertex constraint {(a;,v,t) indicates that agent a; is not allowed to be at
vertex v at timestep t. An edge constraint (a;, u,v,t) indicates that agent a; is not allowed to traverse an
edge from vertex u to vertex v at timestep ¢ (or, more precisely, from timestep ¢ — 1 to timestep ¢ with
t > 1). On the high level, the Conflict-Based Framework runs a heuristic search algorithm on a search
tree called the Constraint Tree (CT). Each CT node contains a list of sets of constraints, one set for each
agent. Each CT node also contains a list of paths, one for each agent, that satisfy the constraints. That is,
the Conflict-Based Framework uses a list of paths for its state representation, rather than a joint state. At
each iteration, the Conflict-Based Framework selects a CT node and checks if its list of paths is a solution
(i-e., is conflict-free). If not, then it expands the selected CT node by selecting a conflict and generating two
child CT nodes, each with additional constraints that, respectively, prevent one of the agents from being at
the vertex (or traversing the edge) at the timestep when the conflict occurs. We use the term “high-level”
to refer to any heuristic search algorithm that aims to find a solution on the CT. On the low level, the
Conlflict-Based Framework attempts to find paths, one for each agent, that satisfy the constraints in a CT
node. It runs a heuristic search algorithm on the vertex-timestep space, where each search node indicates

the vertex at which an agent is located at a given timestep. We use the term “low-level” to refer to any
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Figure 2.1: An example of CT node expansions when solving a MAPF instance with two agentsona 4 x 4
grid graph with start vertices [s1, s2] = [A2, B1] and target vertices [I1, [2] = [D3, C4].

heuristic search algorithm that aims to find a path for an agent. Figure 2.1 shows an illustrative example
of CT node expansions when solving a MAPF instance with two agents.

The Conflict-Based Framework can be instantiated with the heuristic search algorithms used on the
high and low levels. For example, Conflict-Based Search (CBS) [56] and its variants [5, 30] are optimal
MAPF algorithms that use A* on both the high and the low levels. Enhanced Conflict-Based Search is
a bounded-suboptimal MAPF algorithm that uses Focal Search [52] on both the high and the low levels.
Priority-Based Search [41] and its variants [4, 10] are MAPF algorithms that solve MAPF suboptimally by
running a depth-first search on the high level, with agents being assigned priorities, where the low-priority
agents should avoid any conflicts with the high-priority agents. For example, suppose that agent a; has a
higher priority than agent a;. If agent a; moves from vertex u to vertex v from timestep ¢ to ¢t + 1, then
Priority-Based Search and its variants need to find a path for agent a; that satisfies two vertex constraints
(aj,u,t)and (aj,v,t+1) and an edge constraint (a;, u,v,t,t+ 1). Priority-Based Search and its variants

use A* on the low level to find paths that minimize either the cost [4, 41] or the number of conflicts [10].
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2.4 Explicit Estimation Conflict-Based Search (EECBS)

Based on the Conlflict-Based Framework, Explicit Estimation Conflict-Based Search (EECBS) [34] is a two-
level bounded-suboptimal MAPF algorithm. On the high level, EECBS uses a bounded-suboptimal heuris-
tic search algorithm called Explicit Estimation Search (EES) [63]. On the low level, EECBS uses another

bounded-suboptimal heuristic search algorithm called Focal Search [52].

2.4.1 High-Level Explicit Estimation Search (EES)

On the high level, EECBS constructs a CT to resolve conflicts with constraints and runs Explicit Estimation
Search (EES) [63] on the CT. Since EECBS belongs to the Conflict-Based Framework, it iteratively selects a
CT node from the frontier of the CT and checks if its list of paths is a solution (i.e., is conflict-free). If not,
then EECBS expands the selected CT node by selecting a conflict between its paths and generating two
child CT nodes, each with additional constraints that, respectively, prevent one of the agents from being
at the vertex (or traversing the edge) at the timestep when the conflict occurs. If EECBS successfully finds
paths for agents that satisfy the constraints in a child CT node, then this child CT node becomes one of
the CT nodes in the frontier. Table 2.1 shows the main components of each CT node N used in EECBS.

EECBS maintains three lists: CLEANUPy, OPENy, and FOCALp, each implemented as a priority
queue. CLEANUPy is a regular open list of A* that sorts the frontier of the CT in increasing order of a
cost function

F(N)=LB(N)+ H(N) (2.2)

of CT node N, where LB(N) > 0 and H(N) > 0, breaking ties in favor of CT nodes with smaller
numbers of conflicts. LB(NN) = ;.1 Ibi(IV) is the sum of lower bounds (SOLB) of CT node N, where
Ib;(N) is a lower bound on the cost of a minimum-cost path for agent a; that satisfies the constraints

U;(N) in CT node N. H(N) is an admissible heuristic, i.e., a cost-to-go function that never overestimates
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Table 2.1: Main components of a CT node N

Component Notation Definition

Constraints U(N) =[WY;(N)|ie€[k]] Listofsets of constraints.

Paths [pi(N) |7 € [k]] List of paths that satisfy the
constraints W(N).

Lower bounds [lbi(N) | i€ [k]] Lower bounds on the costs of the

minimum-cost paths satisfying
the constraints W(V).

Costs of paths [ci(N) | i€ [k]] Costs of paths [p;(N) | i € [k]].

Costs of the minimum-cost paths  [¢}(N) | i € [k]] Costs of the minimum-cost paths
satisfying the constraints W (V).

Sum of the lower bounds (SOLB)  LB(N) = 3,y Wbi(N)

Sum of costs (SOC) C(N) =2 iep ci(N)

Admissible heuristics H(N) Cost-to-go function that never over-
estimates the difference between the
minimum SOC over all solutions
that satisfy the constraints ¥(NV)
and the SOLB LB(N).

Inadmissible heuristics H(N) Cost-to-go function estimating the
difference between the minimum
SOC over all solutions that sa-
tisfy the constraints W(V) and
the SOC C/(N).

Admissible cost function F(N)=LB(N)+ H(N)

Inadmissible cost function F(N)=C(N)+ H(N)

Conflicts X(N) Set of conflicts over the paths
pi(V) |7 € K]

Number of conflicts |X (V)] Number of conflicts in X' (V).

the difference between the minimum SOC over all solutions that satisfy the constraints W(N) = [¥;(N) |
i € [k]] and SOLB LB(N). Since H(N) is admissible, F'(N) = LB(N) + H(N) is a lower bound on the
minimum SOC over all solutions that satisfy the constraints ¥(/N'). We use N to denote a CT node with
the minimum F-value over all CT nodes in CLEANUPy, i.e., Np = arg miny/ccreanupy, F(N'), and use
LB = F(Np) = LB(Np) + H(NF) to denote the minimum F-value over all CT nodes in CLEANUP .
While LB(N) = ;4 (bi(IV) only takes the SOLB from the low-level search into account, LB takes
both the SOLB LB(Nf) and the high-level admissible heuristic value H(NF) into account.

OPENY; is a regular open list of A* that sorts the frontier of the CT in increasing order of another cost

function F'(N) = C(N)+ H(N) of CT node N, breaking ties in favor of CT nodes with smaller numbers
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of conflicts. C(N) = 3 ;cp¢i(IV) is the SOC of CT node NN, where ¢;(IV) is the cost of path p;(IN)
for agent a; that satisfies the constraints W; (V). H (N) is a potentially inadmissible heuristic, which is a
cost-to-go function that estimates the difference between the minimum SOC that satisfies the constraints
W(N) and SOC C(N). That is, F'(N) is an estimate of the minimum SOC over all solutions that satisfy
the constraints W(/N). We use N to denote the CT node with the minimum F-value in OPENp, ie.,
Np = argminyeopeny, F(N). That is, F'(N ) is an estimate of the SOC of the optimal solution, and
EECBS suspects that CT node IV is in the branch of CT that leads to an optimal solution.

FOCALy contains those CT nodes N in OPENy with F(N) < w - F(N ), sorted in increasing order
of the number of conflicts |X(NNV)|, breaking ties in favor of CT nodes with smaller F'-values. That is,
FOCALpy is a subset of OPENy and thus is also a subset of CLEANUPy. We use Ny to denote the CT

node with the minimum number of conflicts in FOCALy, i.e., Ny = arg minyerocaL, |X (IV)|.

To select a CT node at each iteration, EECBS uses the following selection rules in order:
(E1) select CT node Ny if C(Ny) < w - LB;
(E2) otherwise, select CT node N if C(Nj) < w - LB; and
(E3) otherwise, select CT node Np.

According to these selection rules, the SOC of the selected CT node is at most the bounded-suboptimality

factor w larger than LB.

Lemma 2.1. At each iteration before EECBS expands a CT node, if there is a CT node N whose list of paths
is a solution, then it is in the subtree rooted at at least one of the CT nodes in CLEANUPy;. That is, there is at

least one of the CT nodes in CLEANUPy where the list of paths in CT node N satisfies its constraints.

Proof. We prove this by induction. For the base case, CLEANUPy contains only the root CT node. Since
the root CT node contains zero constraints, CT node N is in the subtree rooted at the root CT node in

CLEANUPy. For the inductive hypothesis, we assume that, at an iteration before EECBS expands a CT
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node, CT node N is in the subtree rooted at at least one of the CT nodes in CLEANUPy. Then, when
EECBS expands a CT node N from CLEANUPy, it selects a conflict X (N ) and generates two child CT
nodes with additional constraints that resolve the conflict. Thus, a solution that satisfies the constraints
U(N) must satisfy the constraints of at least one of the child CT nodes of CT node N. Thus, a CT node
whose list of paths is a solution that satisfies the constraints ‘I/(N ) is in the subtree of one of the child

CT nodes of CT node N. As EECBS inserts these two child CT nodes into CLEANUP g and starts the next

iteration, we prove that our hypothesis holds. Thus, by induction, Lemma 2.1 holds. t
Property 2.1. LB is a lower bound on the SOC of an optimal solution.

Proof. Given a CT node N, since F'(N) = LB(N) + H(N) and H(N) is admissible, F'(N) is a lower
bound on the minimum SOC over all solutions that satisfy the constraints W(V). That is, for a CT node
in the subtree rooted at CT node N whose list of paths is a minimum-SOC solution, LB(N) is a lower
bound on its SOC. According to Lemma 2.1, a CT node whose list of paths is an optimal solution is in the
subtree rooted at at least one of the CT nodes, say CT node N, in CLEANUPy. Since LB = F(Np) =
minysecrpanvp,, F(N') is the minimum F-value over all CT nodes in CLEANUPy, LB is a lower bound

on the SOC of an optimal solution. O

According to Property 2.1, since L B is the lower bound on the SOC of an optimal solution, if the list of
paths of the selected CT node N is a solution (i-e., is conflict-free), then this solution is bounded-suboptimal
(ie., C(N) <w-LB < w-C*). IfEECBS selects a CT node according to the Select Rules (E1) or (E2), then
it removes the selected CT node from CLEANUPy, OPENy, and FOCALy. If EECBS selects a CT node
according to the Select Rule (E3), then it removes the selected CT node from CLEANUPy and OPENy,
and FOCAL g if the selected CT node is in FOCALy.

If the list of paths is not conflict-free, then EECBS expands the selected CT node. The rationale behind

the Selection Rule (E1) is that, the smaller the number of conflicts | X' (Nx )| of CT node Ny, the more likely
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EECBS can expand few CT nodes to find a CT node whose list of paths is a solution in the subtree of CT
node Ny. Thus, the more EECBS selects a CT node with the Selection Rule (E1), the more likely it is to
find a solution quickly. The rationale behind the Selection Rule (E2) is that EECBS suspects that the CT
node N is located on the branch of the CT that leads to an optimal solution. Thus, expanding it can help
EECBS to find a solution (hopefully with a small SOC) quickly. The rationale behind the Selection Rule
(E3) is that, after EECBS expands CT node N, the new minimum F-value of all CT nodes in CLEANUP,
i.e., the new LB, may be larger than F'(Np). By increasing LB, the conditions of Selection Rules (E1) and
(E2) are more likely to hold in future iterations.

To expand a CT node N, EECBS first selects a conflict. Given a selected vertex conflict (aj,aj,v,t)
(or, respectively, edge conflict (a;, a;, u,v,t)), EECBS generates two child CT nodes, N and N ! initialized
with the same constraints, paths, and lower bounds as contained in CT node N. Then, EECBS adds an
additional vertex constraint (a;, v, t) (or, respectively, edge constraint (a;, u, v, t)) to the set of constraints
U;(N), and an additional vertex constraint (a;, v, t) (or, respectively, edge constraint (a;,v,u,t)) to the
set of constraints W;(N”)*. EECBS uses the low-level search for each child CT node to find paths for agents
that satisfy their sets of constraints. If the paths of a child CT node are found, then this child CT node
is added to CLEANUPy and OPENy. After that, EECBS updates the CT nodes N to the CT node with
the minimum F'-value in CLEANUPy and the CT node N, to the CT node with the minimum F-value in
OPENy;. Then, it adds any CT nodes N € OPENy; with F(N) < w - F(NF) to FOCALy.

Given a CT node NV, to compute its inadmissible heuristic H (N), Li et al. [34] follow Thayer et al. [63]
and compute its one-step distance error ¢5(N) = |X(bc(N))| — (|JX (V)| — 1) and its one-step cost error
en(N) = C(be(N)) — C(N), where be(N) is the best child CT node of CT node N, i.e., the child CT node
with the lowest F-value, breaking ties in favor of the child CT node with a smaller number of conflicts.

Both values, €4(IN) and €;,(IV), can be computed after each CT node expansion. Additionally, Li et al. [34]

“When using symmetry breaking [31, 34], multiple constraints may be added.
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follow Thayer et al. [63] and use a global error model, which assumes that the distribution of one-step errors
across the entire search space is uniform and can be estimated as an average of all observed one-step errors.
Thus, Li et al. [34] maintain a running average of the one-step distance error é; and the one-step cost error

€1,. Then, the inadmissible heuristic of CT node N is defined as

H(N) = d-!X(N)L (2.3)

where €, /(1 — €3) is an estimate of the SOC increment per conflict resolution. According to Equation 2.3,

the larger the |X'(IN)|, the larger the H (). This indicates that the more conflicts a CT node N contains,

the larger the difference between the SOC (which is estimated as F'(N) = C(N) + H(N)) of a solution
that satisfies the constraints ¥(N) and C'(N).

Algorithm 2.1 (with its tool functions in Algorithm 2.2) shows the pseudo-code of the high-level EES
of EECBS, including its existing enhancements (see Section 2.4.3) and our proposed Flex Distribution (see
Section 3.3 for the definition). The existing enhancements of EECBS described in this dissertation in-
clude bypassing conflicts [Lines 36-40], symmetry breaking [Line 21 in Algorithm 2.2], prioritizing con-
flicts [Line 20 in Algorithm 2.2], and the Weighted Dependency Graph heuristic [Lines 9, 16-19]. EECBS
first generates a root CT node Ny and inserts it into CLEANUPy and OPENg. It then updates FOCAL g
based on OPENy [Lines 3-11]. At each iteration, EECBS selects a CT node N and checks if its paths are
conflict-free. If so, then EECBS returns its list of paths as the solution, which is guaranteed to be bounded-
suboptimal [Line 15]. If H (]\7 ) has not yet been computed, EECBS computes it and inserts the CT node
N back into CLEANUP 7 and OPENp, and updates FOCALy based on OPENy [Lines 16-19]. Otherwise,
EECBS determines the priority of each conflict in X (N ) [Lines 20-21 in Algorithm 2.2], which includes

determining its cardinality and applying symmetry breaking. EECBS then selects the conflict with the

highest priority in X' (V) and generates two sets of constraints ¥ and W5 for resolving it [Line 20]. For
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each set of constraints, EECBS generates a child CT node IV that contains the set of constraints [Line 24].
For a generated child CT node N, EECBS finds paths that satisfy its constraints and finds all conflicts in its
list of paths [p; (V) | i € [k]] [Lines 25-34]. Then, EECBS applies bypassing conflicts if CT node N satisfies
conditions (C1-C4) (see Section 2.4.3.1) [Lines 36-40]. If bypassing conflicts does not occur, then EECBS
computes the inadmissible heuristic H (V) for each generated CT node N, inserts it into CLEANUP; and

OPENy;, and updates FOCALy based on OPENy; [Lines 42-44]. EECBS then computes 4(N) and e, (N)

and updates €; and €, [Line 45].

2.4.2 Low-Level Focal Search

On the low level, to find a path for an agent a; in a CT node N that satisfies the constraints ¥;(N ), EECBS
constructs a search tree with vertex-timestep (v-t) nodes. The state representation s;(n) of a v-t node n is
a tuple (v, t) indicating that agent a; is at vertex v at timestep ¢. The root v-t node is a v-t node with state
representation (s;,0). Given a v-t node n with state representation (v, ¢), EECBS can extract a path from
v-t node n with a cost ¢ by back-tracking it to the root v-t node, which results in a sequence ¢ of vertices
with ¢[0] = s; and ¢[t] = v. A goal v-t node is a v-t node with state representation (I;,t;) where a path
extracted from it satisfies the constraints W; (V).

For a v-t node n with state representation (v, t), we define priority function f;(n) = g;(n) + hi(n) =
gi(n)+h;(v), where g;(n) = t is the number of timesteps needed for agent a; to move from its start vertex
s; at timestep 0 to vertex v at timestep ¢ following the path extracted from v-t node n, and h;(n) = h;(v)
is an admissible heuristic that never overestimates the number of timesteps needed for agent a; to move
from vertex v to its target vertex [;. We set h;(v) to the cost of a minimum-cost path from vertex v to the
target vertex [;*. We also define another priority function f;(n) = g;(n) + hi(n) = gi(n) + hi(v), where

hi(n) = hi(v) is a secondary heuristic. We set h;(v) to h;(v) unless mentioned otherwise. Lastly, we define

TGiven a MAPF instance with a graph G = (V, E), we compute the heuristic h;(v) by running Dijkstra’s algorithm from
target vertex [; to each vertex v € V.
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Table 2.2: Main components of a v-t node n

Component Notation

Definition

State representation  s;(n) = (v,t)

g;-value gi(n)

h;-value hi(n) = h;(v)
fi-value fi(n) = gi(n) + hi(n)
h;-value hi(n) = hi(v)
fi-value i(n) =gi(n) + hi(n)
Number of conflicts  x;(n)

Pointer to the parent parent(n)

A tuple (v, t) indicating that agent a; is at vertex v
at timestep ¢.

Number of timesteps needed for agent a; to move
from its start vertex s; at timestep 0 to vertex v at
timestep ¢, following the path extracted from v-t
node n with its state representation (v, t).
Admissible heuristic value that never overestimates
the number of timesteps needed for agent a; to move
from vertex v to its target vertex I;.

Secondary heuristic value.

Number of conflicts with the paths of the other ag-
ents when agent a; moves from its start vertex s; at
timestep 0 to vertex v at timestep ¢, following the
path extracted from v-t node n with its state repre-
sentation (v, t).

x;(n) as the number of conflicts with the paths of the other agents {a; | j € [k] \ {i}} when agent q;

moves from its start vertex s; at timestep 0 to vertex v at timestep ¢, following the path extracted from v-t

node n. Table 2.2 shows the main component of each v-t node n used in the low-level Focal Search.

EECBS then runs Focal Search [52] on the low level to find a bounded-suboptimal path p;(/N) with a

cost ¢;(N) and a lower bound 1b;(IN) on the optimal path that satisfies the constraints ¥;(N). Apart from

a CLOSEDy, list that contains all expanded v-t nodes, the low-level Focal Search maintains two other lists,

OPEN/, and FOCAL, both of which are implemented as a priority queue. OPEN}, sorts the frontier of the

search tree, i.e., all generated but not yet expanded v-t nodes n, in increasing order of their f;-values f;(n).

We use fiin,i(/V) to denote the minimum f;-value over all v-t nodes in OPENy, i.e.,

fmini(N) = min  fi(n). (2.4)

nc€OPEN,
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Since h;(n) is an admissible heuristic, and given that OPENy, consistently contains at least one v-t node
n with state representation (v, ¢) from a minimum-cost path p*(N) that satisfies the constraints ¥, (V)
(ie., p*(N)[t] = v) during the search [21], it follows that fiin (V) is a lower bound on the cost ¢} (V) of
a minimum-cost path that satisfies the constraints ¥;(NV) (i.e., fmini(N) < ¢ (N)).

On the other hand, FOCAL/, contains those v-t nodes n in OPENy, with f;(n) < 7;(N) = w- fmin,i(N),
where we use 7;(IV) to denote the threshold. The low-level Focal Search sorts these v-t nodes n in increasing
order of their number of conflicts z;(n), breaking ties in favor of v-t nodes with smaller f;-values. If there
are v-t nodes with the same number of conflicts and the same f;-value, then the low-level Focal Search
breaks ties in favor of v-t nodes with smaller values of Bl(n), and then random selection for any further
unresolved ties.

At each iteration, the low-level Focal Search first updates FOCALp, if fiin,;(/V) has increased, and
then selects the v-t node 72 in FOCALy, that has the minimum number of conflicts x;(n). If the selected v-t
node n in FOCALY is a goal v-t node, then the low-level FOCAL Search has found a path that satisfies the
constraints W;(N) with cost ¢;(N) = f;(n). Otherwise, the low-level Focal Search expands the selected
v-t node. When the low-level Focal Search finds a path and terminates, EECBS sets 1b;(N) = fiin,i(IV),
which is a lower bound on the cost of a minimum-cost path that satisfies the constraints ¥;(N), and sets
the threshold 7;(N) = w - Ib;(IN). Since h;(s;) is admissible and the root CT node Ny does not contain
any constraint, a lower bound on the cost of the minimum-cost path is [b;(Ng) = h;(s;) and the threshold
is 7 (Ng) = w - 1b;(No) = w - hi(s;).

Since the low-level Focal Search always selects a v-t node n in FOCAL[, at each iteration, fin (V) <

filn) < 7i(IN) = w - fuin,i(IN). When the selected v-t node n is the goal v-t node and the low-level
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Focal Search terminates, since EECBS sets [b;(N) = fmin,i(N) and 7;,(N) = w - Ib;(IN), the path is always

individually bounded-suboptimal with its cost ¢;(N) satisfying
i (), (2.5)

which results in the SOC of the CT node N satistying

Do Ibi(N) <Y () < Y mN) =w- Y Ihi(N);
1€[k]

ick] i€k] i€ k] (2.6)

LB(N) < C(N) <w-LB(N) <w- (LB(N) + H(N)) = w - F(N).

On the high level, since LB is a lower bound on the SOC of the optimal solution, the Selection Rules
(E1) and (E2) ensure that the SOC of the selected CT node is at most the bounded-suboptimality factor w
larger than the SOC of the optimal solution. On the other hand, according to Inequalities 2.5 and 2.6, the

SOC of CT node N (i.e., the CT node with the minimum F'-value in CLEANUP ;) satisfies
C(Nr) <w-LB(Np) <w-F(Np)=w- LB, (2.7)

which indicates that the Selection Rule (E3) ensures that the SOC of the selected CT node, i.e., Np, is at
most the bounded-suboptimality factor w larger than the SOC of the optimal solution. Thus, by following
the Selection Rules (E1), (E2), and (E3), EECBS finds a bounded-suboptimal solution if the paths in the
selected CT node are conflict-free.

Algorithm 2.3 (with its tool functions in Algorithm 2.4) shows the pseudo-code of the low-level Focal
Search of EECBS. At the beginning, the low-level Focal Search computes the time horizon T;(N') from the

constraints W;(N) and the paths P;(N) = {p;(N) | j € [k] \ {i}} of the other agents [Line 4]. The time
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horizon T;(N) is defined as the earliest timestep when all the other agents begin to wait at their target
vertices permanently, and no more constraints in W;(N) occur*.

The low-level Focal Search first generates a root v-t node ng, initializes the minimum f;-value and the
threshold 7;(V), inserts root v-t node ng into OPENy, and updates FOCAL , based on OPENy, [Lines 6-
11]. At each iteration, the low-level Focal Search first updates the minimum f;-value fiin () over all
v-t nodes in OPENy, and updates FOCAL|, based on OPENy, [Lines 13-18]. Then, it selects a v-t node 7
in FOCAL}, with the minimum number of conflicts x;(72) and checks if it is a goal v-t node [Lines 19-22].
If so, then the low-level Focal Search returns the path extracted by v-t node 7, the cost of the path, and
the lower bound on the cost of the minimum-cost path that satisfies the constraints ¥; (V) [Lines 22-25].
Otherwise, the low-level Focal Search expands the v-t node 7 and generates its child v-t nodes.

When the low-level Focal Search generates a child v-t node n with state representation (v, t), it checks
if v-t node n dominates a v-t node 7 with state representation (o, t) in CLOSED}, or OPEN/,. For timesteps
at or after the time horizon T;(/N), all the other agents have been waiting at their target vertices perma-
nently, and no constraint occurs. If t < T;(N), then we say v-t node n dominates v-t node 7 iff v = v,
t = t,and z;(n) < z;(n). Since h;(n) = h;i(v) = hi(v) = hy(n), t = t (ie, gi(n) = g;(n)) indicates
fi(n) = f;(n). That is, given a path through vertex v resulting from expanding v-t node 7, there is always
a path through vertex v resulting from expanding v-t node n with the same cost but fewer conflicts. In this
case, the low-level Focal Search is free to prune v-t node 72. On the other hand, given a path through vertex v
resulting from expanding v-t node 7, even if there is always a path, say p,,, through vertex v resulting from
expanding v-t node n with the same cost but fewer conflicts, the low-level Focal Search does not prune v-t
node 72 since there may be a path through vertex v resulting from expanding v-t node 7 that has a larger cost
but satisfies the constraints W;(/N) or has fewer conflicts than path p,,. If ¢ > T;(N), then we say v-t node

n dominates v-t node 71 iff v = ¥, ¢ > T;(N), and either f;(n) < f;(n) or (fi(n) = fi(R) Azi(n) < z;(R)).

*Since all the other agents begin to wait at their target vertices permanently, no edge constraints occur at or after the time
horizon.
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Since hi(n) = h;(v) = hi(0) = h;i(R), fi(n) < fi(7) indicates g;(n) = t < ¢ = g;(7). That is, given a
path through vertex v resulting from expanding v-t node 7, there is always a path through vertex v result-
ing from expanding v-t node n with a lower cost or with the same cost but fewer conflicts. In this case, the
low-level Focal Search is free to prune v-t node n. We implement dominance checking [Lines 31-36] with
the FINDNODE [Lines 42-50 in Algorithm 2.4] and ISDOMINANT [Lines 51-52 in Algorithm 2.4] functions. If
v-t node n dominates 7, then the low-level Focal Search prunes v-t node 7 by replacing g;(n), fi(n), z;(n),
t and parent(n) with g;(n), fi(n), z;(n), t and parent(n), respectively [Line 57 in Algorithm 2.4]. After
that, if v-t node 7 is in CLOSEDj,, then the low-level Focal Search removes it from CLOSED}, and inserts
it back into OPEN, and updates FOCALy, if needed [Lines 58-60 in Algorithm 2.4]. Otherwise (i.e., v-t
node 7 is in OPENY,), the low-level Focal Search updates the priority of v-t node 72 in OPEN, and updates
FOCAL} if needed [Lines 61-67 in Algorithm 2.4].

Finally, if there is no more v-t node in OPENy, during the search, then the low-level Focal Search returns

“No path” and terminates [Line 37].

2.4.3 Existing Enhancements of EECBS

In this section, we introduce the existing enhancements used to improve the efficiency of EECBS, includ-
ing bypassing conflicts, symmetry breaking, prioritizing conflicts, and the Weighted Dependency Graph

(WDG) heuristic.

2.4.3.1 Bypassing Conflicts

Bypassing conflicts is an enhancement originally used to improve the efficiency of CBS [5]. When CBS
expands a CT node N and generates a child CT node N, if CT node N has the same SOC as CT node N

but with fewer conflicts, then CBS replaces the paths in CT node N with the paths in CT node N and
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discards all generated child CT nodes of CT node N. Otherwise, CBS keeps all generated child CT nodes
of CT node N.

Li et al. [34] extend bypassing conflicts to EECBS. Since EECBS finds a bounded-suboptimal rather
than an optimal solution, the conditions for bypassing conflicts can be relaxed. When EECBS expands a

CT node N and generates a child CT node N, bypassing conflicts occurs if
(C1) CT node N is not selected from CLEANUP;,
(C2) Vi € [k],¢;(N) < w - Iby(N),
(C3) C(N) <w- LB, and
(C4) |X(N)] < |X(N)].

When EECBS expands the CT node selected from CLEANUPy, i.e., CT node Np, the new CT node Np
in CLEANUPy can have a larger F'-value than the previous one, which increases LB. According to the
rationales of the Selection Rules (E1), (E2), and (E3), increasing L B makes the conditions of Selection Rules
(E1) and (E2) more likely to hold in future iterations, thereby helping EECBS find a solution quickly (see
Section 2.4.1). Thus, EECBS uses Condition (C1) to prevent bypassing conflicts of CT nodes selected from
CLEANUPy since expanding these CT nodes has a chance to increase L B, and bypassing conflicts would
lose that chance. EECBS uses Conditions (C2) to ensure that each path remains individually bounded-
suboptimal after bypassing conflicts. EECBS uses (C3) to ensure that CT node N (which replaces the
currently expanding CT node N) will be expanded in the next iteration. EECBS uses condition (C4) to
reduce the number of conflicts and avoid repeatedly finding the same set of paths while bypassing conflicts.

Since Ib;(N) is a lower bound on the cost of a minimum-cost path that satisfies the set of constraints
W;(N), which can be different from W;(N) (depending on the constraints that are used to resolve the se-

lected conflict), EECBS does not replace the lower bounds Ib;(N') with Ib;(N) when bypassing conflicts. In
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this dissertation, due to Flex Distribution, we can relax Condition (C2) of bypassing conflicts, as described

in Section 3.5.

2.4.3.2 Symmetry Breaking

Symmetry breaking is an enhancement originally used to improve the efficiency of CBS [31], where (pair-
wise) symmetry occurs when two agents have many different paths to their target vertices, but every
pairwise combination of the paths results in a conflict. By using symmetry breaking, CBS avoids multiple
CT node expansions that exhaustively examine all pairwise combinations of the paths.

Lietal. [31] classify vertex/edge conflicts into different types. The first type is called a corridor conflict,
which occurs when two agents traverse a corridor in opposite directions. The second type is called a target
conflict, which occurs when one agent a; traverses the target vertex /; of the other agent a;, while agent
a; waits at its target vertex l; permanently. For each type of conflict, Li et al. [31] design constraints to
resolve it. To resolve a corridor conflict, Li et al. [31] prevent one agent from entering the corridor until
the other agent has traversed it. To resolve a target conflict, Li et al. [31] distinguish two cases. The first
case is that agent a; (the agent that waits at its target vertex) has to find a new path that allows agent a;
to traverse the target vertex [; without any conflict. The second case is that agent a; is allowed to wait at
its target vertex [; permanently, and all the other agents {a,, | m € [k] \ {i}} (including a;) should avoid
collisions with it, which can require finding paths for more than one agent (see Section 4.4).

Li et al. [34] extend symmetry breaking to EECBSS. In this dissertation, we use symmetry breaking
for corridor conflicts and target conflicts to enhance the efficiency of EECBS and combine it with Flex

Distribution, as described in Section 4.4.

SLi et al. [34] also classify conflicts into a type called rectangle conflict. However, it is less effective and thus is omitted in
this dissertation.
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2.4.3.3 Prioritizing Conflicts

Prioritizing conflicts is an enhancement originally used to improve the efficiency of CBS [5]. When CBS
selects a CT node for expansion, prioritizing conflicts determines which conflict to resolve.

Lietal. [34] extend prioritizing conflicts to EECBS. A conflict can be classified into three types: cardinal,
semi-cardinal, and non-cardinal. Given a CT node N selected for expansion, to classify a conflict between
two agents a; and a; that follow paths pi(N ) and p; (]\7 ), respectively, Li et al. [34] consider how CBS
resolves the conflict. This involves expanding the CT node N and generating two child CT nodes NV and
N'. A conflict is cardinal iff both D i 6 (N) and 3= (N') are larger than D iclk] € (N). A conflict
is semi-cardinal iff exactly one of 3,y ¢ (N) or 30y €F (N') is larger than D ik ©F (N). A conflict is
non-cardinal iff neither 3,y ¢ (V) nor -, ¢ (N') is larger than D iclk] ct(N).

However, prioritizing conflicts can result in a large runtime overhead. Thus, Li et al. [34] apply prior-

itizing conflict according to the following conditions:

(1) if the CT node is selected from CLEANUPY, i.e., CT node Np is selected for expansion, then all

the conflicts in the CT node are classified.

(2) otherwise, for each conflict in the selected CT node, if at least one of the paths in which the conflict

occurs has its cost equal to its lower bound, then the conflict is classified.

Condition (1) exists since resolving cardinal conflicts tends to generate child CT nodes with larger SOLBs
than those of their parent CT node Np. After EECBS expands CT node Np, the new CT node with the
minimum F-value in CLEANUPy may have an F-value larger than F/(Np). In this case, by prioritizing
conflicts when CT node N is selected for expansion, EECBS tends to increase LB. According to the
rationales of the Selection Rules (E1), (E2), and (E3), increasing LB makes the conditions of Selection
Rules (E1) and (E2) more likely to hold in future iterations, thereby helping EECBS find a solution quickly

(see Section 2.4.1). In contrast, when CT node N is selected for expansion, without prioritizing conflicts,
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EECBS may select a conflict that results in generating two child CT nodes with the same SOLB as CT node
Np. In this case, the lower bound LB remains unchanged after EECBS expands CT node Np. Condition
(2) exists since resolving cardinal conflicts can increase the costs of paths of the agents in this case, thereby
making the SOCs of the generated child CT nodes closer to the SOCs of the solutions in their subtrees.
EECBS thus selects conflicts in the order of cardinal, semi-cardinal, non-cardinal, and unclassified
conflicts, breaking ties in the order of target conflicts, corridor conflicts, and other conflicts. For example,
EECBS selects a semi-cardinal conflict only when no cardinal conflict exists, and selects a non-cardinal

conflict only when no cardinal or semi-cardinal conflict exists.

2.4.3.4 Weighted Dependency Graph Heuristic

The Weighted Dependency Graph (WDG) heuristic is an enhancement originally used to improve the effi-
ciency of CBS [30]. It is an admissible heuristic for the high-level A* of CBS.

Li et al. [34] apply the WDG heuristic to EECBS, which remains an admissible heuristic. Given a CT
node N, Li et al. [34] construct a Weighted Dependency Graph (WDG), which is a weighted undirected
graph

GWD(N) = (VWD(N),EWD(N),WWD(N)), (2.8)

where each vertex v;(N) € Viyp(N) represents an agent a;, each edge e; ;(N) = {v;(N),v;(N)} €
Ewp(N) represents that at least one conflict exists between agents a; and a; when they follow their
respective paths p;(N) and p;(IN), and the weight w; ;(N) € Wy p (V) of each edge e; j (V) equals

wij(N) = Ci;(N) — ¢ (N) -

i (N), (2.9)

where C/;(IV) is the minimum SOC of conflict-free paths for agents a; and a; that satisfy the constraints

U;(N) and W;(N), respectively; ¢} (V) is the cost of the minimum-cost path for agent a; that satisfies
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the constraints W;(N), and c¢}(N) is the cost of the minimum-cost path for agent a; that satisfies the
constraints \Ilj(N ). Then, to compute the WDG heuristic, Li et al. [34] transform the WDG to an edge-
weighted minimum vertex cover problem [30] that consists of a list of non-negative integers [z; | i € [k]],
one for each vertex v;(N) € Viyp(N), and a set of constraints x; + x; > w; j(IN), one for each edge
€i,j(N). The objective is to identify @1, ..., z), that minimize } ;) z; and satisfy the constraints in the
problem, which equals the WDG heuristic value H(N) of CT node N. That is, the WDG heuristic provides
a non-overestimation of the additional cost that each pair of conflicting agents will contribute to the SOC
of a minimum-cost solution that satisfies the constraints ¥(N).

Since computing the WDG heuristic values for CT nodes results in large runtime overhead, Li et al. [34]
compute them lazily. That is, rather than computing the WDG heuristic value for a CT node when it is
generated, Li et al. [34] compute the WDG heuristic value for a CT node when it is selected. Moreover,
Li et al. only compute the WDG heuristic value for a CT node that is selected by the Selection Rule (E3)
(i.e., CT node Np) since the purpose of computing the WDG heuristic is to improve LB. According to
the rationales of the Selection Rules (E1), (E2), and (E3), increasing L B makes the conditions of Selection
Rules (E1) and (E2) more likely to hold in future iterations, thereby helping EECBS find a solution quickly
(see Section 2.4.1). After computing the WDG heuristic value for the selected CT node, Li et al. [34] insert
it back into CLEANUPy and OPENy, and update FOCAL fy based on OPENy.

However, in this dissertation, our MAPF instances contain more agents than those in Li et al. [34]. We
found that computing the WDG heuristic values for CT nodes selected by the Selection Rule (E3) can still
result in a large runtime overhead, slowing down EECBS (with or without Flex Distribution). Thus, in this
dissertation, we omit the implementation of the WDG heuristic. However, we show in Section 3.3 that Flex
Distribution can be used in EECBS with any admissible heuristic on the high level, including the WDG

heuristic, and is guaranteed to find bounded-suboptimal solutions.
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Algorithm 2.1 High-Level EES

1:
2
3
4
5:
6
7
8
9

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:
36:
37:
38:
39:
40:
41:
42:
43:
44:
45:
46:

procedure EES(a MAPF instance with k£ agents, bounded-suboptimality factor w)

CLEANUPy, OPENy, FOCALy < empty list
Generate the root CT node Ny with W(Ng) = [U;(Ng) =0 | i € [k]]
for i € [k] do > Find initial paths without constraint.
L (pi(No), ¢i(No), 1bi(No)) < FocALSEARCH(s;, 1;, 0), P(Np), 0)
P(No) = P(No) U {pi(No) }
X (Ny) < Find all conflicts in paths [p;(No) | i € [k]].
H(Np) + Compute the WDG Heuristic of CT node Ny
€d,€n < 0
InsErRTNODE(Ng, CLEANUP, OPENy, FOCALy)
while CLEANUPy not empty do
LB + minNeCLEANUpH F(N) > LB = F(V,L)
N < SELECTNODE(CLEANUP 7, OPEN;, FOCAL )
if | X(NV)| = 0 then return [p;(N)]i € [k]]
if NV is selected from CLEANUPy and H(N) is null then
H(N) + Compute the WDG Heuristic of CT node N; F(N) < LB(N) 4+ H(N)
L INSERTNODE(N, CLEANUP 7, OPEN 7, FOCAL )
continue
conflict < SELECTCONFLICT(X (N))
Generate the two sets of constraint W and W5 for resolving conflict
children < 0; m < 1
while m < 2 do
N INITIALIZECHILDNQDE(N s Uan)
fori € [k] do
if p;(IV) violates constraints W;(/V) then
PAN) « {p;(N) | € [K]\ {i}}
if Flex Distribution is used then
‘ (pi(N), ¢s(N), 1b;(N)) < FOCALSEARCHWITHFLEX(s;, i, U3 (N), Py(N), Ib;(N))
else
- (pi(N), ci(N), 1b;(N)) « FocatSearcu(s;, i, ¥;(N), Pi(N), lbi(N))
if p;(N) is not found then
| Lm<—m+1;GotoLine23
X (N) < Find all the conflicts in paths [p;(NV) | i € [k]]
C(N) < > iepy Gi(N): LB(N) 4= > iepy W0i(N); F(N) <= LB(N); H(N) - null
if CT node N satisfies conditions (C1-C4) for bypassing conflicts then > See Section 2.4.3.1.
fori € [k] do )
PN — i) () ()
C(N) = Xepq (V) X(N) = X(N)
Go to Line 15
" children < children U{N }; m < m + 1
for N € children do
A(N) « /(1 — &) - | X(N)
. InserTNODE(/N, CLEANUP, OPENy, FOCALg)
~ Compute 4(N) and e, (N); update é; and &,
return No solution
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Algorithm 2.2 Tool Functions for High-Level EES

1: procedure INSERTNODE(/N, CLEANUP;, OPENy, FOCALy)

2: | Insert CT node N into CLEANUPy and OPENgy

3. for N' € OPENy do

& if EF(N)<w- F(NF) then Insert CT node N’ into FOCALy

procedure SELECTNODE(CLEANUP 7, OPENy, FOCALF)

if C(Ny) <w- LB then

L Remove CT node Ny from CLEANUPy, OPENy, and FOCALy
return Ny

if C(N;) <w- LB then

10: L Remove CT node N from CLEANUPy, OPENy, and FOCALy

11: return N

12: | Remove CT node N from CLEANUPy, OPENgy

13: if N in FOCALy then

14: | Remove CT node Ny from FOCALy

15 return Np

R A

16: procedure SELECTCONFLICT(X (V)

A

17: | for conflict € X(N) do

18: (pi(N), pj(IN)) « pair of paths that conflict occurs

19: if N is expanded from CLEANUP or ¢;(N) = Ib;(N) or ¢;(N) = Ib;j(N) then

20: . Classify conflict into cardinal, semi-cardinal, and non-cardinal

21: Determine conflict as either a target conflict, a corridor conflict, or none of them above.

~

22:  return the conflict with the highest priority in X'(NV)

23: procedure INITIALIZECHILDNODE(N , U)

24: = N < acopy of CT node N

25:  fory € Udo

26: L a; < agent that constraint ) is applied to
28: _ return N




Algorithm 2.3 Low-Level Focal Search

1:
2
3
4:
5
6
7

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:

35:
36:
37:

procedure FOCALSEARCH(s;, [, W;(N), Pi(N), 1b;(N))

> N is the parent CT node of CT node N, so lb;(IN') = 0 if N is the root CT node.
> Bi(N) = {p;j(N) | 7 € [K] \ {i}}.

Determine the priority function value f;(n) of v-t node n
Generate the root v-t node n( with state representation (s;,0)

gi(no) <= 0; hi(no) < hi(si); fi(no) < gi(no) + hi(no); hi(no) < hi(si); fi(no) < gi(no) +
hi(no); xz(no) ~0
Jmini (V) < fi(no)
Ti(N) < w+ fmingi (V)
OPENy, FOCAL}, CLOSEDy, < empty list
INSERTNODE(ng, 7;(IN), OPEN, FOCALy)
while OPEN/, is not empty do
ny < v-t node with the minimum f;-value in OPEN,
if fmin,i (N) < f; (nf) then
Joini(IV) fz(nf)
Tnew € W - fmin,i (N)
UppATEFOCAL(T; (N), Thew, OPENy, FOCALYL)
Ti(N)  Thew
7 < v-t node with the minimum x;-value in FOCAL
Remove v-t node 7 from OPEN;, and FOCAL,
Insert n into CLOSEDy,
if ISTARGETREACHED(7, [;, ¥;(IN)) then
lbz < fmin,i(N)
p; < Extract the path by back-tracking v-t node 7; ¢; < cost of path p;
. return (p;, ¢;, 1b;)

for (v,t) € neighbors do
if (v,t) does not satisfy constraints ¥;(N) then
_ continue
n < GENERATECHILDNODE(7, v, t, R(N )
1 +— FINDNoODE(n, T;(NN), CLOSED,, OPEN)
if 7 is null then
L INSERTNODE(n, 7;(N'), OPEN, FOCAL)
continue
if IsDOMINANT(n, 1) then
|| LUPDATEPRIORITY(N, n, 7;(IN'), CLOSED,, OPEN}, FOCAL})
| return No path

<
N

T;(N) < Compute the time horizon from constraints W;(N) and paths P;(N) & See Section 2.4.2.

neighbors < FINDNEIGHBORS(71) > Find the neighboring states.
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Algorithm 2.4 Tool Functions for the Low-Level Focal Search

—_

10:

11:
12:
13:
14:
15:
16:
17:

25:
26:
27:
28:
29:
30:
31:

32:

: procedure INSERTNODE(n, 7;(N ), OPEN, FOCAL?y)

Insert v-t node n into OPENj,
Sort v-t nodes in OPENY, in increasing order of f;-values, breaking ties in favor of v-t nodes with
smaller z;-values
if fi(n) < 7;(N) then
Insert v-t node n into FOCALj,
Sort v-t nodes in FOCALy, in increasing order of x;-values, breaking ties in favor of v-t nodes
with smaller fi—values

procedure UpDATEFOCAL(T,4, Trnew, OPENf, FOCALL)

for v-t node n € OPENy, do
L if 70 < fl(n) < Tnew then
_ Insert v-t node n into FOCAL

procedure ISTARGETREACHED(n, [;, ¥;(N))

(v,t) < state representation of v-t node n
if v # [; then return false
for <a,z-, li7t1/z> S \I/Z(N) do
L if t < t, then
" return false
return true

: procedure FINDNEIGHBORS(n)
19:
20:
21:
22:
23:
24:

(v,t) < state representation of v-t node n

neighbors < {(v,t + 1)} > Insert the wait action.
V' < Find the successor vertex for each possible move action at vertex v

for v € V' do

 neighbors < neighbors U {(v',t + 1)} > For the move action.
return neighbors

procedure CounTCoONFLICTS(n, P;(N))

(v,t) < state representation of v-t node n
&, < number of vertex conflicts with paths P;(V) at vertex v at timestep ¢
if n is not the root v-t node then
n < parent of v-t node n with state representation (u,t — 1)
if u # v then
L &, < number of edge conflicts with paths P;(N') when agent a; moves from vertex u at
timestep ¢ — 1 to vertex v at timestep ¢
return x, + x.
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33: procedure GENERATECHILDNODE(7, v, t, P;(N))

34: | > v-t noden has state representation (0, 1). <
35 Generate v-t node n with state representation (v, t)

36: | parent(n) < n

37: | gi(n) < gz( )+ 1 > Unit-cost.

(o) = B0l ) i)+ i)

39 hi(n) < hi(v); fi(n) < gi(n) + hi(n)

40:  x;(n) < x;(7)+ CounTCONFLICTS(n, P;(N))
41: | returnn

42: procedure FINDNODE(n, T;(/N), CLOSED,, OPEN)

43: | (v,t) < state representation of v-t node n

44: | LIST < concatenate CLOSED, and OPEN/,

45: | n < null

46: | if t < T;(N) then

47 ‘ n < Find v-t node in LIST with state representation (v, t)

48:  else

49: | 7 < Find v-t node in LIST with state representation (v, t) with £ > T;(N)
50:

return n

51: procedure ISDOMINANT(11, n2)
52: L return f;(n1) < fi(n2) or (fi(n1) = fi(n2) and x;(n1) < z;(n2))

53: procedure UPDATEPRIORITY(n, 71, T;(N), CLOSED, OPEN, FOCAL )

54:  (v,t) < state representation of v-t node n

55 (v,t) < state representation of v-t node 7

56: | fi < fi(n) 5 3

57:  gi(n) < gi(n); fi(R) < fi(n); fi(n) < fi(n); z;(n) < x;(n); t < t; parent(n) < parent(n)
58: if n € CLOSED, then

59: Remove v-t- node 7 from CLOSED,

60: INSERTNODE(72, 7;(IN), OPEN, FOCAL)

61: | else > 7 is in OPEN,
62: Update the priority of 7 in OPENy,

63: if fz(ﬁ) < Tz(N) then

64: if f; > 7;(N) then

65: ‘ Insert v-t node 7 into FOCAL,

66 else

672 | Update the priority of v-t node 7 in FOCALF,

40



Chapter 3

Flex Distribution

To improve the efficiency of EECBS, we introduce our new approach, called Flex Distribution [9], which
relaxes the requirement that the paths of agents be individually bounded-suboptimal while maintaining
the guarantee of finding a bounded-suboptimal solution to a MAPF instance if a solution exists. Given a
path that satisfies constraints in a CT node, we define its flex as the difference between the threshold, which
is w times the lower bound on the cost of a minimum-cost path that satisfies the constraints, and the cost.
When EECBS runs the low-level Focal Search to find a path for an agent, the core idea of Flex Distribution
is to increase its threshold by using the flex of the paths of the other agents. With the increase in the
threshold, EECBS might now be able to find paths with fewer conflicts on the low level (see Figure 3.12).
Additionally, since Flex Distribution no longer requires each agent’s path to be individually bounded-
suboptimal, EECBS can relax Condition (C2) for bypassing conflicts on the high level, which might allow
it to terminate more quickly. Yet, the solutions found by EECBS with Flex Distribution are still guaranteed
to be bounded-suboptimal®. To distribute flex, we propose an intuitive mechanism called Greedy Flex
Distribution (GFD). When EECBS uses the low-level Focal Search to find a path for an agent, GFD uses all

the flex of the paths of the other agents to increase the threshold of the agent. Our empirical evaluation

“Since Flex Distribution only modifies the low-level Focal Search and the high-level bypassing condition, it can also be applied
to other Conflict-Based Framework instantiations that solve MAPF bounded-suboptimally, e.g., Enhanced Conflict-Based Search
(ECBS) [8]. Also, we could apply Flex Distribution to other domains that use the Conflict-Based Framework, such as Virtual
Network Embedding [75].
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shows that GFD can accelerate the search of EECBS for large-scale MAPF instances. Our contributions

are:
« We propose Flex Distribution, a new approach to accelerating EECBS.

« We show how Flex Distribution can be used to find paths on the low level and relax Condition (C2)
for bypassing conflicts on the high level. We prove that EECBS with Flex Distribution is guaranteed

to find a bounded-suboptimal solution to a MAPF instance if a solution exists.

« We propose Greedy Flex Distribution (GFD) as a mechanism for determining the distributed flex.
Our empirical result shows that for the 120-second runtime limit and the bounded-suboptimality
factor w = 1.01, using GFD results in a more than twofold increase in the success rate of EECBS
over all MAPF instances on all graphs, raising it from 0.18 to 0.396. In particular, while EECBS has
the success rate of 0.08 over all MAPF instances on the city graph (which is the largest graph in
our empirical evaluation) for the bounded-suboptimality factor w = 1.01, EECBS with GFD has the

success rate of 0.52.

3.1 Bounded-Suboptimality of EECBS

When EECBS expands a CT node N, it selects a conflict and resolves it by generating two child CT nodes
with the additional constraints. Suppose that one of the child CT nodes N contains the constraints ¥, that
are used to resolve the selected conflict, i.e., ¥;(N) = W;(N) U ;. Since imposing additional constraints
can only increase the cost of an optimal path that satisfies the constraints, the lower bound lbi(N ) in CT
node N remains a lower bound on the cost of an optimal path that satisfies the constraints U;(N)in CT
node N. That is, when running the low-level Focal Search, both Ib;(N) and fmin:(N) are lower bounds

on the cost of an optimal path that satisfies the constraints W,;(N'). Thus, rather than setting the threshold
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Ti(N) = w - fmin,i(/N) as in [34] (see Lines 9 and 16 in Algorithm 2.3) during the search of the low-level
Focal Search, we set

7i(N) = w - max{Ib;(N), fuini(N)}. (3.1)

When the low-level Focal Search finds a path and terminates, rather than setting the lower bound [b;(N) =

fmin,i(IV) as Li et al. [34] (see Line 23 in Algorithm 2.3), we set

16;(N) = max{1b;(N), fumini(N)}. (3.2)

In this case, the path found by the low-level Focal Search remains individually bounded-suboptimal. Thus,
the SOC of CT node N still satisfies Equation 2.6. Also, for any CT node N in the subtree of CT node
N, 1b;(N) < Ib;(N), and thus LB(N) < LB(N). On the other hand, for the root CT node N that
does not have a parent CT node, since it does not contain any constraint, we follow Li et al. [34] and set
Ti(No) = w - fiin,i(No) = w - hi(s;) and 1b;(No) = fumin,i(No) = hi(si), where h;(s;) is the cost of the

minimum-cost path from the start vertex s; to the target vertex [; of agent a;.

Definition 3.1 (Individually Bounded-Suboptimal Path). A path of an agent a; in a CT node N is individ-

ually bounded-suboptimal iff its cost c;(N) satisfies

CZ(N) < TZ(N) =w - max{lbi(N), fmin,z‘(N)} =w- le(N), (3.3)

We provide the following definition for a CT node IV with its SOC C'(N) = >~ ¢i(IV) and SOLB

LB(N) = Y ;e Wi(N).

Definition 3.2 (Local Suboptimality). The local suboptimality of a CT node N is C(N)/LB(N).
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Definition 3.3 (Locally Bounded-Suboptimal CT Node). A CT node N is locally bounded-suboptimal
iff its local suboptimality is at most the bounded-suboptimality factor w, i.e, C(N)/LB(N) < w or, equiv-

alently, C(N) < w - LB(N).

By requiring each path in each CT node to be individually bounded-suboptimal, EECBS ensures that each
CT node is locally bounded-suboptimal.

At each iteration on the high level, EECBS updates the lower bound LB = F(Np) = LB(Np) +
H(Np) on the SOC of the optimal solution and then selects a CT node based on Selection Rules (E1), (E2),

and (E3) (see Section 2.4.1). We thus provide the following definitions:

Definition 3.4 (Global Suboptimality). The global suboptimality of a CT node N is C(N)/LB.

Definition 3.5 (Globally Bounded-Suboptimal CT Node). A CT node N is globally bounded-suboptimal
iff its global suboptimality is at most the bounded-suboptimality factor w, i.e., C(N)/LB < w or, equiva-

lently, C(N) <w - LB.

Equivalently, the condition of Selection Rules (E1) and (E2) is to check if CT nodes Ny and N, re-
spectively, are globally bounded-suboptimal. We can combine these definitions with Selection Rules (E1),

(E2), and (E3) to establish the following theorem:

Theorem 3.1. Ifeach CT node is locally bounded-suboptimal, then the solution found by EECBS is guaranteed

to be bounded-suboptimal.

Proof. Given a CT node N, since its heuristic H (V) is admissible, F'(N) = LB(N) + H(N) is the lower
bound on the SOC of the minimum-SOC solution that satisfies constraints ¥ (V). According to Lemma 2.1,
as we define Ny = arg minyecreanvey, F(N), F(NF) (ie., the minimum F-value over all CT nodes in
CLEANUPy) is a lower bound on the SOC C* of an optimal solution. EECBS maintains LB = F(Np)
during the search, i.e.,

LB = F(Ny) = LB(Ny) + H(Np) < C*. (3.4)
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At each iteration, EECBS uses Selection Rules (E1), (E2), and (E3) to select a CT node. If EECBS selects the
CT node N according to selection rules (E1) and (E2), i.e., N € { Ny, N}, then the SOC of each selected
CT node N satisfies

C(N)<w-LB<w-C" (3.5)

On the other hand, if EECBS selects a CT node N = Np by the Selection Rule (E3), then since each CT

node is locally bounded-suboptimal,

Thus, by Inequalities 3.5 and 3.6, if the paths in the selected CT node are conflict-free, i.e., a solution, then

EECBS returns a bounded-suboptimal solution. O

3.2 Limitations of EECBS

EECBS ensures that the solution it finds is bounded-suboptimal according to Theorem 3.1. However, it
is unnecessary for each path to be individually bounded-suboptimal to ensure that each CT node is lo-
cally bounded-suboptimal. That is, the SOC of a CT node N can satisfy C(N) < w - LB(N) without
each path being individually bounded-suboptimal. Thus, we propose Flex Distribution, which relaxes the
individual bounded-suboptimality of each path while still guaranteeing that the SOC of each CT node is lo-
cally bounded-suboptimal. This ensures that the solution found by EECBS with Flex Distribution remains
bounded-suboptimal. In general, the definition of bounded-suboptimal solutions depends on the sum of
the costs of all paths rather than the cost of each individual path (see Section 2.2). Thus, given a CT node,
we can apply Flex Distribution to increase the thresholds of its paths as long as the resulting SOC is at
most the bounded-suboptimality factor w larger than the SOLB. We use the following premises to explain

how EECBS with Flex Distribution works.
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(1) At the beginning of the search, suppose that EECBS generates the root CT Ny node with one indi-
vidually bounded-suboptimal path for each agent, i.e., Vi € [k], ¢;(No) < w-1b;(Np). Since the root
CT node Ny does not contain any constraint, Vi € [k], 1b;(No) = fmini(No) = hi(si), where h;(s;)
is the cost of the minimum-cost path from the start vertex s; to the target vertex [; of agent a; (see
Section 2.4.2). That is, in this premise, EECBS with Flex Distribution does not use Flex Distribution

when finding paths for agents in the root CT node Nj.

(2) Also, at an iteration, suppose that EECBS with Flex Distribution expands a CT nodes N and generates
one of its child CT nodes N with the set of constraints ¥;(N) = \I/Z(N ) U U; for agent a;, where

W, is the set of constraints that are used to resolve the selected conflict.

3.3 Definition of Flex

To generate one of the child CT nodes N during the expansion of a CT node N, EECBS needs to find
a path for an agent a; that satisfies the constraints W;(IV) = \I/z(N ) U ;. Since U; only affects agent
a;, the paths of the other agents {a; | j € [k] \ {¢}} remain unchanged, ie., Vj € [k] \ {i},p;(N) =
p;(N),1b;(N) = 1b;(N), ¢;j(N) = ¢;j(N). When EECBS with Flex Distribution uses the low-level Focal

Search to find the path for agent a;, it increases the threshold by using the sum of differences between the

thresholds w - [bj(N') and the costs of the paths ¢;(/N) from the other £ — 1 agents.

Definition 3.6 (Flex). The flex of the path of an agent a; in a CT node N is defined as w - 1b;(N) — ¢;(N),
where ¢;(N) is the cost of the path and lb;(N) is the lower bound on the cost of the minimum-cost path that

satisfies the constraints U;(N).

Definition 3.7 (Distributed Flex). The distributed flex A;(N) is the amount of flex from the paths of the
other agents {a; | j € [k] \ {i}} used to find the path for agent a; that satisfies the constraints ¥;(N) in a

CT node N.
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3.4 Finding Paths with Flex Distribution

When EECBS with Flex Distribution finds a path for agent a; that satisfies the constraints U;(/N) in a CT
node N, to ensure that C(N) < w - LB(N), the maximum amount of flex allowed to be used is the sum

of flex from the paths of the other agents {a; | j € [k] \ {i}}.

Definition 3.8 (Maximum Allowed Flex). When EECBS finds a path for agent a; that satisfies the constraints

U;(N) in a CT node N, the paths of the other agents {a; | j € [k] \ {i}} remain unchanged, i.e.,

¥j € K]\ {i}, p;(N) = p;(N),1b;(N) = 1b;(N), and ¢;(N) = ¢;(N), (3.7)

where CT node N is the parent of CT node N. In this case, the maximum allowed flex is defined as

Amax,i(N) = Z (’LU ’ lb](N) - C](N)) (3.8)
Jelk\ i}

During the search of EECBS with Flex Distribution, the core idea is to modify the threshold on the low

level to

TZ(N> =w- max{lbi(N), fmin,i(N)} + AZ(N), (3.9)

where A;(N) is the distributed flex. That is, we can increase the threshold 7;(N) given by Equation 3.1
if the maximum allowed flex A,y i (V) and the distributed flex A;(N) < Apaxi(IN) are positive. Also,
the original version of EECBS (EECBS without Flex Distribution) is a special case where the distribution
flex A;(N) is set to 0. If EECBS with Flex Distribution needs to find paths for more than one agent in a
CT node N (e.g., when resolving a target conflict), then it runs the low-level Focal Searches for the paths

sequentially, each time updating the lower bound and the path cost for the agent whose path was updated.
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We now prove that the low-level Focal Search with Flex Distribution is guaranteed to find a bounded-

suboptimal path, if a path exists.

Lemma 3.1. For any £ > 0, the number of v-t nodes n with g;(n) < & is finite.

Proof. During the search for a path of agent a;, for any v-t node n with its state representation (v, t),
gi(n) = t is the number of timesteps needed for agent a; to move from its start vertex s; to vertex v.
According to the problem formulation of MAPF (see Section 2.2), the graph G = (V, E') of a MAPF instance
contains a finite number of vertices |V|. Also, each action takes exactly 1 timestep, which establishes a
strictly positive lower bound on the cost of any state transition. Thus, for any & > 0, the possible values
for timestep t are restricted to the finite set {0, 1, ..., £}. Since the number of v-t nodes n with g(n) < { is
the product of the number of vertices in the graph GG and the number of possible timesteps, it is bounded

by |V| x (€ 4+ 1). Since |V| and ¢ are finite, the number of v-t nodes with g(n) < ¢ is finite. O

Lemma 3.2. Ifevery v-t node has a non-negative h;-value, then, for any arbitrary number{ > 0, the number

of v-t nodes n with f;(n) = gi(n) + hi(n) < £ is finite.

Proof. During the search for a path of agent a;, since h;(n) > 0 for every v-t node n, the set of v-t nodes
n with fi(n) = gi(n) + hi(n) < £ is a subset of the set of v-t nodes n’ with g;(n’) < . That is, any v-t
node with f;(n) < ¢ satisfies g;(n) < £. Since there are finite v-t nodes n whose g;(n) < £ according to

Lemma 3.1, there is a finite number of v-t nodes n with f;(n) < &. O

Theorem 3.2. Given a CT node N, if the low-level Focal Search maintains 7;(N) > fuini(N) during
the search, then it is guaranteed to find a path for agent a; that satisfies the constraints W;(IN) with cost

¢i(N) < 7;(N) when the search terminates, if a path that satisfies the constraints exists.

Proof. Since w-c}(NN) > 0 (where ¢} (NN) is the cost of the minimum-cost path that satisfies the constraints

U;(N)), the number of v-t nodes n with f;(n) < w - ¢(N) is finite according to Lemma 3.2. During the
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search, the low-level Focal Search uses OPEN/, to maintain the frontier of the search tree. At each iteration,
the low-level Focal Search expands a v-t node from FOCAL}, which is a subset of OPEN}, and inserts it
into CLOSEDy,. Once a v-t node is expanded, it is not removed from CLOSED, and re-inserted into OPENy,
unless it is dominated by a newly generated v-t node at an iteration. Since the number of v-t nodes (with
fi(n) < w - ¢f(N))is finite, each v-t node is dominated by finitely many v-t nodes, and thus the number
of re-insertions of every expanded v-t node is finite. Thus, each v-t node is expanded in a finite number
of times. Since FOCAL/, contains the v-t nodes n in OPENy, whose fj(n) < 7;(IV) and fuin (V) is the
minimum fj-value over all v-t nodes in OPENy, 7;(N) > fuin (V) indicates that every v-t node with
the minimum f;-value in OPENy, is always in FOCAL}, during the search. That is, if OPENy, is not empty,
then FOCALY, is never empty. Thus, the low-level Focal Search must continue expanding the frontier until
either a path that satisfies the constraints is found or OPENy, is empty. Since the low-level Focal Search
expands every v-t node a finite number of times and expands a v-t node at each iteration, it is guaranteed
to terminate in a finite number of iterations. Thus, the low-level Focal Search is guaranteed to find a
path that satisfies the constraints U;(V), if a path that satisfies the constraints exists. Also, since FOCALy,
contains v-t nodes with f;(n) < 7;(N') and the low-level Focal Search selects a v-t node in FOCAL/, at each
iteration, if the selected v-t node results in a path that satisfies the constraints U;(NV), then ¢;(N) < 7;(N)

when the search terminates. O

Given a CT node IV, we can prove that the low-level Focal Search with Flex Distribution is guaranteed

to find a path for agent a; that satisfies the constraints ¥; (V).

Theorem 3.3. Given a CT node N whose parent CT node is N, suppose that EECBS maintains lower bound

Ibj(N) = max{lb;(N), fmin,i(N)} for each agent a;. If both of the following conditions hold:
« the parent CT node N is locally bounded-suboptimal, and

e Ai(N) = Apax,i(N) or Ai(N) > 0,
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then the low-level Focal Search with Flex Distribution is guaranteed to find a path for an agent a; that satisfies

the constraints W;(N) with the cost satisfying

ci(N) < 7i(N) = w - max{Ib;(N), fmini(N)} + Ai(N), (3.10)

if a path that satisfies constraints exists.

Proof. If A;(N) > 0, then the threshold satisfies

7(N) = w - max{lb;(N), fmini(N)} + Ai(N)

>w - max{lb( fmlHZ( )}
(3.11)

> max{lb,(N), fmin,i(N)}

2 fmin,i (N)

during the search. Thus, according to Theorem 3.2, the low-level Focal Search with Flex Distribution is
guaranteed to find a path for agent a; that satisfies the constraints W;(/N) with cost ¢;(N) < 7;(NV) if a
path that satisfies constraints exists.

We now prove the case when Aj(N) = Apax,i(N). Since the paths of the other agents {a; | j €
[k]\ {i}} remain unchanged from the parent CT node N to CT node N, the distributed flex (which is now

the maximum allowed flex) becomes

ANi(N) = Dpai(N) = Y (w-j(N) = ¢j(N)) = Y (w-1b(N) = ¢;(N))
JElk\{i} JElk{i}
= Z w - 1b;(N) = ¢j(N)) — (w - 1b;(N) — ¢;(N)) (3.12)

—w-LB(N) — C(N) —w - 1b;(N) + ¢;(N).
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Since the parent CT node N is locally bounded-suboptimal, w - LB(N) — C(N) > 0. Also, since Ib;(N) is
a lower bound on the cost of the minimum-cost path that satisfies the constraints ¥;(N), ¢;(N) > Ib;(N).

Thus, the distributed flex satisfies

Ai(N) > —w-Ib;(N) + ¢i(N) > —w - Ib;(N) + Ib;(N). (3.13)

Accordingly, when the low-level Focal Search finds a path that satisfies the constraints ¥;(/N) for agent

a; in CT node N, the threshold satisfies

Tl(N) =W - max{lbi(N), fmin,i(N)} + AZ(N)
> w - max{lb;(N), fumini(N)} — w - 1b;(N) 4 1b;(N)
= w - max{0, fnini(N) — 1by(N)} + Ib(N)
(3.14)
> max{0, fumini(N) — Ib;(N)} + 1b;(N)

Z max{lbz(N), fmin,i(N)}

Z fmin,i(N)-

Thus, according to Theorem 3.2, regardless of which Ay ;(IV) is positive, 0, or negative, provided that
Ai(N) = Amax,i(IN), the low-level Focal Search is guaranteed to find a path for agent a; that satisfies the
constraints W; (V) with cost ¢;(N) < 7;(/V) in CT node N, if a path that satisfies the constraints ¥;(N)

exists. O

We now prove that EECBS with Flex Distribution is guaranteed to find a bounded-suboptimal solution
to a MAPF instance if a solution exists. We first prove that the solution found by EECBS with Flex Dis-
tribution is guaranteed to be bounded-suboptimal. Then, we prove that EECBS with Flex Distribution is
solution-complete. That is, it is guaranteed to find a (bounded-suboptimal) solution to a MAPF instance if

a solution exists. According to Theorem 3.3, it is trivial to establish the following Theorems 3.4 and 3.5:
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Theorem 3.4. Suppose that the parent CT node N of a CT node N is locally bounded-suboptimal. When the
low-level Focal Search with Flex Distribution finds a path for an agent a; that satisfies the constraints U;(N)

in CT node N, if the distributed flex A;(N) satisfies

0 < Az(N) < Amax,i(N)7 ifAmax,i(N> > 0
(3.15)

Ai(N) = Apax,i(IN), otherwise,

then CT node N is locally bounded-suboptimal.

Proof. According to Theorem 3.3, if A;(N) = Apax,i(N) or A;(N) > 0, then the low-level Focal Search
with Flex Distribution is guaranteed to find a path for an agent a; that satisfies the constraints ¥;(/N') with
the cost satisfying Inequality 3.10, if a path that satisfies constraints exists. Also, if the distributed flex

A;(N) satisfies Inequality 3.15, then A;(N) < Apax (V). Thus, according to Inequality 3.10,

CZ(N) < Tl(N) =w- max{lbi(N), fmin,i(N)} + Az(N)

< w - max{lb;(N), fumin,i(N)} + Amax,i (V) (3.16)

Sw-Ib(N)+ Y (w-1b(N) = ¢j(N)).
jelk)\{}

where Ib;(N) = max{lb;(N), fmini(N)} is a lower bound on an optimal path for agent a; that satisfies

the constraints W; (V). Thus, the SOC of the CT node N satisfies

C(N)=c(N)+ > ¢i(N)

jelkN\ i}
<w-b(N)+ DY (w-lbi(N)—c;(N)+ Y ¢(N) (3.17)
jelkN\ i} jelk\ i}
=w - LB(N).
Thus, according to Definition 3.3, each CT node NV is locally bounded-suboptimal. t
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Theorem 3.5. When the low-level Focal Search with Flex Distribution finds a path for an agent a; that
satisfies the constraints U;(N) in CT node N, if the distributed flex A;(N) satisfies Inequality 3.15, then the

solution found by EECBS with Flex Distribution is guaranteed to be bounded-suboptimal.

Proof. If the distributed flex satisfies the above condition during the search, then each CT node is locally
bounded-suboptimal according to Theorem 3.4. Thus, the solution found by EECBS with Flex Distribution

is bounded-suboptimal according to Theorem 3.1. O

Definition 3.9 (Solution-Completeness). A MAPF algorithm is solution-completeness iff it is guaranteed

to terminate with a solution to a MAPF instance if a solution exists.

A solution-complete MAPF algorithm is not guaranteed to terminate and return “no solution” if no
solution exists. In fact, if a MAPF instance is unsolvable, EECBS (with or without Flex Distribution) may
not terminate. However, there exists a linear-time algorithm that determines if a MAPF instance is solv-

able [71]. Thus, we can run this algorithm prior to EECBS (with or without Flex Distribution).

Theorem 3.6. When the low-level Focal Search with Flex Distribution finds a path for an agent a; that satisfies
the constraints ¥;(N) in CT node N, if the distributed flex A;(N) satisfies Inequality 3.15, then EECBS with

Flex Distribution is solution-complete.

Proof. Suppose that the MAPF instance has a solution, and let C* be the SOC of an optimal solution. Since
there are only finitely many conflicts for paths with costs at most w - C*, and once a conflict is resolved at a
CT node, it does not reappear in its subtree, the number of CT nodes with SOCs at most w-C* is finite. Also,
since EECBS with Flex Distribution never selects for expansion a CT node whose the SOC exceeds w - C*
according to Selection Rules (E1), (E2), and (E3) (see Inequalities 3.5 and 3.6), the number of CT nodes that
EECBS with Flex Distribution expands has to be finite. Also, according to Lemma 2.1, a CT node whose list
of paths is a solution is in the subtree rooted at at least one of the CT nodes in CLEANUP 7, meaning that

EECBS with Flex Distribution stops only when it has selected a CT node whose list of paths is a solution.
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Thus, EECBS with Flex Distribution must find a solution with finitely many CT node expansions, if a

solution exists. O

Theorem 3.7. When the low-level Focal Search with Flex Distribution finds a path for an agent a; that satisfies
the constraints W;(N) in CT node N, if the distributed flex A;(IN) satisfies Inequality 3.15, then EECBS with

Flex Distribution is guaranteed to find a bounded-suboptimal solution to a MAPF instance if a solution exists.

Proof. EECBS with Flex Distribution is solution-complete according to Theorem 3.6, and the solution that
it finds is guaranteed to be bounded-suboptimal according to Theorem 3.5. Thus, EECBS with Flex Distri-

bution is guaranteed to find a bounded-suboptimal solution to a MAPF instance if a solution exists. [

Algorithm 3.1 shows the pseudo-code of how Flex Distribution is implemented in the low-level Focal
Search, where the blue text marks the differences to the low-level Focal Search without Flex Distribution
in Algorithm 2.3. Namely, the low-level Focal Search computes the distributed flex A;(N') from the paths
of the other agents {a; | j € [k] \ {i}} in CT node N [Line 5] and modifies the threshold accordingly

[Lines 10 and 17]. After the low-level Focal Search finds a path, it updates the lower bound [Line 24].

3.5 Bypassing Conflicts with Flex Distribution

When EECBS expands a CT node N and generates one of its child CT nodes NV, Condition (C2) of bypassing
conflicts requires ¢;(N) < w-1b;(IN) for each agent a; (see Section 2.4.3.1). This is to ensure that each path
remains individually bounded-suboptimal after bypassing conflicts. On the other hand, Flex Distribution
relaxes the requirement that each path be individually bounded-suboptimal, provided that each CT node
is locally bounded-suboptimal. Thus, to bypass conflicts when flex distribution is introduced, EECBS with

Flex Distribution maintains Conditions (C1), (C3), and (C4) and relaxes Condition (C2) to

C(N) <w-LB(N), (3.18)
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Figure 3.1: An example of how GFD increases the threshold with a positive maximum allowed flex from
the flex of the paths of agents ay and a;3. Suppose that EECBS-GFD expands CT node N and generates one
of its child CT nodes N, which requires finding a path for agent a;. The green bars are the lower bounds,
the cyan bars are the costs of the paths, the purple bars are thresholds that are the bounded-suboptimality
factor w larger than the lower bounds, and the red bar is the threshold increased by GFD. The orange
arrows are the flex of the paths of agents a2 and as.

which results in CT node N remaining locally bounded-suboptimal after bypassing conflicts. With the
relaxation of Condition (C2), each CT node in EECBS with Flex Distribution remains locally bounded-
suboptimal. Thus, according to Theorem 3.1, the solution found by EECBS with Flex Distribution is guar-

anteed to be bounded-suboptimal when applying bypassing conflicts.

3.6 Greedy Flex Distribution (GFD)

One intuitive way of using flex is to distribute the maximum allowed flex each time when the low-level
Focal Search needs to find a path that satisfies the constraints ¥;(V) for an agent a; in a CT node N. That
is,

Ai(N) = Apax,i(N). (3.19)

We call this Flex Distribution mechanism Greedy Flex Distribution (GFD). By using GFD, if the maximum

allowed flex is positive, then the threshold is increased. This makes the low-level Focal Search easier (and
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thus often faster) to find a path that satisfies the constraints because this path can have a larger cost than
without Flex Distribution. On the other hand, even if the maximum allowed flex is negative, the low-level
Focal Search is still guaranteed to find a path that satisfies constraints (see Theorem 3.3).

Figures 3.1 and 3.2 show examples of the variable relationships in the situation where the low-level
Focal Search finds a path for agent a; and the paths of agents as and a3 remain unchanged when EECBS
with GFD (EECBS-GFD) expands CT node N and generates CT node V. Figure 3.1 shows the case when
EECBS-GFD increases the threshold with a positive maximum allowed flex when finding a path for agent
a;. The paths of agents ay and a3 in the parent CT node N have costs co(N) < w - lbo(N) and ¢3(N) <
w - Ib3(IN), which results in the positive flex w - Iby(N') — ¢3( V) (the orange arrow pointing to the right in
the line of ay) and w-Ib3(N') — c3(N) (the orange arrow pointing to the right in the line of a3), respectively.

Thus, as the paths of agents as and a3 remain unchanged, the maximum allowed flex for finding a path

for agent a; (the connected orange arrows pointing to the right in the line of a;)

Amaci(N) = Y (w-1bj(N) —c;(N)) = > (w-1bj(N) - ¢;(N)) (3.20)

Jj€{2,3} Jj€{2,3}

is positive. EECBS-GFD thus increases the threshold from w - max{ fyin1(N), b1 (N)} (the purple bar
in the line of a1) to w - max{ fmin,1(N), lbl(N)} + Amax,1(IV) (the red bar in the line of a;). Then, the
low-level Focal Search finds a path with cost ¢; (IV) (the cyan bar in the line of a1) and terminates. Finally,
EECBS-GFD sets the lower bound by (N) to max{ fmin,1(N), lby (N)} (the green bar in the line of a1).
On the other hand, Figure 3.2 shows the case when EECBS-GFD decreases the threshold with a negative
maximum allowed flex when finding a path for agent a;. The paths of agents as and a3 in the parent CT
node N have costs c3(N) > w - lby(N) and ¢3(N) > w - Ibg(N), which results in the negative flex
w - Iby(N) — ¢2(N) (the orange arrow pointing to the left in the line of as) and w - Ib3(N) — ¢3(N) (the

orange arrow pointing to the left in the line of a3), respectively. Thus, the maximum allowed flex for
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Figure 3.2: An example of how GFD decreases the threshold with a negative maximum allowed flex from
the flex of the paths of agents ay and a;3. Suppose that EECBS-GFD expands CT node N and generates one
of its child CT nodes N, which requires finding a path for agent a;. The green bars are the lower bounds,
the cyan bars are the costs of the paths, the purple bars are thresholds that are the bounded-suboptimality
factor w larger than the lower bounds, and the red bar is the threshold decreased by GFD. The orange
arrows are the flex of the paths of agents as and as.

finding a path for agent a; (the connected orange arrows pointing to the left in the line of a;) is negative
(ie., Amax,1(N) < 0). EECBS-GFD thus decreases the threshold from w - max{ fmin,1(INV), lbl(N)} (the
purple bar in the line of a;) to w - max{ fmin1(V), lbl(N)} + Amax,1(IV) (the red bar in the line of a,).
Then, the low-level Focal Search finds a path with cost ¢; (V) (the cyan bar in the line of a1) and terminates.
Finally, EECBS-GFD sets the lower bound Ib; (N) to max{ fumin,1(N), 1b1(N)} (the green bar in the line of

al).

3.7 A Toy Example

We use a MAPF instance to show how GFD benefits EECBS. As shown in Figure 3.3 (a), the MAPF instance
contains three agents a; (blue), as (green), and ag (orange) on a 4 x 4 four-neighbor grid graph with the
respective start vertices [s1, s2, s3] = [A2, B1, A4] and target vertices [I1, l2,[3] = [D3,C4, A3]. We use

EECBS with the bounded-suboptimality factor w = 1.2. For each agent a;c(y 23}, we use the cost of the
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Figure 3.3: (a) An example MAPF instance with 3 agents a; (blue), as (green), and az (orange) on a4 x 4
four-neighbor grid graph with the start vertices [s1, s2, s3] = [A2, B1, A4] and target vertices [I1, 2, l3] =
[D3,C4, A3]. (b) The paths of the agents and the selected conflict (a1, as, B2, 1) (the red explosion) to
resolve in the root CT node Ny of EECBS. (c) The constraint (a1, B2, 1) (the blue cross) when generating
one of the child CT nodes N from the root CT node V.

minimum-cost path from each vertex to the target vertex l;c(; o 3} as the admissible heuristic for the low-
level Focal Search. Here, the low-level Focal Search sorts the v-t nodes n in FOCAL, in increasing order
of their number of conflicts z;(n), breaking ties in favor of v-t nodes with smaller f;-values. The low-level
Focal Search uses random selection for any further unresolved ties.

To find a solution for the MAPF instance, EECBS first generates a root CT node Ny on the high level
by finding paths individually for each agent via the low-level Focal Search, as shown in Figure 3.3 (b). The
lower bounds and the costs of the paths are, respectively, [b; (Ng) = ¢1(No) = 4, lba(No) = ca(Noy) = 4,
and [b3(No) = c3(Np) = 1, resulting in LB(Ny) = C(Ng) =4+ 4+ 1 = 9. There is |[X'(Ny)| = 1
conflict, namely (a1, as, B2,1). To resolve this conflict, EECBS generates two child CT nodes from the
root CT node, where one of the child CT nodes N contains the constraint (a1, B2, 1) that agent a; cannot
be at vertex B2 at timestep 1, as shown in Figure 3.3 (c). In this case, when EECBS expands the root CT
node Ny and generates one of the child CT nodes [V, it runs the low-level Focal Search to find a path for

agent a; that satisfies constraint (a1, B2, 1).
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Figure 3.4: Search tree of the low-level Focal Search without Flex Distribution when EECBS finds a path
for agent a; that satisfies constraint (a1, B2, 1) in CT node N. Each block represents a v-t node n with
the state representation s1(n) = (v, t), the f-value in the format f1(n) = g1(n) + hi(v), and the number
of conflicts x1(n). The white blocks are the v-t nodes that remain in OPEN, during the search. The blue
blocks are the v-t nodes that are expanded at each iteration and then moved to CLOSED,. The red arrows
indicate the found path [A2, A3, B3,C3, D3|.

3.7.1 Focal Search without Flex Distribution

We first show how the low-level Focal Search (with bounded-suboptimality factor w = 1.2) without Flex
Distribution finds a path for agent a; that satisfies the constraint (a;, B2, 1) when EECBS expands the
root CT node Ny and generates one of its child CT nodes V. Figure 3.4 shows the search tree of v-t nodes
during the search. Since the minimum f;-value among all v-t nodes in OPEN}, remains fiin,1 (V) = 4 at
each iteration (since there always exists a v-t node n with fi(n) = 4 in OPENy, during the search), the
threshold on the cost of the path remains w - max{lb1(No), fmin,1(N)} = 1.2-4 = 4.8. Since every action
takes one timestep to execute, the fi-values of the v-t nodes are integers. Thus, the low-level Focal Search
includes only v-t nodes n with fi(n) < 4 in FOCAL},. At Iteration 2, the low-level Focal Search expands
v-t node ny with state representation s;(n2) = (A3, 1), fi(n2) =4, and x1(n2) = 1, which results in the

conflict (a1, as, A3,1).
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Figure 3.5: Path for agent a; that satisfies constraint (a1, B2, 1) in CT node N. (a) shows the path without
flex distribution, resulting in 2 conflicts (a;, as, A3,1) and (a1, as, B3,2). (b) shows the path with GFD,
resulting in no conflicts by introducing a wait action from timestep 0 to timestep 1 to satisfy constraint
<a17 B2, 1>

As shown in Figure 3.4, after expanding v-t nodes ng, na, s, n19, and n15, the low-level Focal Search
finds the path p; (V) = [A2, A3, B3, C3, D3] for agent a; that satisfies the constraint (a;, B2, 1) with the
cost ¢1(N) =4 < w-max{lb1(N), fmin,1(N)} = 4.8. However, as shown in Figure 3.5 (a), the generated
child CT node N has two conflicts, namely (a1, a3, A3,1) and (a1, az, B3,2), resulting in |X(N)| = 2.
With the lower bound and the cost of the path of agent a1 remaining 4, the SOLB and SOC of the generated
child CT node N remain LB(N) = C(N) = 9. However, the generated child CT node N now has more
conflicts than the root CT node. To resolve the selected conflict (a1, as, B2,1), EECBS also generates
another CT node N’ with constraint (ay, B2,1). Without Flex Distribution, the low-level Focal Search
still finds a path po(N') = [B1,C1,C2,C3,C4] for agent as in CT node N’ with lby(N') = co(N') = 4.
However, given that the path p; (N') = p1(Ny) = [A2, B2,C2, D2, D3], the generated child CT node N’
now has a conflict (a1, as), resulting in | X' (N")| = 1. Thus, EECBS still needs further CT node expansions

to find a solution.
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Figure 3.6: Search tree of the low-level Focal Search with GFD when EECBS finds a path for agent a; that
satisfies constraint (aj, B2,1) in CT node N. We use the same representation of each block and each
arrow as in Figure 3.4. Additionally, the green blocks are the v-t nodes that remain in FOCAL}, during the
search. The found path is [A2, A2, B2,(C2, D2, D3|.

3.7.2 Focal Search with Greedy Flex Distribution

We next show how EECBS with GFD finds a path that satisfies constraint (a;, B2, 1) for agent a; in CT

node N. Since the paths for agents a2 and a3 remain unchanged in CT node N while finding a path for

agent ap, the flex of the paths for agents as and a3 are, respectively,

Thus, the maximum allowed flex for finding a path for agent a; is

w - lbg(N) — CQ(N) =w - le(No) — CQ(N()) =12-4—4=0.8and

w - Ib3(N) —c3(N) = w - lbg(Ng) — c3(Ng) =1.2-1—-1=0.2.

Amax1(N) =0.8+0.2 = 1.

(3.21)

(3.22)
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Figure 3.6 shows the search tree during the low-level Focal Search. Since the minimum f;-value of all v-t

nodes in OPENy, remains fiin,1 (N) = 4 at each iteration, with the help of GFD, the threshold becomes

Tl(N) =w - max{lbl(No), fmin,l(N)} + Amax,l(N) =12-441=5.38, (3.23)

meaning that v-t nodes n with fi(n) = 5 are also included in FOCAL/, during the search. In this case, at
Iteration 2, rather than expanding v-t node no with fi(n2) = 4 and x1(ng) = 1 like the low-level Focal
Search without Flex Distribution (which results in the conflict (a1, a3, A3, 1)), the low-level Focal Search
with GFD expands v-t node ng with fi(n3) = 5 and x1(n3) = 0.

As shown in Figure 3.6, after expanding v-t nodes ng, ns, ns, n19, 715, and ngg, the low-level Fo-
cal Search finds the path pi(N) = [A2, A2, B2,C2, D2, D3] for agent a; that satisfies the constraint
(a1, B2, 1) with the cost ¢1(IN) = 5 and the lower bound (b; (N) = max{lb1(No), fmin,1(N)} = 4. That
is, path p; (V) contains an extra wait action at vertex A2 from timestep 0 to timestep 1 to satisfy constraint
(a1, B2,1). Also, the path of agent ag is p3(N) = [A4, A3], indicating that agent a3 moves from vertex
A4 to its target vertex A3 from timestep 0 to timestep 1 and waits there permanently. Thus, at Iteration 2,
by expanding v-t node n3 with state representation s1(n3) = (A2, 1) rather than v-t node ny with state
representation sq(n2) = (A3, 1), the low-level Focal Search avoids conflict (a;, a3, A3, 1). Also, at Itera-
tion 3, by expanding v-t node n5 with state representation s1(ns) = (B2, 2) rather than v-t node ng with
state representation s1(ng) = (A3, 2), the low-level Focal Search avoids conflict (a1, ag, A3, 2).

With the increase of the threshold provided by GFD, the low-level Focal Search finds a path for agent

a; that satisfies constraint (a1, B2, 1) without any conflicts, resulting in CT node N being conflict-free

(ie., |[X(IN)| = 0). Although the path p; (N) is no longer individually bounded-suboptimal as

ca(N)=5<Lw I (N) =w-max{lb;(Ny), fmin,1(N)} =1.2-4 = 4.8, (3.24)
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the generated CT node N is still locally bounded-suboptimal since

C(N)= Y c(N)=5+4+1=10

i€[1,2,3] (3.25)

<w-LB(N)=w- Y I(N)=12-(4+4+1)=108.
i€[1,2,3]

To resolve the selected conflict (a1, ag, B2, 1), EECBS also generates another CT node N’ with constraint
(ay, B2,1). By using GFD, the low-level Focal Search finds the path p2(N') = [B1,C1,C1,C2,C3,C4]
for agent as in CT node N’ with lby(N’) = 4 and ¢o(N') = 5. The path contains a wait action at vertex

C'1 at timestep 1, resulting in the generated CT node N’ also being conflict-free (i.e.,

X(N")| = 0) and
locally bounded-suboptimal since C(N') =10 < w - LB(N') =1.2- (4 4+ 4+ 1) = 10.8. Thus, both CT
nodes NV and N’ contain solutions to the MAPF instance. With CT nodes N and N’ being the only two CT
nodes in CLEANUP g, the lower bound LB on the SOC of an optimal solution is 9, and CT nodes /N and
N’ are globally bounded-suboptimal and included in FOCALy. Thus, EECBS-GFD can find a bounded-
suboptimal solution in the next iteration without further expanding CT nodes, thereby accelerating the

search compared to EECBS without GFD.

3.8 Empirical Evaluation

In this section, we evaluate EECBS (without Flex Distribution) and EECBS with GFD (EECBS-GFD). We
implement enhancements for both MAPF algorithms, including bypassing conflicts, prioritizing conflicts,
and symmetry breaking (see Section 2.4.3). We implement all MAPF algorithms in C++ (compiled with
GCC-11.3.0) and run the experiments with Cent0S Linuxonan Intel Xeon-2640 v4 processor with 16
GB of memory. We first describe the configuration used for the experiments. Then, we compare their per-

formance of EECBS and EECBS-GFD. Also, we evaluate the effectiveness of GFD for accelerating EECBS.
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Name
w X h

VI

Figure 3.7: The widths w, heights h, and numbers of vertices |V| of the four-neighbor grid graphs city,

city
256 x 256
47,747

den520d, 0st003d, and warehouse.

den520d
256 x 257

28,178

ost003d
194 x 194

13,214

warehouse
161 x 63

5,699

1-degree 2-degree 3-degree 4-degree ratio
city 209 3,469 2,125 41,944  0.88
den520d 48 696 2,220 25,214  0.89
0st003d 73 711 1,217 11,213 0.85
warehouse 0 2,464 312 2,923  0.51

Table 3.1: The number of vertices of different degrees in each four-neighbor grid graph. The column “ratio”
is the ratio of the number of vertices of degree 4 and the total number of vertices in each graph.

3.8.1 Configuration Setting

We use four four-neighbor grid graphs from the MAPF benchmark suite [59]: city, den520d, 0ost003d,
and warehouse. Figure 3.7 shows the layout, width, height, and number of vertices of each graph. The
width of the corridors in warehouse graph is 1, meaning that only one agent can traverse a corridor at a
time'. Table 3.1 shows the number of vertices of degrees from 1 to 4 and the ratio of the number of vertices
of degree of 4 and the total number of vertices in each graph.

For each graph, there are 25 random-scene files in the MAPF benchmark suite, each of which con-
tains a list of non-repeated start vertices and a list of non-repeated target vertices. We use the bounded-
suboptimality factors w = {1.01,1.02,1.05,1.10}. For each graph and bounded-suboptimality factor,
we select 5 numbers of agents. For each number of agents k, we select the top & start vertices and the
top k target vertices from each random-scene file. Table 3.2 shows the number of agents k used for each

bounded-suboptimality factor w on each graph. Thus, the number of MAPF instances evaluated for each

The file names of the city and warehouse graphs are Boston_0_256 and warehouse-10-20-10-2-1 in the MAPF bench-
mark suite. In the city graph, there are 21 vertices of degree 0 (i.e., unconnected vertices). We consider these vertices to be
obstacles and do not count them as vertices.
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Graph w Number of agents k Graph w Number of agents k
1.01 | {600,700, 800,900, 1,000} 1.01 | {100,200, 300,400, 500}
city 1.02 | {1,100, 1,200, 1,300, 1,400, 1,500} ost003d 1.02 | {100,200, 300,400, 500}
1.05 | {1,200, 1,400, 1,600, 1,800, 2,000} 1.05 | {400, 500, 600, 700, 800}
1.10 | {1,200, 1,400, 1,600, 1,800, 2,000} 1.10 | {400,500, 600, 700, 800}
1.01 | {600,700, 800,900, 1,000} 1.01 | {100, 150,200, 250, 300}
den520d 1.02 | {1,000,1,100, 1,200, 1,300, 1,400} varehouse 1.02 | {100,150, 200, 250, 300}
1.05 | {1,200, 1,400, 1,600, 1,800, 2,000} 1.05 | {100, 150,200, 250, 300}
1.10 | {1,200, 1,400, 1,600, 1,800, 2,000} 1.10 | {200,250, 300, 350,400}

Table 3.2: Number of agents & used for creating MAPF instances for each graph and bounded-suboptimality
factor w.

w = 1.01 w = 1.02 w = 1.05 w=1.10
EECBS GFD | EECBS GFD | EECBS GFD | EECBS GFD
city 0.080  0.52 0.088 0.608 0.448 0.840 0.872 0.912
denb520d 0.016  0.400 0.048 0.536 0.512 0.672 0.752  0.632
0st003d 0.296 0.376 0.568 0.624 0.496 0.360 0.656 0.448
warehouse 0.328 0.288 0.408 0.448 0.640 0.792 0.840 0.776
Total 0.180 0.396 0.278 0.554 0.524 0.666 0.780 0.692

Table 3.3: Success rates of EECBS and EECBS-GFD for the 120-second runtime limit over all MAPF in-
stances. For each bounded-suboptimality factor w, the columns “EECBS” contain the success rates of
EECBS, the columns “GFD” contain the success rates of EECBS-GFD, and the row “Total” contains the
success rates over all MAPF instances.

bounded-suboptimal factor w on each graph is 5 x 25 = 125, and the number of MAPF instances evaluated
for a given bounded-suboptimality factor w is 125 x 4 = 500 (namely, 125 MAPF instances per graph x
4 graphs). We set the runtime limit to 120 seconds for a MAPF algorithm to find a solution for a MAPF
instance. If a MAPF algorithm fails to find a solution for a MAPF instance within the runtime limit, we set

its runtime to the runtime limit (i.e., 120 seconds).

3.8.2 Performance Comparison

Figure 3.8 shows the success rates of EECBS and EECBS-GFD for the 120-second runtime limit, each
bounded-suboptimality factor w, and each number of agents over all MAPF instances on each graph. Fig-
ure 3.9 and Table 3.3 show the success rates of EECBS and EECBS-GFD for the 120-second runtime limit and

each bounded-suboptimality factor w over all MAPF instances on each graph. For the 120-second runtime
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Figure 3.8: Success rates of EECBS and EECBS-GFD for the 120-second runtime limit, each bounded-
suboptimality factor w, and each number of agents over all MAPF instances on each graph. |V| indicates
the number of vertices of each graph.

limit and the bounded-suboptimality factor w = 1.01, using GFD results in a more than twofold increase

in the success rate of EECBS over all MAPF instances on all graphs, raising it from 0.18 to 0.396. For
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Figure 3.9: Success rates of EECBS and EECBS-GFD for the 120-second runtime limit and each bounded-
suboptimality factor w over all MAPF instances on each graph. The values are shown in Table 3.3.
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Figure 3.10: Average runtimes (in seconds) of EECBS and EECBS-GFD for each bounded-suboptimality
factor w over all MAPF instances on each graph. The vertical bars indicate the 95% confidence intervals.

MAPF instances on large graphs, such as the city and den520d graphs, EECBS-GFD has higher success
rates than EECBS for small bounded-suboptimality factors w = {1.01,1.02}. In particular, while EECBS
has the success rate of 0.08 over all MAPF instances on the city graph (the largest graph in our empiri-
cal evaluation) for the bounded-suboptimality factor w = 1.01, EECBS with GFD has the success rate of
0.52. However, for MAPF instances on the smaller 0st003d and warehouse graphs, EECBS-GFD can have
lower success rates than EECBS for large bounded-suboptimality factors w = {1.05,1.10}. This indicates
that EECBS-GFD may have some limitations, which will be discussed in Section 4.1. Figure 3.10 shows
the average runtimes of EECBS and EECBS-GFD. Typically, the higher the success rates, the lower the
average runtimes. Figure 3.11 shows the runtimes of EECBS versus EECBS-GFD for each MAPF instance,

where the runtime of EECBS can be 100 times larger than that of EECBS-GFD. As shown in Table 3.4, the
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Figure 3.11: Runtimes (in seconds) of EECBS versus EECBS-GFD for each bounded-suboptimality factor
w over all MAPF instances. The x- and y-coordinates of each dot represent the runtimes of EECBS-GFD
and EECBS, respectively. All the x- and y-coordinates are on logarithmic scales. Dots in yellow, purple,
green, and blue represent the MAPF instances on the city, den520d, ost003d, and warehouse graphs,
respectively.

w = 1.01 w = 1.02 w = 1.05 w = 1.10
EECBS GFD | EECBS GFD | EECBS GFD | EECBS GFD
city 0.01 0.51 0.00 0.61 0.05 0.81 035 0.61
den520d 0.00 0.40 0.01 0.53 0.16 0.59 0.31 0.50
0st003d 0.07 0.31 0.17 0.47 036 0.14 0.51 0.14
warehouse 0.10 0.26 0.04 0.43 0.15 0.66 0.58 0.28
Total 0.04 0.37 0.05 0.51 0.18 0.55 044 0.38

Table 3.4: MAPF instance comparisons in terms of runtimes of EECBS and EECBS-GFD over all MAPF in-
stances. For each bounded-suboptimality factor w, the columns “EECBS” contain the percentages of MAPF
instances where EECBS has lower runtimes than EECBS-GFD, the columns “GFD” contain the percentages
of MAPF instances where EECBS-GFD has lower runtimes than EECBS, and the row “Total” contains the
percentage over all MAPF instances.

percentages where EECBS-GFD has a lower runtime than EECBS are typically higher than those of the
other way around.

To show the effectiveness of GFD, we evaluate the efficiency of resolving conflicts of EECBS and
EECBS-GFD. Suppose that EECBS (with or without Flex Distribution) expands EXP CT nodes during a
search that successfully finds a solution within the 120-second runtime limit. We define the conflict reso-

lution efficiency as

| X (No)|

3.26
EXP (3.26)

conflict resolution efficiency =
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Figure 3.12: Average conflict resolution efficiencies of EECBS and EECBS-GFD for each bounded-
suboptimality factor w over their respective MAPF instances that they successfully solve within the 120-
second runtime limit on each graph. The vertical bars indicate the 95% confidence intervals.
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Figure 3.13: Average SOCs of EECBS and EECBS-GFD for each bounded-suboptimality factor w over their
respective MAPF instances that they successfully solve within the 120-second runtime limit on each graph.
The vertical bars indicate the 95% confidence intervals.

where Ny is the root CT node of the CT. Thus, the conflict resolution efficiency is the average number of
conflicts that EECBS (with or without Flex Distribution) has resolved per CT node expansion. As shown in
Figure 3.12, EECBS-GFD has higher conflict resolution efficiencies than EECBS, indicating the effectiveness
of GFD in resolving conflicts.

To show the solution qualities resulting from GFD, we compare the SOCs of the solutions found by
EECBS and EECBS-GFD. As shown in Figure 3.13, the solutions found by EECBS-GFD have larger average
SOCs than those found by EECBS. Together with Figure 3.12, it shows that EECBS-GFD often trades off

solution quality for a better conflict resolution efficiency than EECBS. Together with Figures 3.9 and 3.10,
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Figure 3.14: Conflict resolution efficiencies versus SOC difference of EECBS and EECBS-GFD with each
bounded-suboptimality factor w over their respective MAPF instances that they successfully solve within
the 120-second limit on each graph.

it shows that EECBS-GFD often trades off solution quality for a better runtime than EECBS. This trade-off
is acceptable since the solutions found by EECBS-GFD remain bounded-suboptimal.
Given a MAPF instance that is solved by EECBS (with or without Flex Distribution) within the 120-

second runtime limit, we define the SOC difference as

SOC difference = C'(N) — C(Np), (3.27)

where Nj is the root CT node and N is the selected CT node whose list of paths is a solution. As shown
in Figure 3.14, EECBS-GFD tends to find solutions with higher conflict resolution efficiency and larger
SOC differences than EECBS, indicating that EECBS-GFD trades off solution quality for a better conflict
resolution efficiency than EECBS.

Given a MAPF instance with the SOC C* of an optimal solution, suppose that EECBS (with or without

Flex Distribution) finds a solution with SOC C' within the 120-second runtime limit. We define the actual
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Figure 3.15: Average empirical suboptimalities of EECBS and EECBS-GFD for each bounded-suboptimality
factor w over their respective MAPF instances that they successfully solve within the 120-second runtime
limit on each graph. The vertical bars indicate the 95% confidence intervals.

suboptimality as C'/C*. However, since finding an optimal solution for MAPF is NP-hard, its SOC C* is
often unknown. Thus, we define the empirical suboptimality as

C
Suboptimality = B (3.28)

where LB is a lower bound on the cost of an optimal solution that EECBS (with or without Flex Distri-
bution) maintains, i.e., 0 < LB < C*. Since EECBS (with or without Flex Distribution) is a bounded-
suboptimal MAPF algorithm, both the actual and empirical suboptimalities must be at most w. Also, since
0 < LB < (%, the actual suboptimality satisfies

ich

5 (3.29)

C
1< —<
S S

Thus, if the empirical suboptimality is close to 1, then the solution found by EECBS (with or without Flex
Distribution) has a SOC close to that of an optimal solution.

As shown in Figure 3.15, the average empirical suboptimalities of EECBS and EECBS-GFD are much
smaller than the bounded-suboptimality factors. As shown in Figure 3.15, Figure 3.16, and Table 3.5, EECBS

tends to find solutions with lower empirical suboptimalities than EECBS-GFD. Since EECBS-GFD uses GFD
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Figure 3.16: Empirical suboptimalities of EECBS versus EECBS-GFD for each bounded-suboptimality factor
w over their respective MAPF instances that they successfully solve within the 120-second runtime limit.
The z- and y-coordinates of each dot represent the empirical suboptimalities of EECBS-GFD and EECBS,
respectively. Dots in yellow, purple, green, and blue represent the MAPF instances on the city, den520d,

0st003d, and warehouse graphs, respectively.

w = 1.01 w = 1.02 w = 1.05 w = 1.10
EECBS GFD | EECBS GFD | EECBS GFD | EECBS GFD
city 2 8 3 8 44 10 90 13
denb20d 1 1 0 6 35 19 50 21
0st003d 29 7 39 30 44 1 55 0
warehouse 20 12 20 28 10 68 37 57
Total 52 28 62 72 133 98 232 91

Table 3.5: MAPF instance comparisons of the empirical suboptimalities of EECBS and EECBS-GFD on the
same MAPF instances in Figure 3.16. For each bounded-suboptimality factor w, the columns “EECBS”
contain the number of MAPF instances where EECBS has lower empirical suboptimalities than EECBS-
GFD, the columns “GFD” contain the number of MAPF instances where EECBS-GFD has lower empirical
suboptimalities than EECBS, and the row “Total” contains the sum of the number of MAPF instances over
each graph.

to increase thresholds to improve conflict-resolution efficiency relative to EECBS, it results in a worse

suboptimality.

3.9 Summary

We proposed EECBS with Flex Distribution. Rather than requiring each path to be individually bounded-
suboptimal, we can increase the threshold of the low-level Focal Search with the help of Flex Distribution
to accelerate EECBS. We also showed how Condition (C2) of bypassing conflicts can be changed to use it

with EECBS with Flex Distribution. We proved that EECBS with Flex Distribution is bounded-suboptimal
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and solution-complete. That is, it is guaranteed to find a bounded-suboptimal solution for a MAPF instance
if a solution exists. Additionally, we introduced a Flex Distribution mechanism called Greedy Flex Distri-
bution (GFD), which increases the threshold of the low-level Focal Search by the maximum allowed flex.
Our empirical evaluation shows that GFD can improve the efficiency of EECBS, especially on large-scale
MAPF instances. EECBS with GFD has a higher success rate for the 120-second runtime limit than the
original EECBS for solving MAPF instances on large maps with different numbers of agents, especially
for a small bounded suboptimality factor w = 1.01. For the 120-second runtime limit and the bounded-
suboptimality factor w = 1.01, using GFD raises the success rate of EECBS over all MAPF instances from
0.18 to 0.396. Compared to EECBS, we showed that EECBS with GFD trades off solution quality for better
runtime and conflict-resolution efficiency, which is acceptable since the solutions found by EECBS with

GFD are guaranteed to be bounded-suboptimal.
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Algorithm 3.1 Low-level Focal Search with Flex Distribution

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:
36:
37:
38:
39:

1:
2
3
4
5:
6
7
8

procedure FOCALSEARCHWITHFLEX(s;, l;, Wi (IV), Pi(N), Ib;(N))
| b Ns the paient CT node of CT node N, so lb;( N ) = 0 if N is the root CT node. <

> P(N) = {p;(N) | j € [K] \ {i}}.

A;(N) < Compute the distributed flex from paths P;(N )
Generate the root v-t node ng with state representation (s;, 0)

h,-(ng); xz(no) +~—0

fmin 7,( ) — fl(no)

TZ(N) Tw- max{lb ( ) fmln z( )} + AI(N)

OPENj ,FOCAL, CLOSEDy, < empty list

INsErRTNODE(ng, 7;(N), OPEN, FOCAL)

while OPEN/, not empty do

ny < v-t node with the minimum f;-value in OPEN,

if fmin,i(N) < fl (nf) then
fmin,i(N) — fz(nf> .
Tnew < W - Max{lb;i(N), fmin,i(N)} + Ai(V)
UppAaTEFOCAL(T; (NN ), Thew, OPENL, FOCAL})
Ti(N)  Thew

7 < v-t node with the minimum x;-value in FOCAL,

Remove v-t node 7 from OPEN;, and FOCAL;,

Insert 1 into CLOSEDy,

if ISTARGETREACHED(13, [;, ¥ (N )) then

Ib; <— max{lb;i(N), fmin,i(IN)}

p; < Extract the path by back-tracking v-t node n

¢; < cost of path p;

. return (p;, ¢;, 1b;)

neighbors <— FINDNEIGHBORS(71)

for (v,t) € neighbors do

if (v,t) not satisfies constraints ¥;(N') then
continue

n < GENERATECHILDNODE(, v, t, B(N )

n < FINDNoODE(n, T;(NN ), CLOSED,, OPENY)

if 7 is null then

L INSERTNODE(n, 7;(IN), OPEN, FOCAL})
continue

if IsSDOMINANT(n, 1) then

. UPDATEPRIORITY(n, 71, 7;(N'), CLOSED,, OPEN, FOCALy)

return No path

gi(n0) < 05 hi(no) < hi(si); fi(no) < gi(no) + hi(no); hi(no) < b

<

Tl(N) — Compute the time horizon from constraints ¥;(N) and paths P;(N) © See Section 2.4.2.

Determine the priority function f;(n) of v-t node n & f;(n) = [i(n) unless mentioned otherwise.

(50); filno) + gi(no) +

> Find the neighboring states.
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Chapter 4

Mechanisms for Fractional Flex Distribution

In this chapter, we first discuss the limitations of Greedy Flex Distribution (GFD). When finding a path
for an agent a; in a CT node N with a positive maximum allowed flex, due to the increased threshold,
EECBS-GFD can result in fewer conflicts but a larger SOC C'(/V) than EECBS. Also, the low-level Focal
Search with a positive distributed flex from GFD can include and expand v-t nodes with high f-values in
FOCAL, without increasing the lower bound [b;(N). In this case, the SOLB LB(N) of EECBS-GFD can
be smaller than that of EECBS, which can result in a smaller increase of LB during the search of EECBS-
GFD. Both of these effects can result in C(N) > w - LB, i.e., the generated CT node N not being globally
bounded-suboptimal, and thus it may not be expanded by EECBS-GFD. Instead of resolving conflicts in the
CT node N with few conflicts, which may lead to a solution, EECBS-GFD can expand the other CT nodes
with a smaller SOC but more conflicts.

To alleviate this issue, we distribute only a fraction of the maximum allowed flex. GFD is then a special
case in which this fraction equals 1.0. One intuitive way to determine the amount of flex is to treat the
fraction as a random variable, leading to our proposed Random Flex Distribution (RFD). Our empirical
evaluation shows that the success rates of EECBS with RFD can be higher than those of EECBS for the

120-second runtime limit.
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To further improve the efficiency of EECBS, we observe that the subtleties in finding a path for an
agent during the low-level Focal Search lie in minimizing the number of conflicts with the paths of the
other agents while satisfying the constraints in a CT node. Thus, we propose two more mechanisms: the
Conflict-Based Flex Distribution (CFD) and the Delay-Based Flex Distribution (DFD). CFD uses the number
of conflicts among the paths in a CT node to determine the amount of flex. On top of CFD, DFD uses the
number of additional timesteps needed to find a path that satisfies the constraints in a CT node. Also, we
propose the Mixed-Strategy Flex Distribution (MFD), which combines GFD, CFD, and DFD in a hierarchical

manner. Our contributions are:
+ We discuss the limitations of using GFD.

« We propose several mechanisms to find a path for an agent. We show that EECBS with each of our
Flex Distribution mechanisms is still guaranteed to find a bounded-suboptimal solution to a MAPF

instance if a solution exists.

« We evaluate our design choices and our Flex Distribution mechanisms empirically in multiple sce-
narios, showing that EECBS-MFD has higher success rates than EECBS and EECBS-GFD for the
120-second runtime limit. Our empirical result shows that for the 120-second runtime limit and the
bounded-suboptimality factor w = 1.01, using MFD results in a more than threefold increase in
the success rate of EECBS over all MAPF instances on all graphs, raising it from 0.18 to 0.598. In
particular, while EECBS and EECBS with GFD have the success rates of 0.08 and 0.52, respectively,
over all MAPF instances on the city graph (which is the largest graph in our empirical evaluation)

for the bounded-suboptimality w = 1.01, EECBS with MFD has the success rate of 0.816.

4.1 Limitations of Greedy Flex Distribution (GFD)

We identified limitations of GFD on both the high and low levels of EECBS.
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Figure 4.1: Average GBS ratios (see Equation 4.1), average resultant CT depth ratios (see Equation 4.2),
and average runtimes (in seconds) of EECBS and EECBS-GFD for the 120-second runtime limit and each
bounded-suboptimality factor w over all MAPF instances for each number of agents on the 0ost003d graph.
If a MAPF algorithm fails to find a solution for a MAPF instance within the 120-second runtime limit, we
set its runtime to 120 seconds. The vertical bars indicate the 95% confidence intervals.

4.1.1 High-Level Limitation

For EECBS (with or without Flex Distribution), the deeper a CT node is in the CT during the search, the
fewer conflicts we expect it to have. Thus, we prefer a high ratio of CT depth to the number of CT nodes.
With a positive maximum allowed flex, EECBS-GFD increases the threshold when finding a path for an
agent in a CT node N. However, the low-level Focal Search can then use much of the maximum allowed
flex, resulting in a huge increase in the SOC C'(IV). In this case, even though each CT node remains locally

bounded-suboptimal, CT node N may not be globally bounded-suboptimal and thus may not be selected
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for expansion in the next few iterations. Then, EECBS-GFD may switch among CT nodes on different
branches of CT that are globally bounded-suboptimal, rather than resolving conflicts along the branch
that contains CT node N, thereby increasing the breadth of the CT. When EECBS switches among CT
nodes on different branches of CT during the search, we say that it expands CT nodes more in a breadth-
first manner. On the other hand, when EECBS resolves conflicts along the branch that contains the CT
node N during the search, we say that it expands CT nodes more in a depth-first manner.

We define the Globally Bounded-Suboptimal ratio (GBS ratio) as

GBS
GBS ratio = —— 4.1
ratio = —-, (4.1)

where GBS is the number of CT nodes that are globally bounded-suboptimal with respect to the lower
bound LB on the SOC of an optimal solution when they are generated, and GEN is the number of CT
nodes generated during the search. The higher the GBS ratio, the higher the percentage of CT nodes that
are globally bounded-suboptimal when they are generated. The first row of Figure 4.1 shows the average
GBS ratios of EECBS and EECBS-GFD for each bounded-suboptimality factor over all MAPF instances for
each number of agents on the 0ost003d graph. As the bounded-suboptimality factor w increases, w - LB
increases, and more CT nodes are globally bounded-suboptimal when they are generated, resulting in an
increase of the GBS ratio as the bounded-suboptimality factor increases. On the other hand, as the number
of agents increases, the maximum allowed flex can also increase since it is the sum of the flex from the
paths of the other agents. Thus, EECBS-GFD can generate more CT nodes with high SOCs that are not
globally bounded-suboptimal when they are generated, resulting in a decrease of the GBS ratio.

If EECBS (with or without Flex Distribution) finds a solution within the runtime limit, then we define
the resultant CT node as the CT node whose list of paths is the solution. Otherwise, we define it as the

deepest expanded CT node (where the depth is measured in the number of edges). The resultant CT depth is
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the number of CT nodes between the root CT node and the resultant CT node. We then define the resultant

CT depth ratio as

DEP

— 4.2
CEN’ (4.2)

resultant CT depth ratio =

where DEPis the resultant CT depth and GENis the number of CT nodes generated during the search. The
second row of Figure 4.1 shows the average resultant CT depth ratios of EECBS and EECBS-GFD for each
bounded-suboptimality factor over all MAPF instances for each number of agents on the ost003d graph.
As the number of agents increases for each bounded-suboptimality factor, the average resultant CT depth
ratio of EECBS-GFD decreases and can become lower than that of EECBS. This indicates that EECBS-GFD
expands CT nodes more in a breadth-first manner than EECBS, especially when the number of agents is
large.

For each bounded-suboptimality factor, the decrease of the GBS ratio as the number of agents increases
indicates that EECBS-GFD expands CT more in a breadth-first manner, resulting in a decrease of the re-
sultant CT depth and the number of generated CT nodes. That is, rather than resolving conflicts along
a branch, EECBS-GFD switches among CT nodes on different branches of CT more often as the num-
ber of agents increases. Thus, the average runtime increases as the number of agents increases for each
bounded-suboptimality factor, resulting in an increase in runtime. For MAPF instances with larger num-
bers of agents in the 0st003d and warehouse graphs, the average runtimes of EECBS-GFD can even be

higher than that of EECBS, as shown in the third row of Figure 4.1.

4.1.2 Low-Level Limitation

Suppose that EECBS expands CT node N and generates one of its child CT nodes N with the constraints
U;(N) = \I/Z(N) U W; for agent a;, where U, is the set of constraints used to resolve the selected conflict

during the expansion of CT node N. Also, suppose that the bounded-suboptimality factor w > 1, the
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maximum allowed flex Apax;i(N) > 0, and the cost ¢} (V) of a minimum-cost path that satisfies the

constraints ¥, (V) satisfies

w - 1b;(N) < ¢f(N) < w - 1b;(N) + Amaxi(N), (4.3)

which can occur if the new constraints ¥; substantially increase the cost of a minimum-cost path. In this
case, if the low-level Focal Search finds a path for agent a; without Flex Distribution, then its cost ¢;(N)
satisfies

w - 1b;(N) < ¢ (N) < ¢i(N) < 7(N) = w - max{lb;(N), fumini(N)}, (4.4)

which implies 1b;(N) < fmini(N). Since Ib;(N) = max{lb;(N), fumini(N)}, where N is the parent CT
node of N, fmin,i(]\A/ ) < fmin,i(IV), which indicates that the low-level Focal Search without Flex Distribu-

tion has to expand the v-t node n with the minimum f;(n) to find a path. Also, since

0/(N) < fumini(N) = max{lb;(N), fuini(N)} = 1b;(N), (4.5)

it holds that Ib;(N) < Ib;(N), which results in LB(N) < LB(N). In this case, we say that there is a SOLB
improvement from CT node N to CT node N when EECBS adds the constraints ¥; to the set of constraints
;(N) (e, U(N) = T;(N) U D).

On the other hand, if the low-level Focal Search finds the path with GFD, due to the increase of the
threshold 7;(N) = w-max{lb;(N), fmini(N)} + Amaxi(N), it is possible to find a path whose cost ¢;(N)

satisfies

¢i(N) < w - 16;(N) 4+ Apax.i(N). (4.6)

That is, fuins(N) < b;(N) may hold during the search of the low-level Focal Search with GFD, and thus

1b;(N) = max{lb;(N), fmini(N)} may be equal to Ib;(N), which results in LB(N) = LB(N). In this
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Figure 4.2: LBIs of EECBS versus EECBS-GFD for each bounded-suboptimality factor w over all MAPF
instances on each graph. The x- and y-coordinates of each dot represent the LBIs of EECBS-GFD and
EECBS, respectively. All the z- and y-coordinates are on logarithmic scales. Dots in yellow, purple, green,
and blue represent the MAPF instances in city, den520d, ost003d, and warehouse graphs, respectively.

w = 1.01 w = 1.02 w = 1.05 w = 1.10
EECBS GFD | EECBS GFD | EECBS GFD | EECBS GFD
city 0.82 0.16 0.88 0.12 0.90 0.10 0.88 0.12
den520d 0.76  0.19 0.86 0.14 0.87 0.13 0.78 0.22
0st003d 0.54 0.35 0.81 0.19 046 0.54 0.69 0.31
warehouse 0.85 0.15 0.94 0.06 0.94 0.06 0.82 0.18
Total 0.79 0.21 0.87 0.13 0.80 0.20 0.79 0.21

Table 4.1: MAPF instance comparisons of LBIs of EECBS and EECBS-GFD over all MAPF instances on each
graph. For each bounded-suboptimality factor w, the columns “EECBS” contain the percentages of MAPF
instances where EECBS has higher LBIs than EECBS-GFD, the columns “GFD” contain the percentages
of MAPF instances where EECBS has higher LBIs than EECBS-GFD, and the row “Total” contains the
percentages over all MAPF instances.

case, we say that there is no SOLB improvement from CT node N to CT node N when EECBS-GFD adds
the constraints U; to the set of constraints W; (V). This suggests that EECBS-GFD may require more effort
to improve its L B than EECBS. We say that EECBS-GFD may have a worse L B improvement than EECBS.

To evaluate the L B improvement of EECBS and EECBS-GFD empirically, we then define the relative

LB Improvement (LBI) as

LB* — F(Np)

19 e GV
F(No)

(4.7)

where L B* is the lower bound on the SOC of an optimal solution when EECBS (or, respectively, EECBS-
GFD) terminates, and F'(Np) is the F-value of the root CT node Ny, which is the LB value when the

search starts. We compare the LBIs of EECBS-GFD and EECBS over all MAPF instances mentioned in
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Section 3.8.1. As shown in Figure 4.2 and Table 4.1, there are more MAPF instances where EECBS has

higher LBIs than EECBS-GFD than the other way around.

4.1.3 Summary of the Limitations of Greedy Flex Distribution (GFD)

To summarize the limitations of GFD, although EECBS-GFD typically runs faster than EECBS (see Sec-
tion 3.8.2), the increase in threshold due to GFD may cause EECBS-GFD to expand CT nodes more in a
breadth-first manner than EECBS. Also, EECBS-GFD may have a worse LB improvement than EECBS
since there may be no SOLB improvement when it expands a CT node N and generates its child CT node
N. Both of these effects may cause the generated CT node NN not to be globally bounded-suboptimal, and
thus it may not be expanded by EECBS-GFD in the next few iterations. In general, we would like to per-
form EECBS search with a high GBS ratio, i.e., by expanding CT nodes in a depth-first manner, where it
can resolve conflicts efficiently along a branch by adding constraints, rather than in a breadth-first manner,

where it explores many branches of the CT.

4.1.4 Key Observations on the Low-Level Focal Search

First, it is important for EECBS with Flex Distribution to reduce the amount of distributed flex so that a
CT node can be globally bounded-suboptimal in the next few iterations, thereby expanding CT nodes in a
depth-first manner. Second, when finding a path for an agent, it is important that the low-level Focal Search
not only finds a path that satisfies the constraints of a CT node but also one that causes few conflicts with

the paths of the other agents. These two observations help us design new Flex Distribution mechanisms.

4.2 Fractional Flex Distribution

If the maximum allowed flex is non-negative, then EECBS with Flex Distribution prevents determining

too much distributed flex to an agent by determining only a fraction of the maximum allowed flex. On the
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other hand, if the maximum allowed flex is negative, then it uses GFD to ensure that the generated CT
node is locally bounded-suboptimal (see Theorem 3.4) and EECBS with Flex Distribution is still guaranteed
to find a bounded-suboptimal solution to a MAPF instance if a solution exists (see Theorem 3.7). Suppose
that EECBS with Flex Distribution expands CT node N and generates one of its child CT nodes N. It then
needs to find a path for agent a; that satisfies its constraints ¥;(N) = ¥;(N) U ¥;, where W is the set of
constraints used to resolve the selected conflict during the CT node expansion. In this case, the distributed

flex becomes

p - Amax,i<N)7 if Amax,i(N) >0
Ai(N) = (4.8)

Anax.i(N), otherwise,

where 0 < p < 1. We propose two ways for treating p as
« a constant user-specified hyperparameter, called Fixed-Fractional Flex Distribution (FFD), or
« arandom variable, called Random-Fractional Flex Distribution (RFD).

FFD sets the distributed flex to a constant fraction of the maximum allowed flex. On the other hand, RFD
sets the distributed flex to a random fraction of the maximum allowed flex. Empirically, EECBS with FFD
(EECBS-FFD) and EECBS with RFD (EECBS-RFD) can have higher success rates than EECBS-GFD for the
120-second runtime limit (see Figure 4.6). We view FFD and RFD as stepping stones for our subsequent

Flex Distribution mechanisms.

4.3 Conflict-Based Flex Distribution (CFD)

Based on Fractional Flex Distribution, we propose a heuristic approach called Conflict-Based Flex Distribu-
tion (CFD), which uses flex to avoid conflicts. Suppose that the EECBS with CFD (EECBS-CFD) expands
a CT node N and generates one of its child CT nodes N that needs to find a path for agent a; that satis-

~

fies its constraints W;(N) = W,;(N) U ¥;, where ¥; is the set of constraints used to resolve the selected
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conflict during the CT node expansion. In this case, if the maximum allowed flex is non-negative (i.e.,

Amax,i(N) > 0), then EECBS-CFD determines flex proportionally to the number of conflicts that the path

of agent a; in CT node N has with the paths of the other agents {a; | j € [k] \ {i}} in CT node N. Other-

wise, i.e., if the maximum allowed flex is negative (i.e., Apax,i(N) < 0), EECBS-CFD uses GFD to ensure

that the CT node N remains locally bounded-suboptimal. Thus, the distributed flex A;(N) via CED is
pi(IV) - A (N), where py(N) = e AL (V) > 0

AN = e (@9)

Amax i(N), otherwise,

where |X;(IV)| is the number of conflicts that the path of agent a; in CT node N has with the paths of
the other agents {a; | j € [k] \ {i}} in CT node N, and |X(N)| is the number of conflicts among all pairs

of paths in CT node N (e.,

X(N)| =0.5- E?:l |X; (N)|). That is, rather than treating the fraction as
either a constant user-specified hyperparameter or a random variable, CFD uses the number of conflicts
as a heuristic. For example, given a MAPF instance with three agents {a;,as, a3} and a CT node N
with conflicts (a1, ag, v1,t1), (a1, as,ve,t2) and (a9, as, v, t3), suppose that EECBS-CFD selects conflict
(a1,as,v1,t1) and generates one of the child CT nodes N with the additional constraint (a;,v1, ;). In

X;(N)| = 2 and |X(N)| = 3. I the maximum allowed flex is non-negative, then EECBS-CFD

this case,
will only distribute p;(N) = |X;(N)|/|X(N)| = 2/3 of it to find a path for agent a;.

The rationale of CFD is to allow EECBS-CFD to implicitly resolve conflicts when it finds a path with
the help of distributed flex, rather than explicitly resolving conflicts by using constraints. Compared to
GFD, which uses as much flex as possible to implicitly resolve the conflicts, CFD saves some (non-negative)
flex to implicitly resolve, in the future iteration, the conflicts between the paths of agents. On the other
hand, if the maximum allowed flex is negative when EECBS-CFD finds a path for agent a; in CT node N,

then it uses GFD since one or more of the other agents {a; | j € [k] \ {i}} have already used flex from
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Ib3(N) c3(N) w - Ibs(N)
L1

a3I W >|—> Timesteps
0 Iby(N) c2(N) w - Iby(N)

azi H >|—> Timesteps
0

max{fminJ(N)' lb, (N)} N
- w e max{fpin 1 (V), 15 (W)}
I i i 51(1;/) w rlnaX{fming(N)y Iby(N)} + A1 (N)
a > p—> Timesteps
e R R
pi(N) - Amax 1 (V) (1 — p;(N)) - Ag1(N)

Figure 4.3: An example of how DFD increases the threshold with a positive maximum allowed flex from the
flex of the paths of agents as and a3. Suppose that EECBS-DFD expands CT node N and generates one of
its child CT nodes NV, which requires finding a path for agent a;. The green bars are the lower bounds, the
cyan bars are the costs of the paths, the purple bars are the thresholds that are the bounded-suboptimality
factor w larger than the lower bounds, and the red bar is the threshold increased by DFD. The orange
arrows are the flex of the paths of agents a and a3, and the blue and pink arrows are the distributed flex
by using DFD.

the path of agent a; when their paths were found. Thus, EECBS-CFD should reduce the threshold 7; (V)
to ensure that C(N) < w - LB(N), which indicates that CT node N is still locally bounded-suboptimal
after a path for agent a; has been found. CFD improves the efficiency of EECBS with Flex Distribution, as

shown in our empirical evaluation in Section 4.7.

4.4 Delay-Based Flex Distribution (DFD)

Based on CFD, we can also use flex to enable the low-level Focal Search to find a path that satisfies the
constraints more quickly. Suppose that EECBS with Flex Distribution expands CT node N and generates
one of its child CT nodes N. It then needs to find a path for agent a; that satisfies the constraints ¥;(N) =
\Ill(N ) U ¥;. The additional constraints ¥; may require the low-level Focal Search to find a path for agent

a; of higher cost than the path of agent a; in CT node N. Given a path that violates a constraint for

an agent, we define the delay as the increase in the cost to find a new path that satisfies the constraint.

85



Accordingly, when the low-level Focal Search finds a path for agent a; that satisfies the constraints W, (N),
we propose Delay-Based Flex Distribution (DFD) that determines flex Ag;(N) according to the sum of the

estimated delays from constraints W;(N). That is,

Agi(N) = min(Amaxi(N), Y dy,), (4.10)
Pi €W (N)

where dy, is the estimated delay needed to find a path that satisfies a constraint ¢); € ¥;(IV). Also, DFD

requires the estimated sum of the delays to be non-negative, i.e.,

> dy, >0. (4.11)

Y €W(N)

According to Equation 4.10, the A4 ;(V) is at most the maximum allowed flex Apax ;(IV). Also, since the
sum of estimated delays is required to be non-negative, if Ay i (N) > 0, then Ay ;(N) > 0. Furthermore,

DFD also incorporates a Flex Distribution mechanism similar to CFD, which results in

~

Ad,i(N) + Pz(N) ) (Amax,i(N) - Ad,i(N)), if Amax,i(N) >0

Ay(N) = (4.12)
Amax,i (N) ’ Otherwise,

where p;(N) = |X;(N)|/|X(N)] is the same as that in Equation 4.9. The rationale is to distribute A ;(V)
of maximum allowed flex for the delays caused by the constraints and then distribute the fraction p; of the
remaining allowed flex Apax i (N) — Ag;(N) for implicitly resolving the conflicts of the paths of agent
a; with the paths of the other agents {a; | j € [k] \ {i}}. Figure 4.3 shows an example of the variable

relationships when the maximum allowed flex is positive.
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Similar to EECBS-CFD, if the maximum allowed flex is negative when EECBS with DFD (EECBS-DFD)
finds a path for agent a; in CT node N, then it uses GFD to ensure that CT node N remains locally

bounded-suboptimal.

Theorem 4.1. EECBS-CFD and EECBS-DFD are guaranteed to find a bounded-suboptimal solution to a MAPF

instance if a solution exists.

Proof. For a CT node N, since the set of conflicts that the path of agent a; has with the paths of the other

agents {a; | j € [k] \ {i}} is a subset of all the conflicts over each pair of paths in CT node N,

0<pi(N) = \i?((?vf))‘ <1. (4.13)

IN

If Apax,i(IN) > 0, then the distributed flex of CFD satisfies 0 < A;(N) Apax,i(N) according to
Inequality 4.13. In terms of DFD, since the value of Ay ; (V) is at most the maximum allowed flex according

to Equation 4.10, the first row of Equation 4.12 is equivalent to

Ai(N) = Agi(N) + pi - (Amaxi(N) — Agi(N))
= (1 - pi) : Ad,z(N) + Pi - Amax,i(N) (4-14)

§ Amax,i (N) )

indicating that the distributed flex A;(/V) of DFD is at most Aax,i. Also, since Apax i(N) >0, Ag; > 0
according to Equation 4.10 and Inequality 4.11. Thus, according to the first row of Equation 4.12, the
distributed flex of DFD satisfies A;(IN) > 0. Together with Inequality 4.14, it holds that 0 < A;(N) <
Amax,i(IN). Inequality 4.14 can also be interpreted as the sum of the distributed flex p; - Apax; from
CFD and (1 — p;) - Ag;(IN) from the estimated delays. That is, CFD is a special case of DFD where
Agi(N) = 0. On the other hand, if Ayax;(N) < 0, then both CFD and DFD use GFD to determine the

distributed flex, i.e., Aj(IN) = Apaxi(N) < 0. Thus, the distributed flex of CFD and DFD both satisfy
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Inequality 3.15. Thus, according to Theorem 3.7, EECBS-CFD and EECBS-DFD are guaranteed to find a

bounded-suboptimal solution to a MAPF instance if a solution exists. O

We propose rule-based strategies for estimating the delay from a constraint. For each vertex or edge
constraint, we assume that it can be satisfied by using a wait action. Thus, the delay from a vertex or edge
constraint is 1. Li et al. [31, 34] propose symmetry breaking for EECBS that uses the geometry of the graph
and the paths of the agents to reason about additional conflicts. Of those, we consider the corridor conflict
and the target conflict. Since EECBS uses symmetry breaking during the search to improve efficiency, we
can obtain the estimated delay caused by these conflicts without a large runtime overhead.

Given a graph G = (V, E) of a MAPF instance, a corridor Cr = Crg U {vp, v} is defined as a chain
of connected vertices Crg C V, each of degree 2, together with two endpoints {vp, v} C V connected to
Cro. The length |C'r| of the corridor C'r is the number of vertices in C'rg plus 1. A corridor conflict occurs
if two agents, a; and a;, traverse the same corridor in opposite directions, resulting in a vertex or edge
conflict. Suppose that agents a; and a; follow their paths in CT node N, and a corridor conflict occurs
when agent a; traverses the corridor from vertex v to vertex v. and agent a; traverses the corridor in
the opposite direction from vertex v, to vertex v,. To resolve this corridor conflict, Li et al. [31] use range
constraints when EECBS generates the two child CT nodes of CT node N.A range constraint prevents agent
a; from being at its exit endpoint v, during timesteps |0, tmin,j]s where ?in,; is the minimum number of
timesteps needed for agent a; to be at its exit endpoint v, while satisfying the constraints W (N ).* Due
to the range constraint, agent a; can only enter the corridor (i.e., be at its entry endpoint ;) at or after
timestep £ynin, j + 1. Thus, the minimum number of timesteps that agent a; can be at its exit endpoint v is
tmin,j + 1+ |Cr|. DFD estimates the delay from such a range constraint v; as dy, = tminj +1+|C71| —tc;,

where . ; is the timestep when agent a; is at its exit endpoint v, when following its path in CT node N.

“A similar range constraint is added to the constraints of agent a; when EECBS generates the other child CT node.
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(a) Corridor conflict (b) Target conflict

Figure 4.4: Examples of (a) a corridor conflict and (b) a target conflict between agents a; and as.

Figure 4.4 (a) shows an example of a corridor conflict between two agents a; and ay moving through
a corridor Cr = C7rg U {w, v} that contains a chain of connected vertices Cry = [B2, B3] and the
endpoints v, = Bl and v, = B4. The length of the corridor is |Cr| = 2 + 1 = 3. Suppose that there
are no constraints for both agents a; and a at this point. Thus, agents a; and a9 are traversing in oppo-
site directions through the corridor C'r on their respective minimum-cost paths [C'1, B1, B2, B3, B4, C4]
and [A4, B4, B3, B2, B1, Al]. These paths result in a corridor conflict in the form of the edge conflict
(a1,as, B2, B3). The exit endpoints of the paths of agents a; and ay are v, = B4 and v, = B1, re-
spectively. Since there are no constraints, the minimum timestep when agent a; is at its exit endpoint
B4 is t.1 = 4. To resolve the corridor conflict, EECBS generates two child CT nodes, each with a range
constraint. One of the child CT nodes has the range constraint 1; that prevents agent a; from being at its
exit endpoint B4 during timesteps [0, tmin 2|, Where tpin 2 = 4 is the minimum timestep needed for agent
ag to move from its start vertex A4 to its exit endpoint B1 since there are no constraints. Thus, when
EECBS-DFD finds a path for agent a; that satisfies its constraints in this child CT node, DFD estimates the
delay from the range constraint as dy, = tmin2 + 1 + |Cr| —te1 = 4+ 1+ 3 — 4 = 4. Similarly, for
the other child CT node with the range constraint for agent ag, DFD estimates the delay from the range

constraint also as 4.
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A target conflict occurs when one agent is at the target vertex of another agent, although the other
agent has already waited there permanently. Suppose that agents a; and a; follow their paths in CT node
N,and a target conflict occurs when agent a; is at the target vertex /; of agent a; at timestep ¢ when agent
a; has already there since timestep ¢; permanently, i.e., t; = cZ(N ) < t. To resolve this target conflict, Li
et al. [31] use length constraints when EECBS generates two child CT nodes. One child CT node N has
the length constraint that agent a; must be at its target vertex [; at or before timestep ¢ and wait there
permanently. That is, the cost of the path of agent a; in CT node N should be ¢;(N) < t. The other agents
{am | m € [k] \ {i}} (including agent a;) must not be at vertex /; at or after timestep ¢. DFD estimates
the delay from this length constraint as 0, since any delay may cause any of the agents to be at vertex /;
even later. The other child CT node N’ of CT node N has the length constraint that agent a; must be at
its target vertex [; after timestep ¢ and wait there permanently. That is, the cost of the path of agent a;
in CT node N’ should be ¢;(N’) > t. DFD estimates the delay from this length constraint for agent a; as
dy, =t +1—c;(N).

Figure 4.4 (b) shows an example of a target conflict that occurs between agents a; and ay when agent
a9 is at the target vertex [; = B3 of agent a1, although agent a; has already waited there permanently
since timestep t; = 1. The paths of agents a; and a9 are [B2, B3] and [B1, B2, B3, B4], respectively. To
resolve this target conflict, EECBS generates two child CT nodes with length constraints, respectively. One
CT node has the length constraint that agent a; must be at its target vertex B3 at or before timestep 2 and
wait there permanently, i.e., the cost of the path for agent a; should be at most 2. Agent az must not be
at vertex B3 at or after timestep 2, and DFD estimates the delay from this length constraint for agents a;
and ay as 0.7 The other child CT node has the length constraint that agent a; must be at its target vertex

B3 and wait there after timestep 2 permanently, i.e., the cost of the path for agent a; should be at least

2 + 1 = 3. In this case, DFD estimates the delay from this length constraint for agent a; as 3 — 1 = 2.

Since agent a2 needs at least 2 timesteps to be at vertex B3, EECBS cannot find a path for agent a that satisfies the length
constraint. Thus, this CT node is pruned.
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4.5 Mixed-Strategy Flex Distribution (MFD)

Although both CFD and DFD reduce the amount of distributed flex, there may still be situations where
agents use too much flex, thereby increasing the SOC of a CT node. Thus, we propose a Mixed-Strategy
Flex Distribution (MFD) based on CFD and DFD.

Suppose that EECBS expands a CT node N and generates one of its child CT nodes N with constraint
W;(N) = U;(N) U ¥, for agent a;, where U; is the set of constraints used to resolve the selected conflict
during the CT node expansion. If the maximum allowed flex Ay,x i(/V) is negative, then MFD uses GFD
(ie., determining A;(N) = Apax,i(N) < 0) to ensure that the CT node N is locally bounded-suboptimal
after the low-level Focal Search finds a path for agent a; that satisfies the constraints W; (V).

If the maximum allowed flex is non-negative (i.e., Apax i (V) > 0), MFD first uses DFD to determine
the distributed flex A;(/N) via Equation 4.12. Then, MFD assumes that the low-level Focal Search uses all
distributed flex, resulting in the found path for agent a; having cost ¢;(N) = w-1b;(N)+A;(N). Based on

this assumption, MFD checks whether the SOC of CT node N is globally bounded-suboptimal according

to Definition 3.5. That is, if

> ¢i(N) +w-1b(N) + Ay(N) < w- LB, (4.15)
jelk)\{i}

then MFD uses the distributed flex A;(N). Otherwise, MFD switches to CFD to determine the distributed
flex via Equation 4.9, i.e., it sets A4 ;(/N) = 0 in Equation 4.12. Again, MFD checks whether Inequality 4.15
holds. If so, then MFD uses the distributed flex A;(/N). Otherwise, MFD tries to reduce the maximum
allowed flex Apax i(N) based on the CT node N with the minimum F-value in CLEANUP, i.e, the CT
node Ny whose F'(Np) = LB. For the paths of the other agents {a; | j € [k] \ {i}}, if their SOLB
> e iy b (IV) satisfies

> Ibi(Np) < > Ibi(N) (4.16)
jelk\{i} jelk\{i}
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and their SOC 3,y g7y ¢ (IV) satisfies
G(N)<w- > Ibj(Np), (4.17)
Jelk\ i} Jelk\{i}
then MFD modifies the maximum allowed flex A ax i (V) from Equation 3.8 (see Definition 3.8) to
Amaxi(N)=w- > Ij(Ne)— > ci(N). (4.18)
JelkN\{i} JelkN{i}

Inequality 4.16 ensures that the new maximum allowed flex Amax’i(N ) is smaller than the original max-
imum allowed flex Apax (V) that is derived from Equation 3.8. Inequality 4.17 ensures that the new

maximum allowed flex Amax,i(]\f ) remains positive. Also, if both Inequalities 4.16 and 4.17 hold, then
Y og(N)<w- Y Ibi(Np)<w- Y Ibi(N), (4.19)
JelR\{i} JelR\{i} Jelk\{i}
implying that the maximum allowed flex Apax ;(N) must satisfy
Amaux,i(]\]) =w- Z lb](N) — Z Cj(N) > 0. (4.20)
Jelk\ i} Jelk\{i}

That is, Inequalities 4.16 and 4.17 cannot be both satisfied when Ay i (V) = 0. After MFD modifies the
maximum allowed flex, it uses CFD (i.e., the first row of Equation 4.9) to determine the distributed flex
A;(N), resulting in 0 < A;(N) < Amax,i(N) < Amax,i(IV). If the low-level Focal Search with MFD finds

a path for agent a; in CT node N that satisfies the constraints W;(/N') and terminates, then the cost of the
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path satisfies ¢;(N) < w - lb;(N) + A;(N). If Ib;(N) = 1b;(Np) occurs during the search, the SOC C'(N)
of CT node NV then satisfies
C(N)= Y ¢(N)+a()
JEkN{i}

< Y G(N) +w-Ibi(N) + Ay(N)
FEBNG]

= Y (N)+w-Ibi(Np) + Ai(N) (4.21)
JelR\{i}

< Y G(N) +w - 10i(Np) + Amai(N)
RG]

< Y (N +w-i(Np)+ > (w-1b(Nk) — ¢;(N)) =w- LB,
Jelk\{i} Jelk\{i}

which indicates that the CT node N is globally bounded-suboptimal when it is generated and thus has
a chance to be selected in the next few iterations. If at least one of the Inequalities 4.16 and 4.17 does
not hold, then MFD uses zero distributed flex (i.e., A;(N) = 0). Since MFD reduces the distributed
flex A;(N) while still maintaining 0 < A;(N) < Apaxi(N) if the maximum allowed flex Apax (V)
is non-negative and uses GFD otherwise, according to Theorem 3.7, EECBS with MFD is guaranteed to
find a bounded-suboptimal solution to a MAPF instance if a solution exists (i.e., bounded-suboptimal and
solution-complete).

In short, the rationale of MFD is that if the maximum allowed flex A,y i (V) < 0, then it uses GFD
to ensure that CT node N remains locally bounded-suboptimal. Otherwise (i.e., Amax,i(/N) > 0), then
MFD starts by determining the distributed flex via DFD and reduces it in a hierarchical manner when
the cost of the path of agent a; that uses all the distributed flex results in CT node N not being globally
bounded-suboptimal. That is, MFD determines the distributed flex such that CT node N is likely to be
globally bounded-suboptimal when it is generated and thus can be expanded in the next few iterations.

Figure 4.5 shows how MFD determines the distributed flex A;(N) for finding a path for agent a; satisfying
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CT node N with constraints ¥;(N)

Amaxi(N) =072 No Return A, ;(N)

Yes
| Compute flex 4;(N) via DFD

Yes
Inequality 4.15 holds? Return A;(N)

No
Compute flex A;(N) via CFD |

Inequality 4.15 holds? Yes Return A;(N)
No
. No
Inequality 4.16 and 4.17 hold? Return 0
Yes
| Reduce A (V) |
!

| Compute flex A;(N) via CFD |—' Return A;(N)

Figure 4.5: The flow chart of determining the distributed flex A;(/N) via MFD. The rectangular blocks
represent functions, and the diamond-shaped blocks represent conditions.

constraints ¥;(/N) in CT node N. The input is the CT node N with the constraints ¥;(/N'), and the output

is the distributed flex.

4.6 Low-Level Focal-A* (FA*) for Congested MAPF Instances

Since EECBS-GFD has a worse LB improvement than EECBS (see Section 4.1.2), we propose a new low-

level heuristic search algorithm that combines Focal Search and A*, called the low-level Focal-A* (FA*).
When the low-level FA* finds a path for an agent a; that satisfies the constraints ¥;(N) in a CT node

N, it maintains the same lists for v-t nodes as the low-level Focal Search. That is, when the low-level FA*

finds a path for agent a; that satisfies the constraints ¥;(/V) in CT node N, it maintains
« CLOSEDj, that contains all expanded v-t nodes,

« OPENj, that contains all generated but not yet expanded v-t nodes (i.e., the frontier of the search

tree of v-t nodes), sorted in increasing order of their f;-values, and
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« FOCAL, that contains the v-t nodes in OPEN whose f;-values are no larger than 7;, sorted in

increasing order of their number of conflicts (i.e., the x;-values).

The core idea of the low-level FA* is finding a path by expanding v-t nodes from FOCAL}, and then in-
creasing the lower bound finin i (/V) by expanding v-t nodes from OPEN/,. Thus, the low-level FA* consists

of two steps:

(i) Itrepeatedly selects v-t nodes with the minimum number of conflicts in FOCAL}, for expansion until

a path p;(N) with its cost ¢;(IV) that satisfies the constraints ¥;(/N) is found, and

(ii) it then iteratively selects v-t nodes with the minimum f;-value in OPENy, for expansion until either
a minimum-cost path that satisfies the constraints ¥;(N) is found or the selected v-t node has its f;-
value at least the cost of the path found in Step (i), indicating that ¢;(N) is the cost of a minimum-cost

path that satisfies the constraints ¥;(N).

That is, the low-level FA” first runs the low-level Focal Search until a path is found and then switches to
the low-level A to increase the lower bound finin,i(/V). When the low-level FA* terminates, the cost of a
minimum-cost path that satisfies the constraints W;(/N) is either the f;-value of its last selected v-t node
in Step (ii) or the cost of the path found in Step (i). Compared to the low-level Focal Search that returns the
path p;(IN) and the lower bound [b;(N), the low-level FA* returns the path p;(N') found in Step (i) and the
cost found in Step (ii) as a lower bound on the cost of a minimum-cost path that satisfies the constraints
U, (V) since it is, in fact, equal to the cost of a minimum-cost path that satisfies the constraints W; (V).
That is, the low-level FA* runs its search on the same search tree as the low-level Focal Search, but it
additionally expands v-t nodes from OPENy, to replace the lower bound of the low-level Focal Search with
the cost of a minimum-cost path that satisfies the constraints W; (V).

Algorithm 4.1 (with its tool functions in Algorithm 4.2) shows the pseudo-code of the low-level FA*

with Flex Distribution. The blue text marks the differences between it and the low-level Focal Search with
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Flex Distribution. In Step (i), the low-level FA* uses a boolean variable isPathFound to check if a path
has been found during the search and, if so, uses the variables p;, c;, and [b; to store the path, the cost,
and the lower bound, respectively [Line 6]. If the low-level FA™ finds a path while expanding v-t nodes in
FOCAL}, then it sets variable isPathFound to true (i.e., a path has been found). In this case, the low-
level FA* returns the path with its cost and lower bound and terminates [Line 33] if one of the following
conditions holds. The first condition is that [b; = ¢;. Then, the found path is a minimum-cost path. The
second condition is that the constraints U;(N) = (. Then, since h;(s;) is the cost of a minimum-cost
path from the start vertex s; to the target vertex l;, [b; = fmin,i(INV) = fi(no) = hi(s;i), and it cannot
be improved by expanding v-t nodes in OPENy. Otherwise, the low-level FA* starts Step (ii). It discards
FOCAL}, and only operates OPEN;, during the following search. If the low-level FA* finds another path
while expanding v-t nodes in OPEN(, then this path is the minimum-cost path that satisfies the constraints
U;(N) and thus the low-level FA* can update the lower bound [b; accordingly [Line 30]. Otherwise, if the
minimum f;-value in OPENy, reaches the cost ¢; of the found path in Step (i), then this indicates that the
found path (by expanding the v-t node in FOCAL}) is a minimum-cost path. In this case, the low-level FA*

returns the path with the lower bound equal to its cost [Line 22].

4.7 Empirical Evaluation

The configuration setting for the empirical evaluation in this section is the same as that introduced in
Section 3.8.1 (see Table 3.2). We use the 120-second runtime limit unless mentioned otherwise. Apart from
EECBS and EECBS-GFD, we implement different Flex Distribution mechanisms, as shown in Table 4.2.
We evaluate the success rates of EECBS and EECBS with different Flex Distribution mechanisms for the
120-second runtime limit. Then, we focus on the efficiency and the solution quality comparison between

EECBS, EECBS-GFD, and EECBS-MFD. We also provide insights and a case study on why EECBS-MFD is
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MAPF Algorithm abbreviation | Full name

EECBS Explicit Estimation Conflict-Based Search
EECBS-GFD EECBS with Greedy Flex Distribution
EECBS-FFD EECBS with Fixed-Fractional Flex Distribution
EECBS-RFD EECBS with Random-Fractional Flex Distribution
EECBS-CFD EECBS with Conflict-Based Flex Distribution
EECBS-DFD EECBS with Delay-Based Flex Distribution
EECBS-MFD EECBS with Mixed-Strategy Flex Distribution

Table 4.2: EECBS and its variants with different Flex Distribution mechanisms.

more efficient than EECBS-GFD. Lastly, we evaluate the efficiency of low-level FA* compared to low-level

Focal Search on congested MAPF instances.

4.7.1 Performance Comparison

Figure 4.6 shows the success rates of EECBS and EECBS with different Flex Distribution mechanisms for
the 120-second runtime limit, each bounded-suboptimality factor w, and each number of agents over all
MAPF instances on each graph. In general, for the small bounded-suboptimality factors w = {1.01,1.02},
EECBS-GFD has higher success rates than EECBS. However, as the bounded-suboptimality factor increases
(e.g., with w = 1.10 on the den520d and the ost003d graphs), EECBS-GFD can have lower success rates
than EECBS. On the other hand, with the bounded-suboptimality factors w = {1.01,1.02,1.05,1.10},
EECBS-CFD and EECBS-DFD typically have higher success rates than EECBS-GFD. Furthermore, since
MFD combines DFD and CFD hierarchically, the success rates of EECBS-MFD typically converge to the
ones of either EECBS-CFD or EECBS-DFD and can even be higher than both, especially for MAPF instances
on the city graph.

Figure 4.7, Table 4.3, and Table 4.4 show the success rates of EECBS, EECBS-GFD, and EECBS-MFD
for the 120-second runtime limit and each bounded-suboptimality factor w over all MAPF instances on
each graph. For the 120-second runtime limit and the bounded-suboptimality factor w = 1.01, using
MFD results in a more than threefold increase in the success rate of EECBS over all MAPF instances on

all graphs, raising it from 0.18 to 0.598. Also, the success rate of EECBS-MFD (0.598) is higher than
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Figure 4.6: Success rates of EECBS and EECBS with different Flex Distribution mechanisms for the 120-
second runtime limit, each bounded-suboptimality factor w, and each number of agents over all MAPF
instances on each graph. |V indicates the number of vertices of each graph.

that of EECBS-GFD (0.396). As shown in Tables 4.3 and 4.4, with the bounded-suboptimality factors

w = {1.01,1.02, 1.05}, EECBS-MFD has higher success rates than EECBS and EECBS-GFD over all MAPF
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Figure 4.7: Success rates of EECBS, EECBS-GFD, and EECBS-MFD for the 120-second runtime limit and
each bounded-suboptimality factor w over all MAPF instances on each graph.

w = 1.01 w = 1.02 w = 1.05 w=1.10
EECBS MFD | EECBS MFD | EECBS MFD | EECBS MFD
city 0.080 0.816 0.088 0.928 0.448 0.960 0.872 0.952
denb520d 0.016 0.688 0.048 0.760 0.512 0.904 0.752  0.896
0st003d 0.296 0.520 0.568 0.776 0.496 0.520 0.656 0.648
warehouse 0.328 0.368 0.408 0.520 0.640 0.896 0.840 0.808
Total 0.180 0.598 0.278 0.746 0.524 0.820 0.780 0.826

Table 4.3: Success rates of EECBS and EECBS-MFD for the 120-second runtime limit over all MAPF in-
stances. For each bounded-suboptimality factor w, the columns “EECBS” contain the success rates of
EECBS, the columns “MFD” contain the success rates of EECBS-MFD, and the row “Total” contains the
success rates over all MAPF instances.

instances on each graph. In particular, while EECBS and EECBS-GFD have the success rates of 0.08 and
0.52, respectively, over all MAPF instances on the city graph (which is the largest graph in our em-
pirical evaluation) for the bounded-suboptimality factor w = 1.01, EECBS-MFD has the success rate of
0.816. This indicates that EECBS-MFD finds bounded-suboptimal solutions more quickly than EECBS and
EECBS-GFD, especially with small bounded-suboptimality factors. As the bounded-suboptimality factor
reaches w = 1.10, EECBS-MFD has higher success rates than EECBS and EECBS-GFD over all MAPF
instances on large graphs, such as the city and den520d graphs, and is still competitive over all MAPF
instances on the ost003d and warehouse graphs. Additionally, Figure 4.8 shows the average runtimes
of EECBS, EECBS-GFD, and EECBS-MFD. Typically, the higher the success rates, the lower the average

runtimes.
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w=1.01 w = 1.02 w = 1.05 w = 1.10
GFD MFD | GFD MFD | GFD MFD | GFD MFD
city 0.520 0.816 | 0.608 0.928 | 0.840 0.960 | 0.912 0.952
den5204d 0.400 0.688 | 0.536 0.760 | 0.672 0.904 | 0.632 0.896
0st003d 0.376 0.520 | 0.624 0.776 | 0.360 0.520 | 0.448 0.648
warehouse | 0.288 0.368 | 0.448 0.520 | 0.792 0.896 | 0.776  0.808
Total 0.396 0.598 | 0.554 0.746 | 0.666 0.820 | 0.692 0.826

Table 4.4: Success rates of EECBS-GFD and EECBS-MFD for the 120-second runtime limit over all MAPF in-
stances. For each bounded-suboptimality factor w, the columns “GFD” contain the success rates of EECBS-
GFD, the columns “MFD” contain the success rates of EECBS-MFD, and the row “Total” contains the success
rates over all MAPF instances.
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Figure 4.8: Average runtimes (in seconds) of EECBS, EECBS-GFD, and EECBS-MFD for the 120-second
runtime limit and each bounded-suboptimality factor w over all MAPF instances on each graph. The
vertical bars indicate the 95% confidence intervals.

Figure 4.9 shows the runtimes of EECBS versus EECBS-MFD for each bounded-suboptimality factor
w and the 120-second runtime limit over all MAPF instances on each graph. EECBS-MFD typically has
lower runtimes than EECBS and can even run 100 times faster. As shown in Table 4.5, there are more
MAPF instances for which EECBS-MFD has lower runtimes than EECBS than the other way around. For
each bounded-suboptimality factor w, EECBS-MFD has lower runtimes than EECBS on at least 50% of all
MAPF instances (see the “Total” row). With small bounded-suboptimality factors w = {1.01,1.02}, there
is no MAPF instance where EECBS has a lower runtime than EECBS-MFD on the large city and den520d
graphs. As the bounded-suboptimality factor w reaches 1.10, this advantage diminishes. As shown in
Table 4.5, with the bounded-suboptimality w = 1.10, EECBS-MFD still has lower runtimes than EECBS

on 55% of all MAPF instances.
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Figure 4.9: Runtimes (in seconds) of EECBS versus EECBS-MFD for the 120-second runtime limit and each
bounded-suboptimality factor w over all MAPF instances on each graph. The z- and y-coordinates of each
dot represent the runtimes of EECBS-MFD and EECBS, respectively. All the z- and y-coordinates are on
logarithmic scales. Dots in yellow, purple, green, and blue represent the MAPF instances in the city,

den520d, ost003d, and warehouse graphs, respectively.

w = 1.01 w = 1.02 w = 1.05 w = 1.10
EECBS MFD | EECBS MFD | EECBS MFD | EECBS MFD
city 0.00 0.82 0.00 0.93 0.01 0.95 0.17 0.80
den520d 0.00 0.69 0.00 0.76 0.07 0.83 0.20 0.71
0st003d 0.03 0.49 0.09 0.69 0.19 0.37 046  0.23
warehouse 0.06 0.34 0.01 0.51 0.05 0.85 0.41 0.46
Total 0.02 0.58 0.02 0.72 0.08 0.75 0.31 0.55

Table 4.5: MAPF instance comparisons of the runtimes of EECBS and EECBS-MFD over all MAPF instances
on each graph. For each bounded-suboptimality factor w, the columns “EECBS” contain the percentages
of MAPF instances where EECBS has lower runtimes than EECBS-MFD, the columns “MFD” contain the
percentages of MAPF instances where EECBS-GFD has lower runtimes than EECBS, and the row “Total”
contains the percentage over all MAPF instances.

Figure 4.10 shows the runtimes of EECBS-GFD versus EECBS-MFD for each bounded-suboptimality
factor w over all MAPF instances. EECBS-GFD can have 10 times higher runtimes than EECBS-MFD. With
the bounded-suboptimality factors w = {1.05,1.10}, EECBS-GFD can have 100 times higher runtimes
than EECBS-MFD on the warehouse graph. As shown in Table 4.6, for each bounded-suboptimality factor,
the percentages of MAPF instances where EECBS-MFD has lower runtimes than EECBS-GFD are higher
than those of the other way around over all graphs.

To show the effectiveness of GFD and MFD in accelerating EECBS, we evaluate the conflict resolution
efficiency (see Equation 3.26) of EECBS, EECBS-GFD, and EECBS-MFD. As shown in Figure 4.11, EECBS-

MFD has a higher conflict resolution efficiency than EECBS, indicating its good effectiveness in resolving
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Figure 4.10: Runtimes (in seconds) of EECBS-GFD versus EECBS-MFD for the 120-second runtime limit and
each bounded-suboptimality factor w over all MAPF instances on each graph. The z- and y-coordinates of
each dot represent the runtime of EECBS-MFD and EECBS-GFD, respectively. All the z- and y-coordinates
are on logarithmic scales. Dots in yellow, purple, green, and blue represent the MAPF instances in the city,

den520d, ost003d, and warehouse graphs, respectively.

w = 1.01 w = 1.02 w = 1.05 w = 1.10
GFD MFD | GFD MFD | GFD MFD | GFD MFD
city 0.13 0.69 | 0.38 0.54 | 0.27 0.69 | 042 0.56
den520d 0.20 0.49 | 0.34 042 | 0.36 0.54 | 0.04 0.86
0st003d 0.06 0.46 | 0.28 0.50 | 0.10 0.42 | 0.14 0.50
warehouse | 0.18 0.18 | 0.19 034 | 0.34 0.56 | 0.22 0.60
Total 0.14 0.46 | 0.30 0.45 | 0.27 0.55 | 0.20 0.63

Table 4.6: MAPF instance comparisons of the runtimes of EECBS-GFD and EECBS-MFD over all MAPF
instances on each graph. For each bounded-suboptimality factor w, the columns “GFD” contain the per-
centages of MAPF instances where EECBS-GFD has lower runtimes than EECBS-MFD, the columns “MFD”
contain the percentages of MAPF instances where EECBS-MFD has lower runtimes than EECBS-GFD, and
the row “Total” contains the percentage over all MAPF instances.

conflicts. Also, EECBS-MFD has a higher conflict resolution efficiency than EECBS-GFD with the bounded-
suboptimality factors w = {1.05,1.10} on the 0st003d graph, and otherwise has a competitive conflict
resolution efficiency. Due to the hierarchical framework (see Section 4.5), MFD can determine a distributed
flex smaller than GFD. Even so, EECBS-MFD and EECBS-GFD have similar conflict resolution efficiency
for each bounded-suboptimality factor on each graph. Figure 4.12 shows the conflict resolution efficiencies
versus the SOC differences of EECBS, EECBS-GFD, and EECBS-MFD. Both EECBS-GFD and EECBS-MFD

tend to have higher conflict resolution efficiencies and larger SOC differences than EECBS, indicating that
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Figure 4.11: Average conflict resolution efficiencies of EECBS, EECBS-GFD, and EECBS-MFD for each
bounded-suboptimality factor w over their respective MAPF instances that they successfully solve within
the 120-second runtime limit on each graph. The vertical bars indicate the 95% confidence intervals.

w=1.01 w = 1.02 w = 1.05 w = 1.10
EECBS MFD | EECBS MFD | EECBS MFD | EECBS MFD
city 1 9 1 10 45 11 93 14
den520d 1 1 0 6 43 21 66 27
0st003d 25 11 35 35 54 2 76 1
warehouse 26 12 15 36 12 68 29 69
Total 53 33 51 87 154 102 264 111

Table 4.7: MAPF instance comparisons of the empirical suboptimalities of EECBS and EECBS-MFD over
all MAPF instances that are successfully solved by both MAPF algorithms within the 120-second runtime
limit on each graph. For each bounded-suboptimality factor w, the columns “EECBS” contain the number
of MAPF instances where EECBS has a lower empirical suboptimality than EECBS-MFD, the columns
“MFD” contain the number of MAPF instances where EECBS-MFD has a lower empirical suboptimality
than EECBS, and the row “Total” contains the sum of the numbers of MAPF instances over each graph.

they achieve better conflict resolution efficiencies via worse solution qualities than EECBS. Also, EECBS-
MFD solves more MAPF instances than EECBS-GFD, which results in more dots. This indicates that MFD
is more effective than GFD in trading off solution quality for conflict resolution efficiency.

In terms of solution quality, Figure 4.13 shows the SOCs of the solutions found by EECBS, EECBS-
GFD, and EECBS-MFD. The solutions found by EECBS-MFD typically have higher average SOCs than
those found by EECBS and EECBS-GFD, especially for MAPF instances on large graphs, such as the city
and den520d graphs. However, since the solutions found by these MAPF algorithms are guaranteed to be

bounded-suboptimal, trading off solution quality for conflict resolution efficiency is considered reasonable.
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Figure 4.12: Conflict resolution efficiencies versus SOC differences of EECBS, EECBS-GFD, and EECBS-
MFD for each bounded-suboptimality factor w over their respective sets of MAPF instances that are suc-
cessfully solved by each MAPF algorithm within the 120-second runtime limit on each graph.

Figure 4.14 shows the average empirical suboptimalities of EECBS, EECBS-GFD, and EECBS-MFD, in-
dicating that the solutions they find have the average empirical suboptimalities much smaller than the
bounded-suboptimality factors. We also compare the empirical suboptimalities of EECBS-MFD versus
EECBS and EECBS-MFD versus EECBS-GFD. For each pair of MAPF algorithms, we compare their em-
pirical suboptimalities among the MAPF instances that are solved by both of them within the 120-second
runtime limit. The top row of Figure 4.15 shows the empirical suboptimality of EECBS-MFD versus EECBS.
Table 4.7 shows the number of MAPF instances where EECBS-MFD has a lower empirical suboptimal-

ity than EECBS and those where the other way around. Although EECBS-MFD uses flex to increase the
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Figure 4.13: Average SOCs of EECBS, EECBS-GFD, and EECBS-MFD for each bounded-suboptimality factor
w over their respective sets of MAPF instances that are successfully solved by each MAPF algorithm within
the 120-second runtime limit on each graph. The vertical bars indicate the 95% confidence intervals.

—s— EECBS —o— EECBS-GFD —A— EECBS-MFD
city den520d 0st003d warehouse
1.1 1.1 1.1 1.1
> 1.081 1.08 1.08 1.08 -
£ 1.06 1 1.06 1 1.06 - 1.06 -
£
‘211.04- 1.04 1.04 1 1.04
=}
14 ; ; ; 14 ; ; ; 145 ; ; : 14 : : .
1.01 1.02 1.05 1.1 1.01 1.02 1.05 1.1 1.01 1.02 1.05 1.1 1.01 1.02 1.05 1.1

Bounded-suboptimality factor w

Figure 4.14: Average empirical suboptimalities of EECBS, EECBS-GFD, and EECBS-MFD for each bounded-
suboptimality factor w over their respective sets of MAPF instances that are successfully solved by each
MAPF algorithm within the 120-second runtime limit on each graph. The vertical bars indicate the 95%
confidence intervals.

threshold when finding a path for an agent, it still has a chance to solve MAPF instances with lower empir-
ical suboptimality than EECBS, especially when solving MAPF instances with the bounded-suboptimality
factors w = {1.02,1.05,1.10} on the warehouse graph. The bottom row of Figure 4.15 shows the em-
pirical suboptimality of EECBS-MFD versus EECBS-GFD. Table 4.8 shows the number of MAPF instances
where EECBS-MFD has a lower empirical suboptimality than EECBS-GFD and those where the other way
around. Since MFD reduces the distributed flex during the search, there are more MAPF instances where

EECBS-MFD has lower empirical suboptimalities than EECBS-GFD than the other way around.
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Figure 4.15: Empirical suboptimalities of EECBS (or, respectively, EECBS-GFD) versus empirical subopti-
malities of EECBS-MFD for each bounded-suboptimality factor w over all MAPF instances that are suc-
cessfully solved by both MAPF algorithms within the 120-second runtime limit on each graph. The z- and
y-coordinates of each dot represent the empirical suboptimalities of EECBS-MFD and EECBS (or, respec-
tively, EECBS-GFD), respectively. Dots in yellow, purple, green, and blue represent the MAPF instances

on city, den520d, ost003d, and warehouse graphs, respectively.

w = 1.01 w = 1.02 w = 1.05 w = 1.10
GFD MFD | GFD MFD | GFD MFD | GFD MFD
city 14 51 6 70 32 73 41 70
denb520d 10 38 5 62 19 65 41 38
0st003d 20 25 26 50 8 37 17 39
warehouse 12 23 18 36 50 49 33 63
Total 56 137 55 218 109 224 132 210

Table 4.8: MAPF instance comparisons of the empirical suboptimalities of EECBS-GFD and EECBS-MFD
over all MAPF instances that are successfully solved by both MAPF algorithms within the 120-second
runtime limit on each graph. For each bounded-suboptimality factor w, the columns “GFD” contain the
number of MAPF instances where EECBS-GFD has a lower empirical suboptimality than EECBS-MFD,
the columns “MFD” contain the number of MAPF instances where EECBS-MFD has a lower empirical
suboptimality than EECBS-GFD, and the row “Total” contains the sum of the numbers of MAPF instances
over each graph.

4.7.2 Empirical Insights

As shown in the top row of Figure 4.16, by distributing flex fractionally, EECBS-MFD overcomes the high-

level limitation (i.e., switching among CT nodes on different branches of CT rather than resolving conflicts
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Figure 4.16: Average GBS ratios (see Equation 4.1), average resultant CT depth ratios (see Equation 4.2), and
average runtimes (in seconds) of EECBS, EECBS-GFD, and EECBS-MFD for each bounded-suboptimality
factor w over all MAPF instances for each number of agents on the ost003d graph. For MAPF instances
that are not solved by a MAPF algorithm within the 120-second runtime limit, we set the runtime to 120
seconds. The vertical bars indicate the 95% confidence intervals.

along a branch), resulting in its GBS ratios being higher than EECBS-GFD and competitive with EECBS. As
shown in the middle row of Figure 4.16, EECBS-MFD has higher resultant CT depth ratios than EECBS and
EECBS-GFD, indicating that EECBS-MFD expands CT nodes more in a depth-first manner than EECBS and
EECBS-GFD. Thus, as shown in the bottom row of Figure 4.16, EECBS-MFD has smaller average runtimes
than EECBS and EECBS-GFD, indicating that EECBS-MFD is more efficient than EECBS and EECBS-GFD

in finding bounded-suboptimal solutions.
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Figure 4.17: LBIs of EECBS (or, respectively, EECBS-GFD) versus LBIs of EECBS-MFD for each bounded-
suboptimality factor w over all MAPF instances. The - and y-coordinates of each dot represent the LBIs
of EECBS-MFD and EECBS (or, respectively, EECBS-GFD), respectively. All the z- and y-coordinates are
on logarithmic scales. Dots in yellow, purple, green, and blue represent the MAPF instances in the city,
den520d, 0st003d, and warehouse graphs, respectively.

w = 1.01 w = 1.02 w = 1.05 w = 1.10
EECBS MFD | EECBS MFD | EECBS MFD | EECBS MFD
city 0.65 0.34 0.56  0.37 0.76  0.18 0.66  0.13
den520d 0.78  0.20 0.71  0.20 0.76  0.18 0.59  0.20
0st003d 0.74  0.15 0.71  0.10 0.56 0.24 0.32  0.20
warehouse 0.86 0.14 0.86 0.14 0.78  0.18 0.69  0.22
Total 0.76  0.21 0.71  0.20 0.72  0.20 0.57  0.19

Table 4.9: MAPF instance comparisons of LBIs of EECBS and EECBS-MFD over all MAPF instances on each
graph. For each bounded-suboptimality factor w, the columns “EECBS” contain the percentages of MAPF
instances where EECBS has higher LBIs than EECBS-MFD, the columns “MFD” contain the percentages
of MAPF instances where EECBS-MFD has higher LBIs than EECBS, and the row “Total” contains the
percentage over all MAPF instances.

Figure 4.17 and Tables 4.9 and 4.10 show the LBIs of EECBS-MFD compared to those of EECBS and
EECBS-GFD. As shown in Table 4.9, since EECBS can only increase the lower bound on the cost of a
minimum-cost path in order to increase the threshold, there are more MAPF instances where EECBS has
higher LBIs than EECBS-MFD. As shown in Table 4.10, by reducing the distributed flex, there are more

MAPF instances where EECBS-MFD has higher LBIs than EECBS-GFD for the bounded-suboptimality
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w = 1.01 w = 1.02 w = 1.05 w = 1.10
GFD MFD | GFD MFD | GFD MFD | GFD MFD
city 0.20 0.64 | 0.11 0.74 | 0.20 0.57 | 0.29 0.25
denb20d 030 054 | 023 060 | 025 054 | 036 0.34
0st003d 0.62 015 | 038 0.21 | 0.66 0.18 | 035 0.21
warehouse | 0.19 0.75 | 0.12 0.79 | 0.19 058 | 038 0.46
Total 033 052 ] 021 059 | 033 046 | 034 0.31

Table 4.10: MAPF instance comparisons of LBIs of EECBS-GFD and EECBS-MFD over all MAPF instances.
For each bounded-suboptimality factor w, the columns “GFD” contain the percentages of MAPF instances
where EECBS-GFD has higher LBIs than EECBS-MFD, the columns “MFD” contain the percentages of
MAPF instances where EECBS-MFD has higher LBIs than EECBS-GFD, and the row “Total” contains the
percentage over all MAPF instances.

= |k 100 200 300 400 500 | | k 400 500 600 700 800
— | EECBS | 0.86 025 0.10 0.16 0.16 | — | EECBS | 0.96 0.81 0.54 0.46 0.41
'l GFD 1.00 072 0.05 0.01 <001 | !'| GFD 093 064 030 030 0.23
S|MFD | 1.00 091 044 005 006| S| MED | 1.00 095 0.66 042 036
o |k 100 200 300 400 500 [ o | k 400 500 600 700 800
— | EECBS | 099 087 050 0.18 0.18 |~ | EECBS| 1.00 095 090 0.78 0.70
Il'| GFD 1.00 100 097 0.18 013 | !l | GFD 1.00 096 0.75 0.68 0.66
S| MFD | 1.00 1.00 099 055 022| S| MFD | 1.00 100 0.99 0.98 094

Table 4.11: Average progress of EECBS with different Flex Distribution mechanisms but each bounded-
suboptimality factor w over all MAPF instances for each number of agents &k on the ost003d graph. Rows
“GFD”, “FFD”, “RFD”, “CFD”, “DFD”, and “MFD” contain the average progress of EECBS-GFD, EECBS-
FFD, EECBS-RFD, EECBS-CFD, EECBS-DFD, and EECBS-MFD, respectively. Numbers in bold indicate the
highest progress over all MAPF instances for each number of agents k£ and each bounded-suboptimality
factor w.

factors w = {1.01,1.02, 1.05}, which indicates that EECBS-MFD overcomes the low-level limitation (i.e.,
worse LB improvements) from EECBS-GFD. As the bounded-suboptimality factor w increases to 1.10,
since it provides thresholds that are large enough to find a path for an agent, both EECBS-MFD and EECBS-
GFD reach similar LBIs.

We define the progress of EECBS (with or without Flex Distribution) as the ratio of the resultant depth
of the CT and the number of expanded CT nodes. The deeper the CT node, the fewer conflicts it is expected
to have. Thus, the higher the progress, the more “focused” EECBS (with or without Flex Distribution) is in
resolving conflicts. In the extreme, the progress approaches 1 if EECBS (with or without Flex Distribution)

expands CT nodes only along the branch of the CT from the root CT node to the resultant CT node.
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Figure 4.18: Global suboptimalities at the time of generation of each CT node generated by EECBS, EECBS-
GFD, and EECBS-MFD as a function of the time it was generated. The z- and y-coordinates of each dot
represent the time at which a CT node is generated and its global suboptimality at that time, respectively.
Dots in gray, blue, and red represent CT nodes generated by EECBS, EECBS-GFD, and EECBS-MFD, re-
spectively. The number of generated CT nodes for EECBS, EECBS-GFD, and EECBS-MFD is 1312, 608, and
350, respectively.

Table 4.11 shows the progress of EECBS, EECBS-GFD, and EECBS-MFD, where EECBS-MFD has a higher
progress than EECBS-GFD. When the number of agents is low, EECBS-MFD has higher progress than
EECBS and EECBS-GFD. As the number of agents increases, the progress of EECBS-GFD decreases due
to the greedy mechanism for Flex Distribution, whereas the progress of EECBS-MFD remains high. For
the bounded-suboptimal factors and the numbers of agents where EECBS has the highest progress, the
corresponding success rates are similar between EECBS and EECBS-MFD (see Figure 4.6).

In general, EECBS-MFD overcomes the high-level and the low-level limitations of EECBS-GFD and

thus improves the efficiency of EECBS.

4.7.3 Case Study

We let EECBS, EECBS-GFD, and EECBS-MFD, each with the bounded-suboptimality factor w = 1.02 and a
15-second runtime limit, solve a MAPF instance with 400 agents on the ost003d graph. EECBS and EECBS-

GFD reach the 15-second runtime limit when they try to solve this MAPF instance. Figure 4.18 shows the
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Figure 4.19: Global suboptimalities and number of conflicts at the time of expansion of each CT node
expanded by EECBS, EECBS-GFD, and EECBS-MFD as functions of the time it was expanded. The x-
coordinate represents the time at which a CT node is expanded, and the y-coordinates represent the global
suboptimality and the number of conflicts at the time each CT node is expanded. The number of expanded
CT nodes for EECBS, EECBS-GFD, and EECBS-MFD is 843, 395, and 305, respectively.

global suboptimality C'(IN)/LB (see Definition 3.4) at the time of generation of each CT node N, where
the LB-value is recorded when CT node N is generated. Since EECBS requires an individually bounded-
suboptimal path for each agent in a CT node, it tends to generate CT nodes with low SOCs, resulting in
low global suboptimalities. On the other hand, since EECBS-GFD determines the distributed flex as the
maximum allowed flex, it tends to generate CT nodes with high global suboptimalities. Moreover, many
CT nodes generated by EECBS-GFD are not globally bounded-suboptimal during their generation. Thus,
EECBS-GFD will not expand them unless LB increases during the search. Compared to EECBS-GFD,
EECBS-MED typically distributes less flex when generating a CT node, which strikes a balance between
the amount of distributed flex and the number of CT nodes that are globally bounded-suboptimal during
their generation. Also, EECBS-MFD finds a solution with a runtime of about 5 seconds, so there is no red
dot afterwards in Figure 4.18. Figure 4.19 shows the global suboptimality and the number of conflicts of

each expanded CT node as functions of the time it was expanded. The CT nodes expanded by EECBS-MFD
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Figure 4.20: Percentage of low-level searches of EECBS-GFD and EECBS-MFD as a function of the flex
usage. The z-coordinate indicates the flex usage of a low-level search, and the y-coordinate indicates the
percentage of the low-level searches.

have similar numbers of conflicts but smaller global suboptimalities than those expanded by EECBS-GFD,
allowing EECBS-MFD to find a solution within the 15-second runtime limit.

When the low-level Focal Search finds a path with the cost ¢;(/V) for an agent a; and a lower bound
Ibj(N) on the cost of a minimum-cost path in a CT node N and terminates, if the flex of this path is

negative (ie., w - lb;(N) — ¢;(N) < 0), then we say that the flex usage is

flex usage = ¢;(N) — w - lb;(N). (4.22)

Figure 4.20 shows the percentage of low-level searches of EECBS-GFD and EECBS-MFD as a function
of the flex usage when it finds a path for an agent, ignoring the searches when they find paths with
w - 1bj(N) — ¢;(N) > 0. Compared to EECBS-GFD, EECBS-MFD has a smaller percentage of low-level
searches with high flex usage. For example, none of the low-level searches of EECBS-MFD has flex usage

exceeding 20.
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Figure 4.21: Success rates of EECBS, EECBS-GFD, and EECBS-MFD, with the low-level Focal Search and
the low-level FA”, respectively, for the 120-second runtime limit and the bounded-suboptimality factor
w = 1.05 over all MAPF instances for each number of agents on the maze graph. |V| indicates the number
of vertices of the maze graph.
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Figure 4.22: LBIs of EECBS (or, respectively, EECBS-GFD and EECBS-MFD) with the low-level Focal Search,
versus LBIs of EECBS (or, respectively, EECBS-GFD and EECBS-MFD) with the low-level FA* for the 120-
second runtime limit and the bounded-suboptimality factor w = 1.05 over all MAPF instances on the maze
graph. The z- and y-coordinates of each dot represent the LBIs of EECBS-MFD (or, respectively, EECBS-
GFD and EECBS-MFD) with the low-level Focal Search and EECBS-MFD (or, respectively, EECBS-GFD and
EECBS-MFD) with the low-level FA*, respectively. All the - and y-coordinates are on logarithmic scales.

4.7.4 Evaluation of the Low-Level FA*

To evaluate the low-level FA*, we test EECBS, EECBS-GFD, and EECBS-MFD on 25 MAPF instances for
the 120-second runtime limit, the bounded-suboptimality factor w = 1.05, and each number of agents
k = {10, 15,20, 25,30} on the maze graph (maze-32-32-2) of size 32 x 32. As shown in Figure 4.21, all
success rates improve when the low-level Focal Search is replaced with the low-level FA*. With the low-

level FA*, the success rate of EECBS is higher than that of EECBS-MFD, which, in turn, is higher than that
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Figure 4.23: Average numbers of v-t node expansions per search (EXP/Search) of EECBS (or, respectively,
EECBS-GFD and EECBS-MFD) with the low-level Focal Search, versus average numbers of v-t node ex-
pansions per search of EECBS (or, respectively, EECBS-GFD and EECBS-MFD) with the low-level FA* for
the 120-second runtime limit and the bounded-suboptimality factor w = 1.05 over all MAPF instances
on the maze graph. The x- and y-coordinates of each dot represent the LBIs of EECBS-MFD (or, respec-
tively, EECBS-GFD and EECBS-MFD) with the low-level Focal Search and EECBS-MFD (or, respectively,
EECBS-GFD and EECBS-MFD) with the low-level FA*, respectively. All the z- and y-coordinates are on
logarithmic scales.

of EECBS-GFD. As shown in Figure 4.22, EECBS, EECBS-GFD, and EECBS-MFD reach higher LBIs and
thus expand CT nodes more in a depth-first manner when they use the low-level FA* than when they use
the low-level Focal Search. As shown in Figure 4.23, EECBS, EECBS-GFD, and EECBS-MFD reach higher
average numbers of v-t node expansions per search when they use the low-level FA* than when they use
the low-level Focal Search since the low-level FA* expands v-t nodes from OPEN, after it finds a path, while
the low-level Focal Search terminates once it finds a path. That is, the low-level FA* trades off expanding
more v-t nodes (from OPEN7) for a higher LBI value.

We also test EECBS, EECBS-GFD, and EECBS-MFD with the low-level FA* on 25 MAPF instances for
the 120-second runtime limit, the bounded-suboptimality factor w = 1.05, and each number of agents
k = {1200, 1400, 1600, 1800, 2000} on the city graph. As shown in Figure 4.24, all success rates decrease
when the low-level Focal Search is replaced with the low-level FA*. As shown in Figure 4.25, although
EECBS, EECBS-GFD, and EECBS-MFD reach higher LBIs when they use the low-level FA*, their LBI values
on the city graph are approximately between 10~ and 1073, which are lower than their LBI values

when using the low-level FA* on the maze graph, which are approximately between 1073 and 10~! (see
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Figure 4.24: Success rates of EECBS, EECBS-GFD, and EECBS-MFD, with the low-level Focal Search and
the low-level FA”, respectively, for the 120-second runtime limit and the bounded-suboptimality factor
w = 1.05 over all MAPF instances for each number of agents on the maze graph. |V| indicates the number
of vertices of the maze graph.
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Figure 4.25: LBIs of EECBS (or, respectively, EECBS-GFD and EECBS-MFD) with the low-level Focal Search,
versus LBIs of EECBS (or, respectively, EECBS-GFD and EECBS-MFD) with the low-level FA* for the 120-
second runtime limit and the bounded-suboptimality factor w = 1.05 over all MAPF instances on the city
graph. The z- and y-coordinates of each dot represent the LBIs of EECBS-MFD (or, respectively, EECBS-
GFD and EECBS-MFD) with the low-level Focal Search and EECBS-MFD (or, respectively, EECBS-GFD and
EECBS-MFD) with the low-level FA*, respectively. All the - and y-coordinates are on logarithmic scales.

Figure 4.22). As shown in Figure 4.26, EECBS, EECBS-GFD, and EECBS-MFD have much higher average
numbers of v-t node expansions per search when they use the low-level FA* than when they use the low-
level Focal Search. In general, for large-scale MAPF instances, although the low-level FA* improves the LBIs
of EECBS, EECBS-GFD, and EECBS-MFD, it also expands many more v-t nodes than the low-level Focal

Search, which slows down the search and thus decreases the success rates for the 120-second runtime limit.
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Figure 4.26: Average numbers of v-t node expansions per search (EXP/Search) of EECBS (or, respectively,
EECBS-GFD and EECBS-MFD) with the low-level Focal Search, versus average numbers of v-t node ex-
pansions per search of EECBS (or, respectively, EECBS-GFD and EECBS-MFD) with the low-level FA* for
the 120-second runtime limit and the bounded-suboptimality factor w = 1.05 over all MAPF instances
on the city graph. The x- and y-coordinates of each dot represent the LBIs of EECBS-MFD (or, respec-
tively, EECBS-GFD and EECBS-MFD) with the low-level Focal Search and EECBS-MFD (or, respectively,
EECBS-GFD and EECBS-MFD) with the low-level FA*, respectively. All the z- and y-coordinates are on
logarithmic scales.

4.8 Summary

EECBS with Greedy Flex Distribution (GFD) runs faster than EECBS, while it is still guaranteed to find
a bounded-suboptimal solution to a MAPF instance if a solution exists. However, GFD imposes two lim-
itations: (1) EECBS with GFD may switch among CT nodes on different branches of CT that are glob-
ally bounded-suboptimal, rather than resolving conflicts along the branch, and (2) EECBS with GFD may
have a worse LB improvement than EECBS. To overcome these limitations, we proposed Conflict-Based
Flex Distribution (CFD), which determines the distributed flex in proportion to the number of collisions.
We also proposed Delay-Based Flex Distribution (DFD), which determines the distributed flex by estimat-
ing the increase in the cost (i.e., delays) to find a new path that satisfies the constraints. Furthermore,
we proposed Mixed-Strategy Flex Distribution (MFD), which combines DFD and CFD in a hierarchical
framework. We proved that EECBS with MFD, like EECBS and EECBS with GFD, is guaranteed to find
a bounded-suboptimal solution to a MAPF instance if a solution exists (i.e., bounded-suboptimal and
solution-complete). Our experiments showed that EECBS with different Flex Distribution mechanisms,

especially MFD, solves MAPF instances more quickly than EECBS and EECBS with GFD. Compared to
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EECBS and EECBS with GFD, EECBS with MFD solves more MAPF instances within the 120-second run-
time limit and achieves competitive average empirical suboptimalities. For the 120-second runtime limit
and the bounded-suboptimality factor w = 1.01, using MFD results in a more than threefold increase in
the success rate of EECBS over all MAPF instances on all graphs, raising it from 0.18 to 0.598. Also, the
success rate of EECBS-MFD (0.598) is higher than that of EECBS-GFD (0.396). Additionally, we proposed
the low-level Focal-A* (FA*) for solving congested MAPF instances. When finding a path for an agent that
satisfies constraints, the low-level FA* uses the low-level Focal Search to find a path and then uses the
low-level A* to improve the lower bound on the cost of a minimum-cost path that satisfies the constraints.
We showed that using the low-level FA* can improve the efficiency of EECBS and EECBS-MFD in solving

congested MAPF instances.
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Algorithm 4.1 Low-Level Focal-A* (FA*) with Flex Distribution

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:
36:
37:
38:
39:
40:
41:
42:
43:
44:
45:

1:
2
3
4
5:
6
7
8

procedure FOCAL-A*SEARCHWITHFLEX(s;, [;, Wi (IV), Pi(N), 1b;(N))

> 1b;(N) = 0 in the root CT node and P;(N) = {p;(N) | j € [k] \ {i}}. <
T;(N) + Compute the time horizon from constraints W;(N)and paths P;(N). © See Section 2.4.2.
A;(N) < Compute the distributed flex from paths P;(N )
Determine the priority function f;(n) of v-tnode . © f;(n) = fi(n) unless mentioned otherwise.
isPathFound < false; p; < null; ¢; < null; [b; < null
Generate the root v-t node n( with state representation (s Si, ,0) ) 5
gi(no) < 0 hilno) + hi(s); filno) < gi(no) + hino): hilno) < hu(ss)s filno)  gilno) +
hi(no); xz(no) 0
fmini(N) <= fi(no)
Ti(N) « w - max{Ib;(N), fmini(N)} + Ai(N)
OPENy,,FOCAL}, and CLOSED/, < empty list
INSERTNODE(ng, 75(N), OPENy, FOCALy, isPathFound)
while OPEN/, not empty do
n < v-t node with the minimum f;-value in OPEN/,
if fmin,i(N) < fi (ﬁ) then
fmin,i(N) — fz(ﬁ)
if not isPathFound then
Tnew — W - Max{lb;(N), fmin,i(N)} + A;(N)
UprpATEFOCAL(T; (N), Thew, OPENy, FOCALY)
TZ(N) < Thew

if isPathFound then
if ¢; < f;(n) then return (p;, ¢;, ¢;) > Path p; is the minimum-cost path.
Remove v-t node n from OPEN/,

else
7 < v-t node with the minimum x;-value in FOCALj, > Overwrite v-t node n.

.~ Remove v-t node nn from OPEN;, and FOCAL,

Insert 7 into CLOSEDj,

if ISTARGETREACHED (1, [;, ¥';(V)) then

lbl — max{lbi (N), fmin,i (N)}

if isPathFound then return (p;, ¢;, lb;)

p; < Extract the path by back-tracking v-t node 7; ¢; <— cost of path p;
isPathFound < true

if (b; = ¢; or ¥;(N) = () then return (p;, ¢;, 1b;) > Path p; is the minimum-cost path.
_ continue
neighbors < FINDNEIGHBORS(72, T;(N)) > Find the neighboring states.

for (v,t) € neighbors do
if (v,t) not satisfies constraints ¥;(/V') then continue
n < GENERATECHILDNODE(, v, t, R(N )
n < FINDNoODE(n, T;(NN ), CLOSED,, OPENY)
if 72 is null then
L INSERTNODE(n, 7;(IN'), OPENy, FOCAL[, is PathFound)
continue
if IsSDOMINANT(n, 1) then
L UppAaTEPRIORITY(N, 71, 7;(IN), CLOSED [, OPEN}, FOCAL}, is PathFound)
return No path
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Algorithm 4.2 Tool Functions for the Low-Level Focal-A* Search

1: procedure INSERTNODE(n, 7;(N), OPENy, FOCAL}, isPathFound)

2: | Insert v-t node n into OPENy,

3:  Sort v-t nodes in OPEN, in increasing order of f;-values, breaking ties in favor of v-t nodes with
smaller z;-values

4 if fi(n) < 7;(N) and not isPathFound then

5: Insert v-t node n into FOCAL,

6: Sort v-t nodes in FOCALY, in increasing order of z;-values, breaking ties in favor of v-t nodes
with smaller fi—values

7. procedure UPDATEPRIORITY(n, 71, T;(N'), CLOSED, OPEN;, FOCAL, is PathF ound)
8: | (v,t) < state representation of v-t node n
9:  (v,t) « state representation of v-t node 7

10: fZ — f, (ﬁ)
11: | if n € CLOSED, then

12: Remove v-t node 7 from CLOSEDy,

13: INSERTNODE(7, 7;(IN'), OPENy, FOCAL[, is PathFound)
14: | else

15: Update the priority of 77 in OPEN/,

16: if f;(7n) < 7;(N) and not isPathFound then

17: if f; > 7;(N) then

18: ‘ Insert v-t node 7 into FOCAL,

19: else

200 ||| Update the priority of v-t node 7 in FOCALy,
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Chapter 5

Flow-Based Guidance Framework with Flex Distribution

Although EECBS is the state-of-the-art algorithm for finding a bounded-suboptimal solution for a MAPF
instance, its scalability to large-scale MAPF instances with many agents moving in large environments
is limited. One approach to accelerating EECBS is to guide the low-level Focal Search with the highway
heuristics. This is achieved by transforming an edge in the graph into a pair of weighted directed edges,
designating a subset of them as the highways, and increasing the costs of non-highway edges to penalize
traversing them when computing the estimated cost-to-go for an agent from a vertex to its target. However,
the performance of EECBS with the highway heuristic is limited to Kiva-like warehouses [15], where agents
move across a region with corridors when transitioning from one free region to another.” In the context of
lifelong MAPF [37] (i.e., a MAPF variant where agents need to visit multiple target vertices sequentially),
Chen et al. [12] guide the low-level heuristic search based on the paths that agents have traversed. Zhang
et al. [74] extend the highway heuristics to guidance graph optimization for lifelong MAPF. However, it is
non-trivial to transfer these approaches from lifelong MAPF to bounded-suboptimal MAPF. In the previous
chapters, we have proposed Flex Distribution to accelerate EECBS. In this chapter, we leverage EECBS
with Flex Distribution and propose the Flow-Based Guidance Framework. It is a pre-processing technique
that generates the Flow-Based Guidance Heuristic, which guides the low-level Focal Search while ensuring

that EECBS with Flex Distribution remains bounded-suboptimal and solution-complete. The flow is the

“An example of a Kiva-like warehouse is the warehouse graph in Section 3.8.1.
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number of agents that traverse an edge of the graph of a MAPF instance in a direction when following their
paths. Given a MAPF instance, the Flow-Based Guidance Framework generates flows through simulation
by finding paths for agents on a weighted directed graph with strategies that are designed for bounded-
suboptimal MAPF. Based on the flows, the Flow-Based Guidance Framework then constructs the Flow-

Based Guidance Graph and computes the Flow-Based Guidance Heuristic. Our contributions are as follows:

« We introduce the two-phase Guidance Framework as a general pre-processing approach for MAPF.

« We propose the Flow-Based Guidance Framework, which leverages observations from bounded-
suboptimal MAPF and Flex Distribution to derive the Flow-Based Guidance Heuristic that guides

the low-level Focal Search.

+ Our Flow-Based Guidance Framework can efficiently output the Flow-Based Guidance Heuristic to
accelerate EECBS with Flex Distribution effectively. Our empirical evaluation shows that EECBS
with Flex Distribution with the Flow-Based Guidance Heuristic is more efficient than that with the
state-of-the-art guidance heuristics. Also, EECBS with Flex Distribution with the Flow-Based Guid-

ance Heuristic solves MAPF quickly on graphs not limited to Kiva-like warehouses.

5.1 Related Work for Guidance Heuristics

In this section, we review related work on generating guidance heuristics. We first introduce the highway
heuristic, which, to our knowledge, is the only related work for bounded-suboptimal MAPF. Then, we

introduce guidance heuristics for lifelong MAPF and (unbounded) suboptimal MAPF.
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Figure 5.1: Warehouse graph with obstacle-free regions on two sides, marked in white, and corridors of
width 1, marked in gray. The red arrows indicate the human-designed Criss Cross highway. The contents
of the blue dashed circle show an enlarged portion of the graph.

5.1.1 Highway Heuristic

To improve the efficiency of bounded-suboptimal MAPF algorithms that are based on the Conflict-Based
Framework, Cohen et al. [15] proposed guiding the low-level Focal Search with a set of predefined high-
ways. Based on the four-neighbor undirected grid graph G = (V, F) with a finite number of vertices (and
edges) from a MAPF instance, Cohen et al. [15] create a weighted directed graph G’ = (V, E/, W), where
each undirected edge e = {u,v} € E is mapped to a pair of weighted directed edges e, = (u,v) € E’
and e,, = (v,u) € E’ with their respective costs wy, € W and w,, € W. The highways are defined as a
subset of directed edges Fj,y C E'. The cost of each directed edge is set to 1 if it belongs to the highways,
and set to w otherwise. To guide the low-level Focal Search for finding a path for an agent a;, Cohen et
al. [15] determine the highway heuristic Ry ;(v), which is the cost of a minimum-cost path from vertex
v € V to the target vertex [; on the weighted directed graph G’. The highway heuristic is then used as
the secondary heuristic z;(n) = Rhawy,i(v) for the low-level Focal Search. If multiple v-t nodes in FOCALy,
have the minimum number of conflicts of all v-t nodes in FOCAL, then the low-level Focal Search selects
the v-t node n with the minimum £;(n) = g;(n) + hi(n) = gi(n) 4 hpuwy.i(v) among them for expansion.
This biases the path found for agent a; toward the highways.

To determine the highway, Cohen et al. [15] propose three approaches: the Criss Cross-based (CC-

based), the Graph Model-based (GM-based), and the Heat Map-based (HM-based) approaches. As shown
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in Figure 5.1, the CC-based approach is typically used in Kiva-like warehouses, where obstacles are placed
in rows in the middle, creating horizontal corridors between them, and the two sides of the graph are
obstacle-free regions. In an obstacle-free region, we say a border is all the vertices on the column that
connects the horizontal corridors. The highways from the CC-based approach consist of the edges in one
direction, the edges of the next horizontal corridor, and so on. The highways also consist of the edges
in vertical directions between the obstacle-free regions and the region of horizontal corridors. In other
words, the CC-based approach relies on a customized design based on human ingenuity.

Cohen et al. [15] also propose the GM-based and HM-based approaches to guide the low-level Focal
Search on graphs not limited to Kiva-like warehouses.

Given a MAPF instance, the GM-based approach constructs a graph model that contains several vari-
ables for each vertex on the graph of the MAPF instance. Then, it constructs the highways by solving
the maximum a posteriori estimation problem on the graph model, which is an optimization problem that
takes the variables and “probabilistic constraints” among them as input. However, since the number of
variables increases in proportion to the number of vertices, the GM-based approach suffers from a signif-
icant computational overhead when solving the maximum a posteriori estimation problem for large-scale
MAPF instances. We have run the source code of the GM-based approach from Cohen et al. [15]. The
60-second runtime limit was exceeded on all graphs used in our empirical evaluation.

Given a MAPF instance with the graph G = (V, E)), the HM-based approach is an iterative process. It
begins with a weighted directed graph with the same set of vertices as V. For each edge e = (u,v) € E,
the HM-based approach adds a pair of directed edges e, and e,,,, to its weighted directed graph, where e,,,
and e, represent the directed edge from vertex u to vertex v and from vertex v to vertex u, respectively.
The cost of each directed edge is initialized to 1. At each iteration, the HM-based approach randomly
selects a pair of start and target vertices (which may not belong to the ones specified in the given MAPF

instance). Then, it finds a minimum-cost path on its weighted directed graph. The cost of each directed
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edge ey, is recalculated based on how often e, and e, have appeared in the paths found at the previous
iterations, and the process repeats. When the number of iterations reaches a user-specified limit, the HM-
based approach selects a subset of directed edges as the highways based on the cost of each directed edge.
Empirically, we discovered that the HM-based approach can misguide the low-level Focal Search. That is,
EECBS with Flex Distribution and the highway heuristic from the HM-based approach is less efficient than

that without any guidance.

5.1.2 Guidance Heuristics of Other MAPF Variants

To the best of our knowledge, the highway heuristic from Cohen et al. [15] is the only work that guides the
low-level heuristic search for bounded-suboptimal MAPF. Even so, it has motivated researchers to explore
ideas for guiding the low-level heuristic search in the context of two other MAPF variants, namely, lifelong
MAPF and suboptimal MAPF.

For lifelong MAPF, an agent receives its next target vertex once it is at its current one. In this case, Chen
et al. [12] propose Traffic Flow Optimization (TFO), which coordinates the paths of the agents by updating
their heuristics based on the traffic flows of the time-independent paths, which are paths that do not allow
wait actions. Similar to the HM-based approach, TFO then constructs a weighted directed graph, where
the edge costs are derived from handcrafted functions based on human knowledge that take the time-
independent paths as inputs. As we apply TFO for guiding the low-level Focal Search for EECBS with
Flex Distribution in the Empirical Evaluation section, since TFO is designed for lifelong MAPF, directly
applying it to generate the heuristic that guides the low-level Focal Search for EECBS with Flex Distribution
results in inefficiency (see Section 5.4.4). On the other hand, Zhang et al. [74] propose an approach that
generates the heuristic by constructing a weighted directed graph that represents the estimated action
costs associated with each vertex, called the guidance graph. While running lifelong MAPF, Zhang et

al. [74] use a learning-based model to generate the future edge costs based on the current edge costs of the
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guidance graph. However, similar to the GM-based approach [15], the number of variables in the guidance
graph scales with the number of vertices, resulting in huge computational overhead for training the model
and thus limiting scalability. In this dissertation, we target large graphs with more than 5,000 vertices,
which their approach cannot handle.

For suboptimal MAPF, the objective is to find a solution with an SOC that is not necessarily optimal
or bounded-suboptimal. In this case, Wang and Botea [65] propose a rule-based method that forces the
agents to move in a particular direction. However, similar to the CC-based approach, this approach is
graph-dependent and requires human ingenuity. On the other hand, Han and Yu [20] propose Space Utility
Optimization (SUO), which guides the low-level heuristic search along paths that traverse vertices/edges
with low congestion. Empirically, since SUO is designed for suboptimal MAPF without any guarantees on
solution quality, directly applying it to generate the heuristic that guides the low-level Focal Search for

EECBS with Flex Distribution results in inefficiency (see Section 5.4.4).

5.2 Guidance Framework for MAPF

Recently, pre-processing MAPF instances to avoid conflicts or congestion before running a MAPF algo-
rithm has been popular. Based on the related work, we introduce a general framework, called the Guidance
Framework, which consists of two phases: the path-simulation phase (P1) and the heuristic-calculation phase
(P2). In Phase (P1), given the graph G = (V, E) of a MAPF instance, the Guidance Framework constructs
a weighted directed graph G’ = (V, E’, W’), called the guidance graph [74]. For each undirected edge
e = {u,v} € E, there is a pair of directed edges e,, = (u,v), ey, = (v,u) € E’, which represent the
directed edge from vertex u to vertex v and from vertex v to vertex u, respectively. Each directed edge
eup has the cost wy,, € W’. In Phase (P1), the Guidance Framework finds paths in the graph G’ and then
updates the edge costs of the directed edges based on these paths. Since the guidance graph G’ differs

from the graph G of the given MAPF instance, we call finding a path in G’ a simulation, and a path found
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Path-Simulation Phase (P1) Flow-Based Heuristic-Calculation Flow-Based
Guidance Graph Phase (P2) Guidance Heuristics
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I'wo-Stage Process
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Figure 5.2: The flow chart of the Flow-Based Guidance Framework, which takes a MAPF instance on a
graph G = (V, E) as input and returns the Flow-Based Guidance Heuristic hf; for each agent a; on each
vertex v € V. The shortest paths from the start vertex s; to the target vertex /; of agent a; in graphs G
and G g are marked in red.

is called a simulated path. In Phase (P2), the Guidance Framework generates a guidance heuristic for each
agent a; by computing the cost of a minimum-cost path in the guidance graph G’ from each vertex v € V
to the target vertex [;. The guidance heuristic is then used as the secondary heuristic (see Section 2.4.2) of
the low-level Focal Search.

The Guidance Framework generalizes some of the related work. For example, the Guidance Framework
can be applied to the HM-based approach. That is, the HM-based approach [15] repeatedly selects a start
vertex and a target vertex and then simulates a path from the start vertex to the target vertex on the
weighted directed graph in Phase (P1). It then calculates the highway heuristic from the weighted directed
graph as guidance at Phase (P2). The Guidance Framework can also be applied to approaches that solve
other MAPF variants. For example, TFO [12] selects all agents in the lifelong MAPF instance and simulates
their time-independent paths on a weighted directed graph in Phase (P1), and then calculates the guidance

heuristic via a backward breadth-first search in Phase (P2).

5.3 Flow-Based Guidance Framework (FBGF)

Although several approaches have been proposed for lifelong and suboptimal MAPF, generating heuristics
that efficiently guide agents in the context of bounded-suboptimal MAPF remains challenging, especially
for large-scale MAPF instances. This is so because, unlike lifelong MAPF, bounded-suboptimal MAPF has

the following features:
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(F1) Agents have to wait at their target vertices permanently,

(F2) the solution has to be bounded-suboptimal, and

(F3) the MAPF algorithm has to find a solution within a given runtime limit.

Feature (F2) is the difference between bounded-suboptimal MAPF and (unbounded) suboptimal MAPF.
To guide the low-level Focal Search and accelerate EECBS with Flex Distribution, we follow our two-
phase Guidance Framework and propose the Flow-Based Guidance Framework (FBGF) as a pre-processing
technique. Figure 5.2 shows the flow chart of the Flow-Based Guidance Framework. In Phase (P1), FBGF
simulates paths and constructs the Flow-Based Guidance Graph (FGG) Gr = (V, Ep, WF). In Phase (P2),
it uses the FGG to compute the Flow-Based Guidance Heuristic (FH) for each agent, which maps vertices to

costs-to-go.

5.3.1 Path-Simulation Phase (P1)

In Phase (P1), FBGF simulates one path for an agent one by one. To achieve Features (F1), (F2), and (F3)

during the simulation, FBGF uses the following strategies:

(S1) Viewing the target vertices of the other agents as obstacles,

(S2) using a two-stage low-level Flexible Bounded-Cost Search (FBCS), and

(S3) sorting all agents {a; | ¢ € [k]} in increasing order of their h;(s;) and limiting the number of

simulated paths.

EECBS with Flex Distribution determines h;(s;) as the cost of a minimum-cost path of an agent a; from
its start vertex s; to its target vertex /;, which is a lower bound on the cost of the path for agent a; in an

optimal solution.
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5.3.1.1 Achieving Feature (F1)

In terms of Feature (F1), after an agent waits at its target vertex permanently, it may encounter numerous
target conflicts (see Section 2.4.3.2) with the other agents, which may cause computational overhead to
resolve, even when symmetry breaking [31] is used. Thus, to achieve Feature (F1), FBGF uses Strategy (S1)
that guides agents to avoid target conflicts. When finding a simulated path for an agent a;, FBGF views
the target vertices {l; | j € [k] \ {¢}} of all the other agents as obstacles, known as the target obstacles.
That is, each simulated path that FBGF uses for constructing the FGG for an agent a; never lets agent a;

be at any target vertices except for target vertex I;.

5.3.1.2 Achieving Feature (F2)

In terms of Feature (F2), FBGF uses Strategy (S2), i.e., the two-stage low-level (F)BCS. It is a two-stage process
(see the orange block in Figure 5.2) that first runs the low-level Bounded-Cost Search (BCS) in Stage (1)
and then runs the low-level Flexible Bounded-Cost Search (FBCS) at Stage (II). In Stage (I), FBGF sorts all
k agents of the given MAPF instance and uses the low-level BCS to find a simulated path for each agent in
that order. The low-level BCS uses the target obstacles from Strategy (S1) when finding a simulated path.
It maintains an OPENY, list that contains all generated but not yet expanded v-t nodes n (i.e., the frontier
of the search tree of the v-t nodes). However, instead of sorting the v-t nodes n in increasing order of their
fi(n) (like the OPENY, in A*), the low-level BCS sorts them in increasing order of their number of conflicts
x;(n), breaking ties in favor of v-t nodes with smaller h;-values. If there are v-t nodes with the same
number of conflicts and the same h;-value, then the low-level BCS breaks ties in favor of v-t nodes with
smaller values of g;(n), and then random selection for any further unresolved ties. For each v-t node n
with the state representation (v, t), the low-level BCS sets h;(n) = h;(v) as in the low-level Focal Search,
which is the cost of a minimum-cost path from vertex v to the target vertex l;. Thus, h;(n) = h;(v) is

admissible.
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Algorithm 5.1 shows the pseudo-code of the low-level (F)BCS. The blue text marks the differences be-
tween the low-level BCS and the low-level FBCS. Suppose that FBGF uses a list P to store all the simulated
paths that have been found by either the low-level BCS or the low-level FBCS [Line 1]. J = {j € [k] |
PJj] is not null} is the set of indices of agents whose simulated paths have been found [Line 5]. The low-
level BCS begins by generating a root v-t node ng with the state representation (s;,0) and adding it to
OPEN(. Since h;(n) = h;(v) is an admissible heuristic for any v-t node n with state representation (v, t),
fi(no) = 04 hi(no) = hi(s;) is a lower bound on the cost of the path of agent a; in an optimal solution.
At each iteration, the low-level BCS selects the v-t node 7 for expansion that has the minimum number of
conflicts among all v-t nodes in OPENy, i.e., n = arg miny,copen, 2i(n). That is, the low-level BCS finds
a path with the cost at most the threshold 7; that has the minimum number of conflicts with the existing
simulated paths. To deploy Strategies (S1) and (S2), the low-level BCS only generates a child v-t node n’
with state representation (v/,t') if o' ¢ {l; | j € [k] \ {i}} and f;(n") < w - hi(s;) [Line 22]. That is, the
low-level BCS uses the threshold 7; = w - h;(s;). The low-level BCS terminates either when a simulated
path is found or when OPENy, is empty. If the low-level BCS finds a simulated path, then its cost ¢; is
at most the bounded-suboptimality factor w larger than h;(s;), i.e., ¢; < w - hi(s;). Thus, the SOC of all
simulated paths in list P is at most the bounded-suboptimality factor w larger than its SOLB.

Due to the target obstacles from Strategy (S1) and the bounded-cost criterion, the low-level BCS may
not be able to simulate a path for an agent a; of a cost that is at most the threshold w - h;(s;). If we
use EECBS with Flex Distribution to solve a MAPF instance, then the solution is guaranteed bounded-
suboptimal as long as each CT node is locally bounded-suboptimal (see Theorem 3.1). Thus, FBGF can
further increase the threshold when running the low-level BCS by using the flex from the other simulated
paths. The resulting simulated path, if a path exists, can still be used as the path in the root CT node of
EECBS with Flex Distribution. Thus, in Stage (I), we propose the low-level Flexible Bounded-Cost Search

(FBCS) to simulate a path for each agent for which the low-level BCS failed to find one in Stage (I). When
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finding a simulated path for an agent a; for which the low-level BCS failed to find one in Stage (I) (i.e.,
P[i] = null), the low-level FBCS increases the threshold 7; by adding the flex of the simulated paths of the

other agents {a; | j € J} that have been found in either Stage (I) or Stage (II) [Line 8]. That is,

7= w-hi(si) + Y (w-hi(sy) — ), (5.1)

jeJ

where ¢; is the cost of the simulated path P[j] and w - h;(s;) — ¢; is its flex. After the low-level FBCS finds
a simulated path for agent a;, if a path exists, FBGF adds it to the simulated path list P. In this case, the

SOC of all simulated paths in list P satisfies

j{: Cj g’ﬁ‘+’§£:C§

jeJU{i} jeJ
=w-hi(si) + Y _(w-hy(s;) —¢;)+ Y ¢ (5.2)
jeJ jeJ
=w- Y hy(s)):
jeJuliy

Thus, the SOC over all simulated paths in list P is still at most the bounded-suboptimality factor w larger

than the SOLB, i.e.,

Z g <w- Z hj(sj), where J = {j € [k] | P[j] is not null}. (5.3)
jeJ jedJ
5.3.1.3 Achieving Feature (F3)
In terms of Feature (F3), simulating paths for all the £ agents can result in a huge runtime overhead (see
Table 5.6). Thus, to achieve Feature (F3), FBGF uses Strategy (S3) that sorts all k agents {a; | ¢ € [k]} in
increasing order of their h;(s;) and then limits the number of simulated paths to at most a user-specified

path-found threshold kpax < k. Since we follow Li et al. [34] and compute h;(s;) for each agent a; from
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each vertex v € V to its target vertex /; as an admissible heuristic for the low-level Focal Search, using
hi(s;) to sort the agents does not result in huge runtime overhead. Also, since h;(s;) is the cost of a
minimum-cost path of an agent a; from its start vertex s; to its target vertex [;, agent a; with low h;(s;)
often has a path that avoids target obstacles and conflicts with the simulated paths of the other agents
with low cost, which results in the low-level search expanding fewer v-t nodes to find it, thereby reducing
the runtime overhead of FBGF. Empirically, sorting all k agents {a; | i € [k]} in increasing order of their
hi(s;) results in EECBS with Flex Distribution finding solutions more quickly than sorting all £ agents in
decreasing order of their h;(s;) and sorting them randomly (see Figure 5.11). In general, FBGF reduces its
runtime by limiting the number of simulated paths and generates effective FH by sorting the agents.

We now combine Strategies (S1), (52), and (S3). FBGF simulates a path for each agent in a sorted
sequence, where a simulated path has to avoid all target obstacles while minimizing the number of conflicts
with the existing simulated paths. FBGF first uses the low-level BCS during Stage (I) to simulate a path. If
the number of simulated paths reaches the path-found threshold k£ ax < k, then FBGF stops the simulation.
Otherwise, FBGF uses the low-level FBCS during Stage (II) to simulate a path for each agent for which the
low-level BCS failed to find a path. FBGF stops the simulation when either the number of simulated paths
reaches the path-found threshold, or it has run one low-level FBCS for each agent for which the low-level
BCS failed to find a path.

Then, FBGF constructs the FGG Gy = (V, Ep, Wr) and determines its edge costs based on the sim-
ulated paths. We define the flow of a directed edge as the number of agents traversing it when following
their simulated paths. Based on the flow of a directed edge, FBGF normalizes its edge cost in the range
[1, cp), where ¢, is the user-specified maximum penalty cost. FBGF calculates the weights w,,, € Wr of a

directed edge ey,
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where P, is the maximum flow over all simulated paths (i.e., the maximum number of agents traversing
a directed edge). According to Equation 5.4, the costs of the directed edges are negatively correlated with
their flows. The costs of directed edges with the maximum flow (i.e., @, = Py ax) are set to 1, and those
with zero flow (i.e., ®,, = 0) are set to ¢, if ®,.x = k. That is, FBGF promotes directed edges with higher
flow (i.e., those traversed by more agents) by giving them smaller costs.

Algorithm 5.2 shows the pseudo-code of Phase (P1) of FBGF. It begins with using BCS in Stage ()
[Lines 5-12] and FBCS in Stage (II) [Lines 13-22]. After that, it calculates the edge costs of FGG and returns

FGG accordingly [Lines 25-35].

5.3.2 Heuristic-Calculation Phase (P2)

In Phase (P2), FBGF calculates the Flow-Based Guidance Heuristic (FH) for each agent from the FGG con-
structed during Phase (P1). Since the FGG is a guidance graph, we define the FH-value h;(v) of a vertex
v for an agent a; as the cost of a minimum-cost path from vertex v to the target vertex [; in the FGG Gp.
Given a vertex v, its FH-value hp;(v) for an agent a; serves as a “guidance” that indicates which vertex v
to expand during the low-level Focal Search. EECBS with Flex Distribution then follows Cohen et al. [15]
and uses FH as the secondary heuristic. That is, given a v-t node n with its state representation (v, t),
hi(n) = hi(v) = hp;(v). According to Equation 5.4, the costs of the directed edges in the FGG are nega-
tively correlated with their flows. The rationale is as follows: The FGG is based on the paths found by the
low-level (F)BCS, which aims to minimize the number of conflicts of a path with the existing simulated
paths. Thus, the paths of agents that follow the flows obtained from the simulated paths may have fewer

conflicts with each other than those with the minimum costs (see Table 5.5).
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5.3.3 Bounded-Suboptimality of Flow-Based Guided Heuristic

By using the FH hp;(v) of a vertex v € V as the secondary heuristic h;(n) of a v-t node v with state
representation (v,t), i.e., hi(n) = h;i(v) = hp;(v), the low-level Focal Search of EECBS with Flex Dis-
tribution and FH still finds a path of a cost at most the threshold. Thus, each CT node remains locally

bounded-suboptimal.

Lemma 5.1. Suppose that the distributed flex satisfies Inequality 3.15 when the low-level Focal Search with
Flex Distribution finds a path for an agent that satisfies the constraints. For any secondary heuristics of the
low-level Focal Search, EECBS with Flex Distribution is guaranteed to find a bounded-suboptimal solution to

a MAPF instance if a solution exists.

Proof. Since the secondary heuristic is only used to break ties when two v-t nodes in FOCAL, have the
same minimum number of conflicts, all v-t nodes n in FOCALy, have their f;(n) at most the threshold,
resulting in a path of cost at most the threshold. Thus, each CT node remains locally bounded-suboptimal,
and EECBS with Flex Distribution is thus guaranteed to find a bounded-suboptimal solution to a MAPF

instance if a solution exists, according to Theorem 3.7. O

Theorem 5.1. Suppose that FBGF finds a simulated path P|j] with cost ¢; in Phase (P1) for an agent a; and
J = {j € [k] | P[j] is not null} is the set of indices of agents whose simulated paths are found by FBGF.
Also, suppose that we use EECBS with Flex Distribution and FH to find a solution for a MAPF instance, where
the distributed flex satisfies Inequality 3.15. For each agent a; with a simulated path (i.e., j € J), EECBS with
Flex Distribution and FH uses this path as the path for agent a; in the root CT node Ny. On the other hand,
for each agent a; without a simulated path (i.e., i € [k|\ J), EECBS with Flex Distribution and FH uses the
low-level Focal Search with zero distributed flex to find a path for agent a; in the root CT node Ny. Then,

EECBS with Flex Distribution and FH is guaranteed to find a bounded-suboptimal solution if a solution exists.
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Proof. Since h;(s;) is admissible and the root CT node Ny does not contain any constraint, a lower bound
[b;(Np) on the cost of a minimum-cost path of each agent a; is h;(s;). According to Inequality 5.3, given
the set J = {j € [k] | P[j] is not null} of indices of agents whose simulated paths are found, the SOC over

all these simulated paths in list P is at most the bounded-suboptimality factor w larger than the SOLB, i.e.,

ch S’w-Zhj(Sj) :w-Zlbj(No). (5.5)

jeJ jeJ jeJ

Also, when EECBS with Flex Distribution generates the root CT node Ny, for each agent a; without a
simulated path (i.e., i € [k] \ J), the low-level Focal Search with zero distributed flex finds its path with
the cost ¢;(Np) satisfying

Ci(N0> <w- h,(sl) =w- lbl(No) (5.6)

Also, Thus, the SOC C'(Ny) of the root CT node Ny satisfies

C(No) =D cj+ Y ci(No)

jeJ i€lk\J

w - Zhj(Sj) +w- Z hi(si)

jed i€lk\J

=w - Z hl(sz) (5-7)

i€[k]

=w- Y 1bi(No)

i€[k]

IN

=w- LB(N0)7

indicating that the root CT node is Ny locally bounded-suboptimal. Since the rest of EECBS with Flex
Distribution remains unchanged, according to Theorem 3.7, it is guaranteed to find a bounded-suboptimal

solution for a MAPF instance if a solution exists. O
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To evaluate the efficiency of EECBS with Flex Distribution and FH, the runtime of FBGF needs to be
considered. Thus, when we use EECBS with Flex Distribution to find a solution and use the simulated
paths as the paths in the root CT node, we can save runtime by not running the low-level Focal Search for

agents that already have the simulated paths.

5.4 Empirical Evaluation

In this section, we first introduce the configuration settings used for the empirical evaluation. Next, we
describe how we implement the state-of-the-art guidance heuristics for bounded-suboptimal MAPF. Then,
we use EECBS and EECBS with Mixed-Strategy Flex Distribution (EECBS-MFD) as baseline bounded-
suboptimal MAPF algorithms. We first evaluate the success rates and runtimes of EECBS-MFD and FH
(EECBS-MFD-FH) for FBGF with different values of the path-found threshold ky,.x and the maximum
penalty cost ¢,. Then, based on EECBS-MFD, we compare its efficiency with different guidance heuristics.
We also provide some empirical insights on why FH is effective, along with a case study. Lastly, we evaluate

the effectiveness of Strategies (S1), (S2), and (S3) by implementing different FBGF variants.

5.4.1 Configuration Settings

We use the same MAPF instances as the ones in Section 3.8.1 with the bounded-suboptimality factor w =
1.10 on the city, den520d, and 0ost003d graphs. The number of agents used for creating MAPF instances
on each graph is shown in the w = 1.10 rows of Table 3.2. As for the warehouse graph, unlike the MAPF
instances in Section 3.8.1, we follow Cohen et al. [15] and set the start and target vertices on the free regions
on both sides. The number of agents used for creating MAPF instances on the warehouse graph ranges
from 300 to 700 with an increment of 100. We use the 60-second runtime limit unless mentioned otherwise.
We evaluate runtime as the sum of the runtime to generate a guidance heuristic and the runtime to run

EECBS-MFD with it. We set the runtime of a MAPF algorithm on a MAPF instance to 60 seconds if the
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Algorithm abbreviation | Full name

CC-based approach Criss Cross-based highway heuristics [15]
HM-based approach Heat Map-based highway heuristics [15]
GM-based approach Graph Model-based highway heuristics [15]
TFO Traffic Flow Optimization [12]

SUO Space Utility Optimization [20]

Table 5.1: The state-of-the-art guidance heuristics evaluated for bounded-suboptimal MAPF.

MAPF algorithm fails to find a solution within the 60-second runtime limit. We implement EECBS with
all enhancements in Section 3.8.1 and use Mixed-Strategy Flex Distribution (MFD) as the Flex Distribution
mechanism, i.e., EECBS-MFD. We implement all MAPF algorithms in C++ (compiled with GCC-11.3.0) and

run the experiments with Cent0S Linux on an Intel Xeon-2640 v4 processor with 16 GB of memory.

5.4.2 Implementation of the State-Of-The-Art Guidance Heuristics

We first show how we scale up the CC-based approach for generating its highway heuristic. Then, we
show how to integrate the state-of-the-art guidance heuristics for other MAPF variants, i.e., the Traffic Flow
Optimization (TFO) for lifelong MAPF and the Space Utility Optimization (SUO) for suboptimal MAPF, into
the Guidance Framework for bounded-suboptimal MAPF. Table 5.1 shows the state-of-the-art guidance

heuristics used in our empirical evaluation.

5.4.2.1 Implementation of the Highway Heuristics

Cohen et al. [15] show the CC-based approach with 10 MAPF instances with 130 agents on a warehouse
graph of size 53 x 22. We use 25 MAPF instances with up to 700 agents on the warehouse graph of size
63 x 161 from the MAPF benchmark suite [59], as shown in Figure 5.1. In terms of GM-based and HM-
based approaches, we run the source code from Cohen et al. [15]. However, we omit the results of the

GM-based approach since the runtime of generating its highway heuristic exceeds 120 seconds.
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5.4.2.2 Implementation of Traffic Flow Optimization (TFO)

TFO [12] was originally used for lifelong MAPF. To implement TFO for EECBS-MFD, we rely on the Guid-
ance Framework and use the low-level Focal Search to simulate a time-independent path for each agent
one after the other in Phase (P1). When the low-level Focal Search expands a v-t node 7 with state repre-
sentation (u, t) and generates a child v-t node n with state representation (v, t 4 1), instead of increasing

the g-value by 1, we update it based on the contraflow [12], i.e.,

g(n) = g(n) + (1 + Pyy X Poy). (5.8)

Once a time-independent path is found, we update the flows of the directed edges that the path traverses,
which affects their contraflows and, consequently, the edge costs when finding paths for subsequent agents.
Then, during the heuristics calculation phase, we simply set the cost of a directed edge to the flow from

the simulated paths.

5.4.2.3 Implementation of Space Utility Optimization (SUO)

SUO [20] was originally used for suboptimal MAPF. We regard SUO as an online guidance to avoid con-
gestion for the low-level Focal Search of EECBS-MFD. Before the low-level Focal Search finds a path for an
agent in a child CT node, SUO constructs a heatmap 7 from the paths of the other agents. The value 7 (v)
(or T (u,v)) of a vertex v (or, respectively, a directed edge (u, v)) in the heatmap indicates the number of
agents that traverse the vertex (or, respectively, thee directed edge), called the utility. The low-level Focal
Search uses the utility as the secondary heuristic. When the low-level Focal Search expands a v-t node 7
with state representation (u,¢ — 1) and generates a child v-t node n with state representation (v, t), we

follow the SUQ variant called SU-I [20] and compute the secondary heuristic as

hi(n) = h(v) + hsua(u, v), (5.9)



kmax =0 | kmax = 0.25k | kmax = 0.9k | kmax = 0.79k | kpax =k

SR RT SR RT | SR RT SR RT SR RT
cp =35 0.63 4271 | 0.78 33.23 | 0.93 2443 | 0.94 19.64 | 0.81 28.29
city cp =10 | 0.62 4278 | 0.80 30.39 | 0.95 1943 | 0.94 17.87 | 0.73 29.80

cp =20 | 0.69 4245 | 0.90 27.40 | 0.95 18.79 | 0.98 15.02 | 0.81 27.92
cp =35 0.46 4852 | 0.53 43.90 | 0.65 36.56 | 0.74 32.46 | 0.51 40.29
denb520d cp =10 | 0.44 4850 | 0.61 41.20 | 0.81 3035 | 0.74 29.18 | 0.53 39.95
cp =20 | 045 4830 | 0.66 38.37 | 0.75  29.62 | 0.82  26.61 | 0.52 39.83
cp =35 0.45 44.43 | 0.46 41.44 | 0.57 35.51 | 0.65 29.82 | 0.74 26.97
0st003d cp =10 | 0.42 44.46 | 0.50 39.12 | 0.62  31.65 | 0.71 25.00 | 0.76  25.37
cp =20 | 043 4437 | 0.50 38.63 | 0.60 31.35 | 0.73  23.01 | 0.74 24.96
cp =35 0.81 18.44 | 0.93 11.95 | 0.95 9.96 | 0.97 7.96 | 1.00 7.70
warehouse | ¢, =10 | 0.81 18.78 | 0.88 12.88 | 0.98 8.64 | 0.97 8.28 | 1.00  8.19
cp =20 | 081 18.70 | 0.90 12.71 | 0.90 1232 | 1.00 6.05 | 096 8.44

Table 5.2: Success rates (SR) and average runtime (RT) for the 60-second runtime limit over all MAPF
instances on each graph. Numbers in bold indicate the highest SR or lowest RT on each graph.

where

hsua(1,v) = 0.5 T;u) o5, T(zl;, u)

(5.10)

When two v-t nodes in FOCALj, have the minimum number of conflicts, the low-level Focal Search breaks

ties by selecting the one with the smaller hi-value for expansion.

5.4.3 Hyper-Parameter Tuning for the Flow-Based Guidance Framework

We evaluate FBGF over the path-found thresholds kpax = {0,0.25k,0.5k,0.75k, k} and the following
maximum penalty costs ¢, = {5,10,20}. Table 5.2 shows the success rates and the average runtimes
of EECBS-MFD-FH over all MAPF instances on each graph. For each graph and each maximum penalty
cost ¢p, the average runtime decreases when the path-found threshold kp,.x increases from 0 to 0.75k,
which shows the effectiveness of the number of simulated paths in accelerating EECBS-MFD. However,
for large graphs, such as the city and the den520d graphs, and each maximum penalty cost ¢, the average
runtime increases when the path-found threshold k.« increases from 0.75k to k, which shows that finding
simulated paths can result in a huge runtime overhead. On the other hand, as the maximum penalty

cost ¢, increases, agents tend to stick to the guided paths, which can reduce runtime when the guidance
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Figure 5.3: Success rates of EECBS, EECBS-MFD, and EECBS-MFD with different guidance heuristics
(TFO, SUO, HM, CC, and FH) for the 60-second and 120-second runtime limits, respectively, the bounded-
suboptimality factor w = 1.10, and each number of agents over all MAPF instances on each graph. |V|
indicates the number of vertices on each graph.

effectively accelerates EECBS-MFD. For example, for each graph and the path-found kp,.x = 0.75k, the

average runtime decreases when the maximum penalty cost ¢, increases.

5.4.4 Performance Comparison

We set the path-found threshold kpax = 0.75 and the maximum penalty cost ¢, = 20 since they, in
general, yield the highest success rates and the lowest average runtimes for the 60-second runtime limit

over all MAPF instances on each graph, as shown in Table 5.2.
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Figure 5.4: Average runtimes between the state-of-the-art guidance heuristics and our FH over all MAPF
instances on each graph.

city denb520d 0st003d warehouse

avg. std. | avg. std. | avg. std. | avg.  std.

EECBS 46.92 14.70 | 52.23 11.62 | 4134 2155 | 29.55 26.62
EECBS-MFD 43.44 16.23 | 47.63 1547 | 44.14 21.12 | 19.68 22.67

EECBS-MFD-TFO | 5291 9.54 | 4992 13.27 | 37.64 23.60 | 15.11 21.13
EECBS-MFD-SUO | 47.42 14.14 | 4894 14.37 | 44.48 21.06 9.05 11.20
EECBS-MFD-HM 59.04 2.51 | 56.87 6.04 | 46.15 18.86 | 22.12 21.44
EECBS-MFD-CC 3.51 3.78
EECBS-MFD-FH 15.02 14.52 | 26.61 21.54 | 23.01 24.60 6.05 794

Table 5.3: Average runtimes (in seconds), i.e., values from Figure 5.4, and standard deviations of EECBS,
EECBS-MFD, and EECBS-MFD with different guidance heuristics (TFO, SUO, HM, CC, and FH) over all
MAPF instances on each graph. Since EECBS-MFD-CC is only applicable in the warehouse graph, its
average runtimes and standard deviations on other graphs are blank on other graphs. Numbers in bold
indicate the lowest value along the column.

5.4.4.1 Comparison with the State-Of-The-Art Guidance Heuristics

Figure 5.3 shows the success rates of EECBS, EECBS-MFD, and EECBS-MFD with different guidance heuris-
tics for the 60-second and 120-second runtime limits, respectively. While the CC-based approach can only
be applied to the Kiva-like warehouse graph, FH achieves the same 1.00 success rate and can be applied
to graphs beyond the warehouse graph. Also, EECBS-MFD-FH outperforms EECBS-MFD with all state-
of-the-art guidance heuristics for large-scale MAPF instances on graphs other than warehouse. Since
EECBS-MFD-CC is limited to the warehouse graph, we ignore it in Figure 5.4 and Table 5.3. Figure 5.4

shows the average runtimes of EECBS-MFD with different guidance heuristics over all MAPF instances on
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T = 60 (sec) T = 120 (sec)
EECBS MFD MFD-FH | EECBS MFD MFD-FH
city 0.520 0.616 0.984 0.872 0.952 1.000
denb520d 0.400 0.480 0.824 0.752  0.896 0.968
0st003d 0.504 0.416 0.728 0.656 0.648 0.792
warehouse 0.608 0.784 1.000 0.688 0.816 1.000
Total 0.508 0.574 0.884 0.742 0.828 0.940

Table 5.4: Success rates of EECBS, EECBS-MFD, and EECBS-MFD-FH for the 60-second and 120-second
runtime limits, respectively, and the bounded-suboptimality factor w = 1.10 over all MAPF instances
on each graph. For each runtime limit 7', the columns “EECBS” contain the success rates of EECBS, the
columns “MFD” contain the success rates of EECBS-MFD, the columns “MFD-FH” contain the success rates
of EECBS-MFD-FH, and the row “Total” contains the success rates over all MAPF instances.

city e den520d o ost003d o warehouse
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(b) Suboptimality
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EECBS-MFD-FH
(a) Runtime (sec)

Figure 5.5: (a) Runtimes (in seconds) of EECBS-MFD and EECBS-MFD-FH for the bounded-suboptimality
factor w = 1.10 over all MAPF instances on all graphs. The z- and y-coordinates of each dot repre-
sent the runtimes of EECBS-MFD-FH and EECBS-MFD, respectively. All the 2- and y-coordinates are on
logarithmic scales. (b) Empirical suboptimalities of EECBS-MFD and EECBS-MFD-FH for the bounded-
suboptimality factor w = 1.10 over all MAPF instances that are successfully solved by both MAPF algo-
rithms within the 60-second runtime limit on all graphs. The x- and y-coordinates of each dot represent
the empirical suboptimalities of EECBS-MFD-FH and EECBS-MFD, respectively. Dots in yellow, purple,
green, and blue represent the MAPF instances on the city, den520d, ost003d, and warehouse graphs,
respectively.

each graph. Table 5.3 shows the average values and the standard deviations of runtimes of EECBS-MFD
with different guidance heuristics over all MAPF instances on each graph.

Table 5.4 shows the success rates of EECBS, EECBS-MFD, and EECBS-MFD-FH for the 60-second and
120-second runtime limits, respectively, and the bounded-suboptimality factor w = 1.10 over all MAPF

instances on each graph. EECBS-MFD-FH has higher success rates than EECBS and EECBS-MFD over
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all MAPF instances on each graph for both 60-second and 120-second runtime limits and the bounded-
suboptimality factor w = 1.10. In particular, while EECBS and EECBS-MFD have the success rates of
0.508 and 0.574, respectively, for the 60-second runtime limit over all MAPF instances, EECBS-MFD-FH
has the success rate of 0.884. This indicates that EECBS-MFD-FH finds bounded-suboptimal solutions
more quickly than EECBS and EECBS-MFD. Figure 5.5 (a) shows the runtimes of EECBS-MFD and EECBS-
MFD-FH. Among the 500 MAPF instances over all graphs, there are 437 ones where EECBS-MFD has higher
runtimes than EECBS-MFD-FH. Among these 437 MAPF instances, there are 172 ones where EECBS-MFD
has runtimes that are 5 times higher than those of EECBS-MFD-FH. Among these 172 MAPF instances,
there are 34 ones where EECBS-MFD has runtimes that are 10 times higher than those of EECBS-MFD-FH.
Figure 5.5 (b) shows the empirical suboptimalities of the solutions from EECBS-MFD and EECBS-MFD-
FH over all MAPF instances that are successfully solved by both MAPF algorithms within the 60-second
runtime limit. The solutions of EECBS-MFD-FH have lower empirical suboptimalities for MAPF instances
on the 0st003d and warehouse graphs and achieve similar empirical suboptimalities as for those on the
city and den520d graphs. Thus, EECBS-MFD-FH has significantly lower runtimes than EECBS-MFD

while still finding bounded-suboptimal solutions with low empirical suboptimalities.

5.4.4.2 Comparison with the State-Of-The-Art Suboptimal MAPF Algorithm

Lazy Constraints Addition Search for MAPF (LaCAM) [50] is the state-of-the-art suboptimal MAPF al-
gorithm. Since EECBS-MFD-FH targets bounded-suboptimal MAPF, we omit the anytime version of La-
CAM [49] but use the version called LaCAM3 that incorporates the state-of-the-art enhancements [48].
LaCAM finds solutions within the 60-second runtime limit for all MAPF instances on each graph. Figure 5.6
shows the runtimes and empirical suboptimalities of LaCAM and EECBS-MFD-FH. Since LaCAM does not

maintain a lower bound on an optimal solution during the search, we set the lower bound to the SOC of
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Figure 5.6: (a) Runtimes (in seconds) of LaCAM and EECBS-MFD-FH for the bounded-suboptimality factor
w = 1.10 over all MAPF instances on all graphs. The z- and y-coordinates of each dot represent the
runtimes of EECBS-MFD-FH and LaCAM, respectively. All the z- and y-coordinates are on logarithmic
scales. (b) Empirical suboptimalities of LaCAM and EECBS-MFD-FH for the bounded-suboptimality factor
w = 1.10 over all MAPF instances that are successfully solved by both MAPF algorithms within the 60-
second runtime limit. The z- and y-coordinates of each dot represent the empirical suboptimalities of
EECBS-MFD-FH and LaCAM, respectively. Dots in yellow, purple, green, and blue represent the MAPF
instances on the city, den520d, ost003d, and warehouse graphs, respectively.

minimum-cost paths for each agent when computing its empirical suboptimalities. Although LaCAM typi-
cally finds solutions faster than EECBS-MFD-FH, it does not provide any guarantee on the solution quality
and thus typically finds solutions with higher empirical suboptimalities than EECBS-MFD-FH, although
it has lower runtimes and empirical suboptimalities than EECBS-MFD-FH on the warehouse graph. On
the other hand, EECBS-MFD-FH can find solutions efficiently while guaranteeing their bounded subopti-
malities. Among the 500 MAPF instances over all graphs, there are 326 ones where EECBS-MFD-FH has
lower empirical suboptimalities than LaCAM, 166 ones where EECBS-MFD-FH has lower runtimes than
LaCAM, and 146 ones where EECBS-MFD-FH has lower runtimes and empirical suboptimalities than La-
CAM. Also, as shown in Figure 1.4, EECBS-MFD-FH has higher w-success rates than LaCAM on large-scale
MAPF instances, such as those with 1,800 and 2,000 agents on the den520d graph. These results show

that EECBS-MFD-FH is competitive with LaCAM in terms of empirical suboptimalities of its solutions.
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|Xo| | |AL| | Searches | T’ | Ty
EECBS 1.70 | 1.53 2.52 0| 843
EECBS-MFD 1.71 | 1.53 1.79 0| 7.35
EECBS-MFD-TFO | 1.70 | 1.54 1.87 | 15.78 | 3.20
EECBS-MFD-SUO | 1.64 | 1.52 1.66 0779
EECBS-MFD-HM | 1.70 | 1.52 1.80 | 18.51 | 5.82
EECBS-MFD-FH 0.16 | 0.07 0.39 6.45 | 3.07

Table 5.5: Numbers (in thousands) of conflicts and target conflicts of the root CT node, numbers of searches
of the low-level Focal Search, and runtimes (in seconds) of generating guidance heuristics and generating
root CT node, averaging over all MAPF instances. The column “|X;|” contains the average numbers (in
thousands) of conflicts among paths in the root CT node, the column “|X}|” contains the average numbers
(in thousands) of target conflicts among paths in the root CT node, the column “Searches” contains the
average numbers (in thousands) of searches of the low-level Focal Search, the column “T”” contains the
average runtimes of generating guidance heuristics, and the column “7” contains the average runtimes of
generating root CT node. Since EECBS, EECBS-MFD, and EECBS-SUO do not generate a guidance heuristic
before the search, their 77 = 0.

kmax = 0.25k | kmax = 0.5k | kmax = 0.75k | kmax = k
city k = 2,000 0.29 1.80 4.11 44.75
denb520d k = 2,000 0.19 1.49 3.68 52.17
0st003d k = 800 0.04 0.37 17.11 22.88
warehouse | kK = 700 0.19 0.67 0.90 10.46

Table 5.6: Average runtimes (in seconds) of calculating FH for different values of path-found thresholds
kmax over 25 MAPF instances with k agents on each graph.

5.4.5 Empirical Insights

As shown in Table 5.5, EECBS-MFD-FH finds paths for the root CT node with fewer conflicts |Xj| than
the other guidance heuristics. Furthermore, in terms of Strategy (S1), since FBGF uses target obstacles to
simulate paths for FH, EECBS-MFD-FH finds paths for the root CT node with fewer target conflicts | x|
than the other guidance heuristics. The small numbers of conflicts and target conflicts result in fewer
low-level searches. FBGF also has a lower runtime 7" for calculating the guidance heuristics than the
other approaches. In terms of Strategy (S2), since EECBS-MFD-FH reuses the simulated paths from FBGF
as the paths for the root CT node, it has a lower runtime 7f for generating the root CT node than the

other approaches. In terms of strategy (S3), as shown in Table 5.6, the path-found threshold £y .x can
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(a) Target vertices (b) EECBS-MFD (c) EECBS-MFD-FH

Figure 5.7: Center part of a MAPF instance with 2,000 agents on the den520d graph. (a) Target vertices.
(b) Heatmap of the paths (in blue) and conflicts (in red) of the root CT node of EECBS-MFD. (c) Heatmap of
the paths (in blue) and conflicts (in red) of the root CT node of EECBS-MFD-FH. For (b) and (c), the darker
the color, the higher the value. The green circles show examples of avoiding traversing target vertices
when the agents are guided by FH.

—e— EECBS-MFD —e— EECBS-MFD-FH
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Figure 5.8: Number of conflicts among paths in each expanded CT node at the time (in seconds) when
it is expanded by EECBS-MFD and EECBS-MFD-FH, and cumulative number of low-level searches of
EECBS-MFD and EECBS-MFD-FH versus the runtime. Dashed lines indicate the time when EECBS-MFD
or, respectively, EECBS-MFD-FH, begins to expand its root CT node. Dotted lines indicate the time when
EECBS-MFD or, respectively, EECBS-MFD-FH, finds a solution. For EECBS-MFD-FH, the runtime and the
number of low-level searches used to generate FH are included. All the x- and y-coordinates are on loga-
rithmic scales.

significantly increase the runtime of FBGF. For example, the runtime of calculating FH can use most of the

60-second runtime limit for MAPF instances with 2,000 agents on the city and den520d graphs.
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5.4.6 Case Study

We run EECBS-MFD and EECBS-MFD-FH with the bounded-suboptimality factor w = 1.10 on a MAPF
instance with 2,000 agents on the den520d graph. Figure 5.7 shows (a) the target vertices and the heat map
of the paths in the root CT node of (b) EECBS-MFD and (c) EECBS-MFD-FH. Without the guidance from
FH, EECBS-MFD finds paths with many target conflicts, as shown in Figure 5.7 (b). With the guidance from
FH, EECBS-MFD-FH finds paths with fewer target conflicts than EECBS-MFD, as shown in Figure 5.7 (c).
Also, since FBGF uses Strategy (S1) to generate FH, the paths in the root CT node of EECBS-MFD-FH
traverse fewer target vertices than in EECBS-MFD, resulting in white cells in their heatmap. An example
of this is shown in the green circle in Figure 5.7 (c). The guidance of FH reduces the number of conflicts
from 4,838 to 287, where the number of target conflicts is reduced from 4,653 to 179. Figure 5.8 shows
the number of conflicts among paths in each expanded CT node and the number of low-level searches of
EECBS-MFD and EECBS-MFD-FH as a function of runtime when solving this MAPF instance. With the
guidance from FH, EECBS-MFD-FH starts with a root CT node with fewer conflicts and finds a solution
faster than EECBS-MFD. Also, EECBS-MFD-FH runs fewer low-level searches than EECBS-MFD and finds

a bounded-suboptimal solution even before EECBS-MFD starts expanding its root CT node.

5.4.7 Strategy Evaluation

We evaluate Strategies (S1), (52), and (S3) by comparing them against other FBGF variants. To evaluate
the effectiveness of Strategy (S1) in achieving Feature (F1), we implement an FBGF variant that simulates
paths without target obstacles, while Strategies (S2) and (S3) remain unchanged. We then compare EECBS-
MFD-FH guided by the original FH with target obstacles to EECBS-MFD-FH guided by the new FH without

target obstacles. As shown in Figure 5.9, the original FH with target obstacles achieves higher success rates
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Figure 5.9: Success rates, average runtimes, and average numbers of target conflicts of EECBS-MFD-FH
with and without target obstacles (to evaluate Strategy (S1)) over all MAPF instances with each number
of agents on each graph. The vertical bars indicate the 95% confidence intervals.

and lower average runtimes than the new FH without target obstacles. Additionally, when EECBS-MFD-
FH generates the root CT node, the original FH with target obstacles yields fewer target conflicts than the
new FH without target obstacles, allowing EECBS-MFD-FH to solve MAPF instances more quickly.

To evaluate the effectiveness of Strategy (S2) in achieving Feature (F2), we implement an FBGF variant
that uses the low-level Focal Search to simulate paths one by one, while Strategies (S1) and (S3) remain
unchanged. We then compare EECBS-MFD-FH guided by the original FH with the two-stage low-level
(F)BCS to EECBS-MFD-FH guided by the new FH with the low-level Focal Search. Due to the target

obstacles in Strategy (S1), the simulated paths from the low-level Focal Search cannot be reused as paths
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Figure 5.10: Success rates, average runtimes, and average sums of runtimes 7" + Ty of calculating FH (7"”)
and generating the root CT node (7j) of EECBS-MFD-FH with FBGF using the low-level Focal Search and
the two-stage low-level (F)BCS (to evaluate Strategy (S2)) over all MAPF instances with each number of
agents on each graph. The vertical bars indicate the 95% confidence intervals.

when EECBS-MFD generates the root CT node (see Section 5.3.3). However, by using the two-stage low-
level (F)BCS, EECBS-MFD-FH can reuse the simulated paths as the paths of its root CT node, thereby
reducing the runtime 7y for generating the root CT node. As shown in Figure 5.10, EECBS-MFD-FH
guided by the original FH that uses the two-stage low-level (F)BCS achieves higher success rates and
lower average runtimes than EECBS-MFD-FH guided by the new FH that uses the low-level Focal Search.
We also evaluate the average sum of the runtimes for calculating FH (denoted as 7”) and generating the

root CT node (denoted as Tp), which corresponds to the time point when EECBS-MFD starts resolving
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Figure 5.11: Success rates, average runtimes, and average runtimes 7" of calculating FH with random,
decreasing, and increasing orders of agents (to evaluate Strategy (S3)) over 25 MAPF instances with each
number of agents on each graph. The vertical bars indicate the 95% confidence intervals.

conflicts and expanding CT nodes. The two-stage low-level (F)BCS can reuse the simulated path, allowing
EECBS-MFD-FH to resolve conflicts earlier and thus solve MAPF instances more quickly.

To evaluate the effectiveness of Strategy (S3), we implement two FBGF variants that sort the agents in
a decreasing order and a random order of the costs of their minimum-cost paths, i.e., the h;(s;) values of
agents a;. As shown in Figure 5.11, especially on the den520d and warehouse graphs, EECBS-MFD-FH
guided by the original FH that sorts agents in an increasing order typically achieves higher success rates
and lower average runtimes than EECBS-MFD-FH guided by the new FHs that sort agents in decreasing

and random orders (except for MAPF instances with 700 and 800 agents on the ost003d graph, where
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the decreasing order slightly outperforms the other two). Also, the low-level (F)BCS typically finds paths
faster for agents with lower costs of their minimum-cost paths. Thus, simulating knax paths for agents
sorted in increasing order of the cost of their minimum-cost paths yields the lowest average runtime 7"’
for calculating FH compared to the other two variants, allowing more runtime for EECBS-MFD-FH. Inter-
estingly, the random order results in the worst success rates and average runtimes of all orders (except for
MAPF instances on the warehouse graph). It also has the highest average runtime 7" for calculating FH

and the widest 95% confidence intervals, indicating the uncertainty in its performance.

5.5 Summary

We presented the Flow-Based Guidance Framework (FBGF), a pre-processing technique that generates the
Flow-Based Guidance Heuristic (FH) to guide the low-level Focal Search, thereby improving the efficiency
of EECBS-MFD. Based on our strategies targeting bounded-suboptimal MAPF, FBGF simulates paths with
target obstacles, uses a two-stage low-level (Flexible) Bounded-Cost Search to find simulated paths, and
employs a threshold to reduce the number of simulated paths (accompanied by a sorting method for or-
dering the agents). Then, based on the simulated paths, FBGF calculates FH according to their flows. Our
empirical evaluation shows that FBGF efficiently calculates FH and that FH effectively guides the low-level
Focal Search to speed up EECBS-MFD. Our empirical evaluation showed that while EECBS and EECBS-
MFD have the success rates of 0.508 and 0.574, respectively, for the 60-second runtime limit over all MAPF

instances, EECBS-MFD with FH has the success rate of 0.884.
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Algorithm 5.1 Flexible Bounded-Cost Search (FBCS)

procedure FBCS(s;, I;, P)
: | > P[j] is the simulated path of agent a; (i.e., P is the simulated path list), so P[i] is null.

1:
2
3
4: Ti <—whl(sl)

5: J <« {j € [k]| P[j] is not null}

6: forje Jdo

7 L ¢j < cost of path P[j]

8 TZ‘%Ti—f—(’w'hj(Sj)—Cj)

9: | Generate the root v-t node ng with state representation (s;,0)

10: gi(no) +— 0; hz(no) — hi(SZ‘); fz<n0) — gi(no) + hi<n0); :L'Z('TL()) +~0
11: | OPENp, CLOSEDj, <— empty list

12: | Insert v-t node ng into OPEN/,

13: | while OPENy, not empty do

14: N < v-t node in OPEN, with the minimum z;-value
15: Remove v-t node 7 from OPENj,

16: Insert v-t node 7 into CLOSEDy,

17: if ISTARGETREACHED(R, [;, () then

18: L p; < Extract the path by back-tracking v-t node n
19: return p;

20: neighbors <— FINDNEIGHBORS(71)

21: for n = (v, t) € neighbors do

22: ifve{lj|je[k]\{i}}or fi(n) > 7; then > Use Strategies (S1) and (S2).
23: _ continue

24: n < GENERATECHILDNODE(, v, t, P)

25: n < FINDNoODE(n, T;(NN ), CLOSED,, OPENY)

26: if 72 is null then

27: L Insert v-t node n into OPEN/,

28: continue

29: if IsSDOMINANT(n, 1) then

30: | UppatePrIORITY(n, 71, CLOSED, OPEN})

31:  return No path

32: procedure UpDATEPRIORITY(N, 1, CLOSED[,, OPEN})

33:  (v,t) < state representation of v-t node n

34:  (v,t) < state representation of v-t node 7

35:  gi(n) < gi(n); fi(R) « fi(n); zi(R) - z;(n); t < t; parent(n) < parent(n)
36: = if n € CLOSED, then

37: Remove v-t node 7 from CLOSEDy,
38: Insert v-t node 7 into OPEN(,
39: | else

40: | Update the priority of 72 in OPENT,

T; < Compute the time horizon from paths P > See Section 2.4.2.




Algorithm 5.2 Phase (P1) of the Flow-Based Guidance Framework (FBGF)

1:
2
3
4
5:
6
7
8
9

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:

procedure RUNPHASEP1(MAPF instance with k agents on graph G = (V, E), kpax)

kcnt +0
P < empty list > The simulated path list
A" < Sort all k agents {a; | i € [k]} in increasing order of their h;(s;) > Use Strategy (S3)
for i € [k] do > Stage (I) starts
a; + A'li] > Agent in the i-th order of A’
Pir <— BCS(SZ'/, li/, P)
if p;s is found then
L P[] < pys
kcnt < kcnt + 1
if kot = kmax then > Use Strategy (S3)
| break
for i € [k] do > Stage (II) starts
ay < A'[i] > Agent in the i-th order in A
if P[i']is not null then > A simulated path for a; exists
. continue
pir < FBCS(s;/, l;1, P) > Use Algorithm 5.1
if p;/ is found then
L Pli' + pu
kcnt < k;cnt + 1
if kot = kmax then > Use Strategy (S3)
| break
> Construct FGG Gp = (V, Ep, W) <

Erp < 0;Wr <« 10

for {u,v} € E'do
eyy < directed edge from vertex u to vertex v
eyy, < directed edge from vertex v to vertex u
Er + Er U {euv, evu}

for ey, € Er do

. &, < number of agents traversing the directed edge e,,, when they follow their simulated paths

Dnax < max{ Dy, | ey € Ep}

for e, € Er do

L Compute w,, via Equation 5.4
Insert w,, into Wg

return Gp = (V, Ep, Wp)
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Chapter 6

Conclusions and Future Directions

Multi-Agent Path Finding (MAPF) is the problem of finding a list of collision-free paths, one for each
agent, that move the agents from their start locations to their target locations in a shared environment.
The objective is to minimize a metric such as the sum of travel times or, equivalently, the sum of (path)
costs (SOC). MAPF serves as the foundation for coordinating fleets of agents and has numerous real-world
applications, including for automated warehouses, traffic management, and even controlling animated
characters in video games. In this dissertation, we studied MAPF on four-neighbor grid graphs where
time is discretized into timesteps.

Since minimizing the SOC is computationally intractable, researchers have developed a spectrum of
MAPF algorithms that strike a balance between scalability and guarantees on the solution quality. One
direction is to use (unbounded) suboptimal MAPF algorithms, which quickly find a solution but typically
yield poor solution quality. Another direction is to use anytime MAPF algorithms, which first run an
(unbounded) suboptimal MAPF algorithm and then gradually improve its solution quality within a finite
runtime limit. However, neither suboptimal MAPF algorithms nor anytime MAPF algorithms provide guar-
antees on the solution quality. A third direction is to use bounded-suboptimal MAPF algorithms, which

find solutions with SOCs that are at most a factor w larger than the SOC of an optimal solution, where
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w is a user-specified bounded-suboptimality factor. Compared to optimal MAPF algorithms, bounded-
suboptimal MAPF algorithms offer a promising direction for achieving scalability. Compared to suboptimal
and anytime MAPF algorithms, bounded-suboptimal MAPF algorithms provide guarantees on the solution
quality. The state-of-the-art bounded-suboptimal MAPF algorithm is Explicit Estimation Conflict-Based
Search (EECBS), which guarantees to find a bounded-suboptimal solution to a MAPF instance if a solution
exists. Thus, we improved the efficiency of EECBS in this dissertation.

EECBS performs a heuristic search on a Constraint Tree (CT), where each CT node contains a list of
paths, one for each agent, and a list of constraint sets used to resolve collisions, one for each agent. EECBS
guarantees to find a bounded-suboptimal solution to a MAPF instance, if a solution exists, by requiring
each path in each CT node to be individually bounded-suboptimal, i.e., the cost of the path is at most the
bounded-suboptimality factor w larger than the lower bound on the cost of the minimum-cost path that
satisfies the constraints. To find an individually bounded-suboptimal path, EECBS uses Focal Search on
its low level. Focal Search returns a lower bound on the cost of a minimum-cost path that satisfies the
constraints and a path whose cost is at most a threshold, which is w times the lower bound, resulting
in the path being individually bounded-suboptimal. By requiring each path to be individually bounded-
suboptimal, EECBS ensures that the SOC of each agent’s path is at most the bounded-suboptimality factor
w larger than the sum of their lower bounds, thereby ensuring that the SOC of each agent’s path is at most
the bounded-suboptimality factor w larger than the SOC of each agent’s minimum-cost path that satisfies
the constraints.

However, since the definition of bounded-suboptimal MAPF is based on the SOC being at most the
bounded-suboptimality factor w larger than the SOC of an optimal solution, it is unnecessary to require
each path to be individually bounded-suboptimal in each CT node. Thus, we proposed Flex Distribution,
which relaxes the individually bounded-suboptimality of each path while still guaranteeing that the SOC

of the paths in each CT node remains at most the bounded-suboptimality factor w larger than its sum of
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lower bounds, thereby guaranteeing EECBS to find a bounded-suboptimal solution to a MAPF instance if
a solution exists. We hypothesized that one can improve the efficiency of EECBS via Flex Distribution. In
Chapter 3, we defined the flex of a path in a CT node as the difference between its threshold and its cost. To
find a path for an agent that satisfies the constraints in a CT node, we proposed Greedy Flex Distribution
(GFD), which greedily adds all flex from the other agents’ paths to the threshold. Theoretically, we proved
that EECBS with GFD is guaranteed to find a bounded-suboptimal solution to a MAPF instance if a solution
exists. Empirically, we showed that GFD improves the efficiency of EECBS for large-scale MAPF instances,
especially for small bounded-suboptimality factors.

In Chapter 4, we further proposed additional mechanisms for determining how much flex to distribute.
Given a CT node, one mechanism uses the number of collisions an agent will encounter if it follows its
path to determine how much flex to distribute. Another mechanism uses the extra path cost needed for an
agent to satisfy its constraints to determine how much flex to distribute. A third mechanism, called Mix-
Strategy Flex Distribution (MFD), combines the previous two mechanisms in a hierarchical framework.
Theoretically, we proved that EECBS with MFD is guaranteed to find a bounded-suboptimal solution to a
MAPF instance if a solution exists. Empirically, we showed that sophisticated flex distribution mechanisms,
such as MFD, improve the efficiency of EECBS for large-scale MAPF instances beyond the improvement
achieved by GFD.

In Chapter 5, building on top of EECBS with MFD, we proposed the Flow-Based Guidance Framework
(FBGF) that further improves the efficiency of EECBS with MFD by using Flex Distribution to generate
a heuristic that guides the low-level searches for paths for the agents. It is a pre-processing approach
that generates the Flow-Based Guidance Heuristic (FH) for this purpose. Given a MAPF instance, FBGF
simulates a set of paths and minimizes the conflicts among them. Then, FBGF counts the number of agents
traversing each edge in each direction when they follow their simulated paths as the flow and constructs

a weighted directed graph by assigning a lower cost to a directed edge with a higher flow. The FH on each
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vertex for an agent is the cost of the minimum-cost path from that vertex to the agent’s target vertex. To
calculate FH that is effective in improving the efficiency of EECBS with MFD, we proposed strategies that
a simulated path of an agent should avoid the target vertices of the other agents, the SOC of the simulated
paths should be at most the bounded-suboptimality factor w larger than the SOC of the minimum-cost
paths, and the number of simulated paths is at most a user-specified threshold ky,.x. Theoretically, we
proved that EECBS with MFD and FH is still guaranteed to find a bounded-suboptimal solution to a MAPF
instance if a solution exists. Empirically, we showed that FBGF can efficiently calculate FH, which improves
the efficiency of EECBS with MFD for large-scale MAPF instances.

Since we have shown that Flex Distribution can improve the efficiency of EECBS, this dissertation
serves as a starting point for further exploration. Possible future research directions include, but are not

limited to:

+ Developing learning-based approaches for Flex Distribution. Our mechanisms for determin-
ing the amount of distributed flex rely on heuristics, which can be imprecise. One possible research
direction is to rely on learning-based approaches to determine the amount of distributed flex. One
bottleneck for EECBS or, more generally, bounded-suboptimal MAPF algorithms is to prove that the
solutions they find are bounded-suboptimal. It would help to have a black-box approach available
as a pre-processing technique that outputs a good estimate of the cost of a path before the search
for the path. One possible approach is imitation learning. We can collect MAPF instances as data
and their solutions as labels. Then, we can train a machine learning model that maps features of
a MAPF instance to the cost of each path in the solution. Ideally, the machine learning model can
handle different numbers of agents and different graphs. Such a machine learning model can then

be deployed as a pre-processing technique that allows EECBS to improve its Flex Distribution.

« Extending Flex Distribution to other bounded-suboptimal MAPF algorithms. Since Flex

Distribution is a technique that relaxes the individual bounded-suboptimality of paths, we might be
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able to extend it to other bounded-suboptimal MAPF algorithms. An example is Large-Neighborhood
Search for (suboptimal) MAPF, called MAPF-LNS2 [28]. While MAPF-LNS [27] is an anytime MAPF
algorithm that reduces the SOC over time, MAPF-LNS2 is a suboptimal MAPF algorithm that re-
duces the number of collisions over time. At each iteration, MAPF-LNS2 selects a subset of agents
and updates their paths to reduce the number of collisions that the selected agents are involved in.
We can transform MAPF-LNS2 to a bounded-suboptimal MAPF algorithm by utilizing Algorithm 5.2
in Chapter 5. That is, we can use Flexible Bounded-Cost Search without target obstacles to itera-
tively find a path for each selected agent, which generates a list of paths whose SOC is guaranteed
bounded-suboptimal. We could then leverage parallel processing. For example, we could use the
multi-threading framework [7] to run an optimal MAPF algorithm, such as Conflict-Based Search,
in one thread to improve the lower bound on the SOC of an optimal solution, while running our

modified MAPF-LNS2 in the other threads to resolve collisions.

Applying Flex Distribution to multi-objective/constraint scenarios. MAPF is an abstraction of
multi-agent systems where multiple agents move without collisions in a discretized space and time.
The objective of MAPF is to minimize the SOC, but real-world applications often require multiple
objectives and constraints, such as kinodynamic constraints, battery levels, and even environmental
elevation. Thus, one future direction is to deploy Flex Distribution to multi-objective MAPF [54].
For example, in an environment with various elevation levels, in addition to minimizing the number
of collisions, EECBS may need to consider minimizing the sum of absolute values of the elevation
differences (SOED). Suppose that there is a path for an agent with a short travel time but a high
SOED, and there is another path with a long travel time but a low SOED. We could use EECBS with
Flex Distribution to find the path with a long travel time but a low SOED, compared to the one found

without Flex Distribution, while guaranteeing the SOC of the solution is bounded-suboptimal.
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