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Abstract

In computational physics, mathematical equations allow us
to accurately map a given physical system to its response.
Conversely, inverse problems involve the task of designing a
physical system that produces a target response. Inverse prob-
lems are typically cast as search problems and solved using
the Monte Carlo method, which frequently encounters local
minima despite using various noise strategies to escape them.
FastPivot is a recent algorithm that is known to outperform
the Monte Carlo method on certain kinds of inverse prob-
lems. It starts with a system state and invokes alternating for-
ward and backward passes through the system variables. In
a forward pass, it leads the current state of the system to its
response. In the subsequent backward pass, a small amount
of information percolates from the target response back to
the system variables. In this paper, we first analyze the Fast-
Pivot algorithm and posit that its unique ability to percolate
information from the target response allows it to avoid lo-
cal minima by “attaching an elastic tether” to a global mini-
mum. We then propose a lift-and-project strategy to enhance
the FastPivot algorithm. This strategy exploits the observa-
tion that, with increasing number of dimensions, the FastPivot
algorithm encounters fewer local minima while the Monte
Carlo method encounters more local minima. Overall, Fast-
Pivot with the lift-and-project strategy is a very promising ap-
proach: It rarely encounters local minima on the quintessen-
tial inverse problem of placing atoms in a bounded region
using a scanning tunneling microscope to achieve target re-
sponses in the density of states.

Introduction

The laws of physics are usually stated using mathematical
equations at different spatiotemporal scales. These mathe-
matical equations allow us to accurately map a given phys-
ical system to its response. For example, the mathematical
equations that describe gravity allow us to predict the trajec-
tories of planets in distant galaxies. Despite the usefulness
of mathematics in “forward” reasoning, i.e., from the sys-
tem state to its response, we often face the inverse question
while building systems: How should we design a physical
system that produces a target response? Such inverse prob-
lems arise at both macroscopic and microscopic scales.
Generally speaking, inverse problems in computational
physics present the following challenges: (a) The inverse
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map from the response to the system is only implicitly de-
fined, i.e., we cannot input the target response into a math-
ematical equation; (b) the inverse map is not unique; (c) the
search space is very large; and (d) there may be a substan-
tial involvement of complex numbers. Inverse problems are
particularly hard to solve when the map from the system to
its response involves many cascading steps. Each step may
be hard to reverse or may introduce branching possibilities
if its inverse is not unique.

For the above-mentioned reasons, inverse problems are
combinatorial in nature and cannot always be solved using
standard tools from mathematics. Hence, intelligent search
techniques could be more relevant. While some inverse al-
gorithms have been designed for specific inverse problems
using data-driven methods like neural networks (Lucas et al.
2018; Voronin, Nosov, and Savin 2019; Gao et al. 2022),
such methods are mostly tailored to a narrow scope of prob-
lems and are not broadly applicable.! So far, very few gen-
eral principles have been developed for the design of inverse
algorithms.

The Monte Carlo method (Kroese, Taimre, and Botev
2011) is one such general principle used in computational
physics. However, despite its popularity, it has some im-
portant drawbacks: It frequently encounters local minima
notwithstanding the various noise strategies that it uses to
escape them. Moreover, with increasing number of dimen-
sions, it encounters more local minima in the landscape of
minimization: There are more directions at each point in a
higher-dimensional space, which makes it harder to guess
the directions that lead to the global minima.

FastPivot (Guan et al. 2022) is a recent algorithm that is
known to outperform the Monte Carlo method on certain
kinds of inverse problems. It starts with a system state and
invokes alternating forward and backward passes through
the system variables. In a forward pass, it leads the current
state of the system to its response. In the subsequent back-
ward pass, a small amount of information percolates from
the target response back to the system variables. The inner
loop implements several alternating forward and backward
passes in the hope of convergence. The outer loop keeps

'In fact, it is even difficult to train a neural network to learn the
inverse mapping of a step that computes the eigenvalues of a ma-
trix satisfying a certain property P. This is so because it is hard to
identify a unique matrix that satisfies P given only its eigenvalues.



track of the best solution found so far and triggers algo-
rithm termination based on the availability of computational
resources. While the Monte Carlo method works on a dis-
crete space, i.e., on a lattice, the FastPivot algorithm typi-
cally works on a continuous space and produces high-quality
solutions efficiently.

In this paper, we analyze and enhance the FastPivot al-
gorithm. We first posit that the FastPivot algorithm’s unique
ability to percolate information from the target response al-
lows it to avoid local minima by “attaching an elastic tether”
to a global minimum. We then propose a lift-and-project
strategy to enhance the FastPivot algorithm. This strategy
exploits the observation that, with increasing number of di-
mensions, the FastPivot algorithm encounters fewer local
minima while the Monte Carlo method encounters more lo-
cal minima. We demonstrate the FastPivot algorithm’s suc-
cess on a quintessential inverse problem in computational
physics: The problem of placing atoms in a bounded region
using a scanning tunneling microscope (STM) to achieve
target responses in the density of states (DoS). It is of
paramount importance in nanoscience, where it is referred
to as the DoS design problem. We show that the FastPivot
algorithm outperforms the Monte Carlo method and is fur-
ther enhanced by the lift-and-project strategy. Overall, Fast-
Pivot with the lift-and-project strategy is a very promising
approach that rarely encounters local minima.

Background

In this section, we describe the quintessential DoS design
problem used in computational physics to test various search
methods (Levi and Haas 2009). We also describe the Monte
Carlo method traditionally used for solving it. A more com-
prehensive description of the DoS design problem can be
found in (Guan et al. 2022).

The STM is a type of microscope that can be used for
imaging surfaces at the atomic level. It can also be used to
manipulate individual atoms and place them at any desired
location in a bounded region on a substrate. Figure 1 shows
the schematic of an STM. In the context of using an STM
for nanofabrication, the fundamental DoS design problem
can be stated as follows: Given N atoms of a certain kind
and a bounded region on a substrate, where should we place
these atoms to achieve a target response in the DoS? In order
to understand this question, we first need to understand the
“forward” version of this problem: For a given placement
(configuration) of N atoms, what is the DoS that it deter-
mines? This determination is done as described below.

First, we subscribe to the tight-binding model in solid-
state physics (Rudenko and Katsnelson 2014; Nakhaee,
Ketabi, and Peeters 2018). We consider a non-periodical sys-
tem, which has the following Hamiltonian:

H=-3t, (é}éj +ccj) (1
i,J

where éj and ¢; represent the electron creation and annihila-
tion operators, respectively, at site r;, and ¢; ; is the spatial

decay long-range hopping term given by the power law:

t
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Here, ¢ is a constant that is typically unity; r; is the position
vector of atom i, for 1 < ¢ < N; and ||-|| represents the Lo
norm of a vector. Moreover, q is the power decay parame-
ter that reflects an algebraic variation of the overlap integral
with inter-atomic separation. It is material-specific and mea-

surable through experiments (Nazin, Qiu, and Ho 2003).
Given the position vectors r1,rs...ry of the N atoms,

the steps required to determine the DoS are as follows:

1. Determine the Hamiltonian H as the N x N real matrix
with Hi,j = —t; ;-
2. Determine the eigenvalues eq, es . ..exn of H.

3. Determine the DoS by placing uniform Lorentzian func-
tions of appropriate height and width centered at each of
the eigenvalues.

Essentially, the DoS describes the proportion of states oc-
cupied by the system at each energy level. It peaks at the
eigenvalues of H. Figure 1 shows the DoS for three different
configurations of atoms. The inverse problem, of interest in
this paper, is to find the position vectors ry,ry...ry in a
bounded region given the target eigenvalues of H, i.e., the
positions of the peaks in the target DoS.

Let the target eigenvalues be Ay > Aa...An. All these
eigenvalues are real since the Hamiltonian H is always a real
symmetric square matrix. For position vectors ri,rs...ry
of the N atoms in a K-dimensional space, let R denote the
K x N position matrix with columns ry,r;...ry. R rep-
resents a configuration of the /N atoms in K -dimensional
space, and K is usually 2 or 3. In general, let H be the
Hamiltonian induced by a position matrix R, and let e; >
es...en be its eigenvalues. R can be assigned a score to
measure how close it is to achieving the target eigenval-
ues. One such score is the Root Mean Square Error (RMSE)
given by:
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The Monte Carlo Method

The Monte Carlo method works on a discretization of the
continuous space and is inherently limited by the result-
ing discretized grid. It uses the Metropolis-Hastings im-
portance sampling procedure (Kroese, Taimre, and Botev
2011) in its inner loop and generally works as follows. In
the outer loop, the algorithm runs a user-specified number
of trials. In the inner loop, i.e., in each trial, the algorithm
starts by generating a position matrix R® by choosing the
position vector of each atom uniformly at random in the
bounded region. The induced Hamiltonian H is also com-
puted. Subsequently, with each increment in the iteration
number ¢, the algorithm updates the current position ma-
trix R" and computes the induced Hamiltonian H’. R*™!
is constructed from R* after considering to move a ran-
domly chosen atom from its current position to a neighbor-
ing empty position on the discretized grid to obtain R’. If
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Figure 1: The left panel shows the schematic of an STM (Schmid and Pietrzak 2005). The right panel shows different configu-
rations and their respective DoS: (a), (b), and (c) show three different configurations with 4, 4, and 8 atoms, respectively. (d),

(e), and (f) show their respective DoS.

score(R’) < score(R"), the move is accepted and R“**
is set to R, Otherwise, the move is accepted with probability

score®R’_scoreRR)
e k5T

, where kp is the Boltzmann con-
stant and 7" is a “temperature” that starts high and decreases
according to an annealing rule as the iteration number in-
creases. The inner loop is repeated for a user-specified max-
imum number of iterations before the next trial of the outer
loop is initiated. Upon termination, the algorithm returns the
position matrix with the lowest recorded score.

The FastPivot Algorithm and Its Analysis

In this section, we analyze the FastPivot algorithm. A com-
plete description of the FastPivot algorithm, including the
pseudocode and an explanation of every line of it, can be
found in (Guan et al. 2022).2 However, our analysis of the
FastPivot algorithm presented here goes beyond the mere
description provided in (Guan et al. 2022): Our analysis is
incisive and intuitively explains the superior performance of
the FastPivot algorithm over the Monte Carlo method.

The FastPivot algorithm works on continuous spaces and
does not have the inherent limitations of discretization. Its
input mainly consists of: (a) the number of atoms N, (b)
the target eigenvalues Ay > Ao... Ay, (¢) the number of
dimensions K, (d) the bounded region of space specified by
the K -dimensional orthotope between the farthest corners
(0,0...0) and (B4, Bs ... Bk), and (e) the power used in
the Hamiltonian terms ¢. The output is a predicted position
matrix R intended to achieve the target eigenvalues.

The fundamental principle of the FastPivot algorithm is
different from that of the Monte Carlo method. Figure 2 il-
lustrates this difference from two incisive perspectives. The
left panel uses the perspective of forward and backward
passes between a system state and its response. The right
panel uses the perspective of foraging moves performed by
the two approaches on the optimization landscape.

The pseudocode is not repeated here. We refer the reader to it
for our analysis.

The left panel of Figure 2 articulates a major differ-
ence between the FastPivot algorithm and the Monte Carlo
method using forward and backward passes. A forward pass
maps a system state to its response, and it often uses math-
ematical equations. In the DoS design problem, the forward
pass first determines the Hamiltonian H from the given po-
sition vectors ri,rs...ry, and then determines the eigen-
values of H.> A backward pass is the theoretical inverse of
the forward pass: It finds the system state that yields a target
response. It often cannot be achieved using mathematical in-
verses. The DoS design problem is an inverse problem that
corresponds to a backward pass; it is not amenable to math-
ematical inverses.

In lieu of a backward pass, the Monte Carlo method uses
a series of forward passes that are guided by a scoring func-
tion. A scoring function evaluates how close the response of
a state is to the target response. In effect, the Monte Carlo
method starts at a system state, extracts a set of neighbor-
ing states, scores the current state and its neighboring states,
and updates the current state to one of its neighboring states
for the next iteration. An update often follows a neighboring
state that has a better score. However, probabilistic updates
and random restarts are also used as strategies to escape lo-
cal minima. Fundamentally, the Monte Carlo method uses
only forward passes to solve an inverse problem.

Unlike the Monte Carlo method, the FastPivot algorithm
uses alternating forward and backward passes, where each
backward pass is “approximate” and enabled by the previ-
ous forward pass. For example, in the DoS design problem,
the target eigenvalues A\; > Ag... Ay cannot be uniquely
“reversed” to find an appropriate Hamiltonian H. While this
reversal is hard in a standalone backward pass, it becomes
easy in the context of the most recently completed forward

3The DoS is computed by placing uniform Lorentzian functions
of appropriate height and width centered at each of the eigenvalues.
This final step can be reversed easily using mathematical inverses,
that is, given the DoS, the appropriate eigenvalues around which
Lorentzian functions should be placed can be easily computed.
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Figure 2: The left panel illustrates an overall analysis using forward and backward passes between a system state and its
response. A forward pass maps a system state to its response using mathematical equations. An inverse problem corresponds
to a backward pass that often cannot be achieved using mathematical inverses. Monte Carlo uses only forward passes in its
forage of the optimization landscape. FastPivot uses alternating forward and backward passes, where each backward pass is
approximate and enabled by the previous forward pass. The right panel shows a comparison of the foraging moves of Monte
Carlo (top) and FastPivot (bottom) on the optimization landscape. The current system state is indicated using a yellow ball and
the position of the global minimum is indicated using a dotted circle. Monte Carlo is oblivious to the global minimum, whereas
FastPivot attaches an elastic tether to it by percolating information from it in the backward passes.

pass: Algorithm 3 of (Guan et al. 2022). In particular, the
preceding forward pass computes an eigendecomposition of
H and expresses it as V x E x V™!, where E is a diagonal
matrix of non-increasing eigenvalues, and the columns of V
represent the corresponding eigenvectors: Line 1 of Algo-
rithm 2 of (Guan et al. 2022). Using this eigendecomposi-
tion, the desired reversal can be achieved, and a new Hamil-
tonian D can be reconstituted by merely replacing the diag-
onal matrix of eigenvalues E with the diagonal matrix of the
target eigenvalues \; > Ag... An: Line 2 of Algorithm 2
of (Guan et al. 2022).

The backward pass also needs to execute a reversal step
from the new Hamiltonian D to a new position matrix R.
This reversal is also hard in a standalone backward pass.
However, in the context of the most recently completed for-
ward pass, it becomes easier since the current values of the
position vectors ri, rs . .. ry are available. The approximate
backward pass makes use of the observation that it suffices
to change the position vectors by small amounts in the direc-
tion of D, since doing so across many forward and backward
passes achieves the desired macroscopic effect. Therefore,
the approximate backward pass uses 7 steps of gradient de-
scent with respect to the position vectors aimed at minimiz-
ing the Frobenius norm of D — H: Lines 3—7 of Algorithm 2

of (Guan et al. 2022).

The right panel of Figure 2 shows a comparison of the for-
aging moves of the Monte Carlo method (top) and the Fast-
Pivot algorithm (bottom) on the optimization landscape. The
Monte Carlo method employs only forward passes. There-
fore, it is oblivious to the positions of the global minima and
frequently encounters local minima. Moreover, with increas-
ing number of dimensions, it encounters more local minima
in the optimization landscape: There are more directions at
each point in a higher-dimensional space, which makes it
harder to guess the directions that lead to the global minima.

Unlike the Monte Carlo method, the FastPivot algorithm
uses both forward and backward passes. Every backward
pass, albeit approximate, percolates information from the
target response back to the system variables to guide small
changes in them for the next forward pass. This allows the
FastPivot algorithm to virtually attach an elastic tether to a
“nearby” global minimum. As a result, the elastic tether pro-
vides stronger guidance than a scoring function alone. Of
course, there could still be “snags” in the tether caused by
certain regions of the optimization landscape that prohibit
the improvement of the score across consecutive iterations:
Line 12 of Algorithm 1 of (Guan et al. 2022). However, there
are far fewer snags along a tether compared to the number



of local minima in the entire optimization landscape. More-
over, with increasing number of dimensions, the FastPivot
algorithm encounters fewer snags: There is more flexibility
and more ways to circumvent a snag in a higher-dimensional
space.

The Lift-and-Project Strategy

In this section, we provide an enhancement of the FastPivot
algorithm, called the lift-and-project strategy. It is based on
exploiting the observation that, with increasing number of
dimensions, the FastPivot algorithm encounters fewer local
minima* while the Monte Carlo method encounters more lo-
cal minima.

Given the DoS design problem in K dimensions, we first
solve it in L dimensions, for L > K, utilizing the flexibil-
ity of a higher-dimensional space. For the initial state in L
dimensions, we set the first K coordinates of each atom’s
position vector as described in (Guan et al. 2022). The re-
maining L — K coordinates are set to 0. Doing so imparts
the same distribution of distances between the atoms in L di-
mensions as in K dimensions while providing more degrees
of freedom. The L-dimensional solution is projected onto
L — 1 dimensions using an efficient dimensionality reduc-
tion procedure, such as FastMap (Faloutsos and Lin 1995).
The projected solution, in turn, is used as a starting point
for solving the same problem in L — 1 dimensions for the
next iteration. The resulting solution is projected onto L — 2
dimensions, and so forth, until the required K -dimensional
solution is obtained. A direct reduction from L to K dimen-
sions is also conceivable, but the proposed step-by-step re-
duction utilizes more guidance since it repeatedly achieves
the target response at every intermediate stage.

Experimental Results

In this section, we present experimental results comparing
four competing algorithms. These include the Monte Carlo
(MC) method, the FastPivot (FP) algorithm, and the Fast-
Pivot algorithm with the lift-and-project strategy (FPLP).
FPLP uses L = 4. We also include another method that per-
forms naive hill climbing (HC). HC is similar to MC but
does not accept upward moves. Moreover, in each iteration,
it tries moving each of the [V atoms to a neighboring vacant
position to check for a score improvement. All algorithms
were implemented in Python 3 and the experiments were
conducted on a laptop with an Apple M2 Max chip and 96
GB RAM.

We use the tight-binding model and place atoms in a 2 or
3-dimensional bounded region of space to achieve the target
DoS eigenvalues. The space is discretized by unit amounts
on each dimension for HC and MC while it is continuous
for FP and FPLP. All test instances are “reverse engineered”.
That is, they are generated as follows. We first pick a random
configuration of the N atoms in the discretized bounded re-
gion of space with B, By ... Bx = 10. We compute the
Hamiltonian with ¢ = 1 and then its eigenvalues where
the DoS peaks. We provide these eigenvalues as input to all

*snags

the algorithms and challenge them to reconstruct the orig-
inal configuration. Of course, the algorithms are also free
to construct any other configuration with the same eigen-
values. The reverse engineering merely validates each test
instance and assures us that the DoS is achievable. We gen-
erated 50 different instances for each setting of K € {2, 3},
N € {8,16,32}, and € € {0.02,0.01,0.005}, where € is the
target RMSE value.

Our experiments are primarily directed towards under-
standing how intelligently the various algorithms avoid be-
ing stuck in local minima. Each algorithm is given a sin-
gle trial on each of the instances. This compares their inner
loops and factors out outer-loop strategies such as random
restarts that are equally applicable in all algorithms. There-
fore, HC terminates when it reaches a local minimum. MC is
given N x the number of iterations of HC since HC tries to
move each of the N atoms in every iteration. FP terminates
when the score does not improve from the previous itera-
tion to the current iteration. FPLP invokes FP with the same
termination criterion in each higher-dimensional space.

The table in Figure 3 (left panel) shows the comparative
performances of the four algorithms for different values of
K, N, and ¢e. Each entry in the table shows the number of
instances (out of 50) that the corresponding algorithm solved
successfully within the RMSE threshold of e.

First, we compare the performances of FP and FPLP
against those of HC and MC. We observe that FP and FPLP
significantly outperform HC and MC for both K = 2 and
K = 3. In fact, the difference between their performances
is particularly pronounced for high-precision solutions with
€ = 0.005: FP and FPLP are generally viable, but HC and
MC are completely ineffective. Moreover, FP and FPLP get
a significant boost for finding high-precision solutions when
K = 3, even with increasing IN. These observations show
that FP and FPLP are not only significantly better than HC
and MC at avoiding local minima but are also able to effec-
tively exploit the flexibility of higher dimensions.

Second, we compare the performances of FP and FPLP
against each other. On the one hand, for K = 3, we observe
that both algorithms effectively exploit the flexibility of a 3-
dimensional space and produce high-quality results. On the
other hand, for K = 2, the DoS design problem is more
constrained. Hence, instances with K = 2 are better suited
to reveal the performance differences between FP and FPLP.
When N = 8§, the instances are easy to solve: not because of
the value of K but because of the value of N. Thus, in this
setting, the performances of the two algorithms are similar
and of high quality. However, when N = 32, the instances
are hard to solve: both because of the value of K and because
of the value of N. Thus, in this setting, the performances
of the two algorithms are similar but of low quality. When
N = 16, the instances are critically posed to reveal the dif-
ferences between the performances of the two algorithms. In
this setting, we observe that FPLP outperforms FP, particu-
larly for finding high-precision solutions with ¢ = 0.005.
These observations show that the lift-and-project strategy of
FPLP is indeed an effective algorithmic ingredient.

Figure 3 (right panel) shows an example instance com-
paring the outputs of MC and FP. The outputs of HC and
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Figure 3: The left panel shows a comparison of the success rates of HC, MC, FP, and FPLP on 50 instances of the DoS design
problem for each setting of K € {2,3}, N € {8,16,32}, and ¢ € {0.02,0.01,0.005}. The right panel shows an example
instance comparing the outputs of MC and FP. Here, K = 3, N = 16, and ¢ = 0.01.

FPLP are excluded to avoid clutter. The output DoS curve
of FP traces the target DoS curve very closely, including the
bimodal high-peaks. The output DoS curve of MC deviates
from the target DoS curve at various places. It also misses
the bimodal high-peaks, representing it with just one high-
peak.

Conclusions and Future Work

FastPivot is a recently developed algorithm for solving in-
verse problems in computational physics. In this paper, we
first provided an incisive analysis of its behavior in compar-
ison to the popularly used Monte Carlo method. While the
Monte Carlo method uses only forward passes, the FastPivot
algorithm uses alternating forward and backward passes
through the system variables. In a forward pass, it computes
the system’s response from its current state. In the subse-
quent backward pass, it percolates a small amount of infor-
mation from the target response back to the system variables.
This unique ability to percolate information from the tar-
get response allows it to avoid local minima by “attaching
an elastic tether” to a global minimum. We then proposed a
lift-and-project strategy to enhance the FastPivot algorithm,
exploiting its increased effectiveness in higher-dimensional
spaces. Through various experiments, we demonstrated the
superior performance of the FastPivot algorithm and the lift-
and-project strategy. Overall, the FastPivot framework rarely
encounters local minima on the DoS design problem. In fu-
ture work, we will apply this framework to solve other prob-
lems of significance in computational physics: including the
plasmon design problem.
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